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[34.1] Geometrical Proof That Oriented Area Is a 2-Form. [a] Expanding an edge by k expands the area by
k: A(ku, v)= k A(u, v). [b] Shearing A1 = A(u1, v) and A2 = A(u2, v) in the direction of v preserves their
areas, so A = A(u, v)= A1 + A2.

Only gradually will it become apparent the extent to which Élie Cartan was crazy like a fox.
As was the case with 1-forms, so too with 2-forms: Cartan recognized that they had been hiding
in plain sight!

34.2 Example: The Area 2-Form

In R2, let us define

A(u, v) = oriented area of the parallelogram with edges u and v.

Then A is a 2-form!
First, it is immediately clear that A(u, v) is antisymmetric: if we swap u and v, then the mag-

nitude of the area is unaltered, but the orientation of the parallelogram is reversed. It remains to
verify that A is a tensor, i.e., that it is linear in each slot. As we did with 1-forms, we may break
down the linearity requirement into two parts: (32.2) and (32.3), applied to each slot.

The truth of (32.3) is explained by [34.1a], which illustrates the fact that if we expand either
edge of a parallelogram by k, then its area is expanded by k, too:

A(ku, v) = A(u, kv)= k A(u, v).

Note that if Ψ is an arbitrary 2-form, then if (32.3) is true for one slot, it must be true for the
other slot, too:

Ψ(ku, v) = k Ψ(u, v) =⇒ Ψ(u, kv) = −Ψ(kv, u) = −k Ψ(v, u) = k Ψ(u, v).

The truth of (32.2) is less obvious, but the argument just given means that we need only prove
it for the first slot—the truth for the second slot then follows from antisymmetry.

Let u = u1 + u2, and define

A = A(u, v), A1 = A(u1, v), A2 = A(u2, v).

Then (32.2) requires that

A = A1 + A2.

That this is indeed true is demonstrated geometrically in [34.1b]. Thus A is indeed a 2-form.


