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Chapter One

Introduction

Let S be a smooth hypersurface in R3 with Riemannian surface measure dσ. We
shall assume that S is of finite type, that is, that every tangent plane has finite
order of contact with S. Consider the compactly supported measure dµ := ρdσ

on S, where 0 ≤ ρ ∈ C∞
0 (S). The central problem that we shall investigate in this

monograph is the determination of the range of exponents p for which a Fourier
restriction estimate( ∫

S

|f̂ |2 dµ
)1/2 ≤ Cp‖f ‖Lp(R3), f ∈ S(R3), (1.1)

holds true.
This problem is a special case of the more general Fourier restriction problem,

which asks for the exact range of exponents p and q for which an Lp-Lq Fourier
restriction estimate( ∫

S

|f̂ |q dµ
)1/q ≤ Cp‖f ‖Lp(Rn), f ∈ S(Rn), (1.2)

holds true and which can be formulated for much wider classes of subvarieties
S in arbitrary dimension n and suitable measures dµ supported on S. In fact, as
observed by G. Mockenhaupt [M00] (see also the more recent work by I. Łaba and
M. Pramanik [LB09]), it makes sense in much wider settings, even for measures
dµ supported on “thin” subsets S of Rn, such as Salem subsets of the real line.

The Fourier restriction problem presents one important instance of a wide cir-
cle of related problems, such as the boundedness properties of Bochner Riesz
means, dimensional properties of Kakeya type sets, smoothing effects of averaging
over time intervals for solutions to the wave equation (or more general dispersive
equations), or the study of maximal averages along hypersurfaces. The common
question underlying all these problems asks for the understanding of the interplay
between the Fourier transform and properties of thin sets in Euclidean space, for
instance geometric properties of subvarieties. Some of these aspects have been out-
lined in the survey article [M14], from which parts of this introduction have been
taken.

The idea of Fourier restriction goes back to E. M. Stein, and a first instance
of this concept is the determination of the sharp range of Lp-Lq Fourier restric-
tion estimates for the circle in the plane through work by C. Fefferman and E. M.
Stein [F70] and A. Zygmund [Z74], who obtained the endpoint estimates (see also
L. Hörmander [H73] and L. Carleson and P. Sjölin [CS72] for estimates on more
general related oscillatory integral operators). For subvarieties of higher dimension,
the first fundamental result was obtained (in various steps) for Euclidean spheres
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Sn−1 by E. M. Stein and P. A. Tomas [To75], who proved that an Lp-L2 Fourier re-
striction estimate holds true for Sn−1, n ≥ 3, if and only if p′ ≥ 2(2/(n− 1)+ 1),
where p′ denotes the exponent conjugate to p, that is, 1/p + 1/p′ = 1 (cf. [S93]
for the history of this result). A crucial property of Euclidean spheres which is
essential for this result is the non-vanishing of the Gaussian curvature on these
spheres, and indeed an analogous result holds true for every smooth hypersurface
S with nonvanishing Gaussian curvature (see [Gl81]).

Fourier restriction estimates have turned out to have numerous applications to
other fields. For instance, their great importance to the study of dispersive partial
differential equations became evident through R. Strichartz’ article [Str77], and in
the PDE-literature dual versions which invoke also Plancherel’s theorem are often
called Strichartz estimates.

The question as to which Lp-Lq Fourier restriction estimates hold true for
Euclidean spheres is still widely open. It is conjectured that estimate (1.2) holds
true for S = Sn−1 if and only if p′ > 2n/(n− 1) and p′ ≥ q(2/(n− 1)+ 1), and
there has been a lot of deep work on this and related problems by numerous math-
ematicians, including J. Bourgain, T. Wolff, A. Moyua, A. Vargas, L. Vega, and
T. Tao (see, e.g., [Bou91], [Bou95], [W95], [MVV96], [TVV98], [W00], [TV00],
[T03], and [T04] for a few of the relevant articles, but this list is far from being
complete). There has been a lot of work also on conic hypersurfaces and some on
even more general classes of hypersurfaces with vanishing Gaussian curvature, for
instance in Barcelo [Ba85], [Ba86], in Tao, Vargas, and Vega [TVV98], in Wolff
[W01], and in Tao and Vargas [TV00], and more recently by A. Vargas and S. Lee
[LV10] and S. Buschenhenke [Bu12]. Again, these citations give only a sample of
what has been published on this subject.

Recent work by J. Bourgain and L. Guth [BG11], making use also of multilin-
ear estimates from work by J. Bennett, A. Carbery, and T. Tao [BCT06], has led to
further important progress. Nevertheless, this and related problems continue to rep-
resent one of the major challenges in Euclidean harmonic analysis, bearing various
deep connections with other important open problems, such as the Bochner-Riesz
conjecture, the Kakeya conjecture and C. Sogge’s local smoothing conjecture for
solutions to the wave equation. We refer to Stein’s book [S93] for more informa-
tion on and additional references to these topics and their history until 1993, and to
more recent related essays by Tao, for instance in [T04].

As explained before, we shall restrict ourselves to the study of the Stein-Tomas-
type estimates (1.1). For convex hypersurfaces of finite line type, a good
understanding of this type of restriction estimates is available, even in arbitrary
dimension (we refer to the article [I99] by A. Iosevich, which is based on work
by J. Bruna, A. Nagel and S. Wainger [BNW88], providing sharp estimates for
the Fourier transform of the surface measure on convex hypersurfaces). However,
our emphasis will be to allow for very general classes of hypersurfaces S ⊂ R3,

not necessarily convex, whose Gaussian curvature may vanish on small, or even
large subsets.

Given such a hypersurface S, one may ask in terms of which quantities one
should describe the range of ps for which (1.1) holds true. It turns out that an
extremely useful concept to answer this question is the notion of
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Newton polyhedron. The importance of this concept to various problems in analy-
sis and related fields has been revealed by V.I. Arnol’d and his school, in particular
through groundbreaking work by A. N. Varchenko [V76] and subsequent work
by V. N. Karpushkin [K84] on estimates for oscillatory integrals, and came up
again in the seminal article [PS97] by D. H. Phong and E. M. Stein on oscillatory
integral operators.

Indeed, there is a close connection between estimates for oscillatory integrals and
Lp-L2 Fourier restriction estimates, which had become evident already through the
aforementioned work by Stein and Tomas. The underlying principles had been
formalized in a subsequent article by A. Greenleaf [Gl81]. For the case of hyper-
surfaces, Greenleaf’s classical restriction estimate reads as follows:

Theorem 1.1 (Greenleaf). Assume that |d̂µ(ξ)| � |ξ |−1/h. Then the restriction
estimate (1.1) holds true for every p ≥ 1 such that p′ ≥ 2(h+ 1).

Observe next that in order to establish the restriction estimate (1.1), we may
localize the estimate to a sufficiently small neighborhood of a given point x0 on S.
Notice also that if estimate (1.1) holds for the hypersurface S, then it is valid also
for every affine-linear image of S, possibly with a different constant if the Jacobian
of this map is not one. By applying a suitable Euclidean motion of R3 we may and
shall therefore assume in the sequel that x0 = (0, 0, 0) and that S is the graph

S = Sφ = {(x1, x2, φ(x1, x2)) : (x1, x2) ∈ �}
of a smooth function φ defined on a sufficiently small neighborhood� of the origin,
such that φ(0, 0) = 0 and ∇φ(0, 0) = 0.

Then we may write d̂µ(ξ) as an oscillatory integral,

d̂µ(ξ) = J (ξ) :=
∫
�

e−i(ξ3φ(x1,x2)+ξ1x1+ξ2x2)η(x) dx1dx2, ξ ∈ R3,

where η ∈ C∞
0 (�). Since ∇φ(0, 0) = 0, the complete phase in this oscillatory in-

tegral will have no critical point on the support of η unless |ξ1| + |ξ2| 	 |ξ3|, pro-
vided � is chosen sufficiently small. Integrations by parts then show that µ̂(ξ) =
O(|ξ |−N) as |ξ | → ∞, for every N ∈ N, unless |ξ1| + |ξ2| 	 |ξ3|.

We may thus focus on the latter case. In this case, by writing λ = −ξ3 and
ξj = −sjλ, j = 1, 2, we are reduced to estimating two-dimensional oscillatory
integrals of the form

I (λ; s) :=
∫
eiλ(φ(x1,x2)+s1x1+s2x2)η(x1, x2) dx1dx2,

where we may assume without loss of generality that λ � 1 and that s = (s1, s2) ∈
R2 is sufficiently small, provided that η is supported in a sufficiently small neigh-
borhood of the origin. The complete phase function is thus a small, linear
perturbation of the function φ.

If s = 0, then the function I (λ; 0) is given by an oscillatory integral of the form∫
eiλφ(x)η(x) dx, and it is well known ([BG69], [At70]) that for any analytic phase

function φ defined on a neighborhood of the origin in Rn satisfying φ(0) = 0, such
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an integral admits an asymptotic expansion as λ → ∞ of the form

∞∑
k=0

n−1∑
j=0

aj,k(η)λ
−rk log(λ)j , (1.3)

provided the support of η is sufficiently small. Here, the rk form an increasing
sequence of rational numbers consisting of a finite number of arithmetic progres-
sions, which depends only on the zero set of φ, and the aj,k(η) are distributions
with respect to the cutoff function η. The proof is based on Hironaka’s theorem on
the resolution of singularities.

We are interested in the case n = 2. If we denote the leading exponent r0 in (1.3)
by r0 = 1/h, then we find that the following estimate holds true:

|I (λ; 0)| ≤ Cλ−1/h log(λ)ν, λ � 1, (1.4)

where ν may be 0, or 1. Assuming that this estimate is stable under sufficiently
small analytic perturbations of φ, then we find in particular that I (λ; s) satisfies
the same estimate (1.4) for |s| sufficiently small, so that we obtain the following
uniform estimate for d̂µ,

|d̂µ(ξ)| ≤ C(1 + |ξ |)−1/h log(2 + |ξ |)ν, ξ ∈ R3, (1.5)

provided the support of ρ is sufficiently small. Greenleaf’s theorem then shows
that the Fourier restriction estimate (1.1) holds true for p′ ≥ 2(h+ 1), if ν = 0,
and at least for p′ > 2(h+ 1), if ν = 1, where 1/h denotes the decay rate of
the oscillatory integral I (λ; 0), hence ultimately of d̂µ. Moreover, for instance for
hypersurfaces with nonvanishing Gaussian curvature, this yields the sharp restric-
tion result mentioned before.

However, as we shall see, for large classes of hypersurfaces, the relation between
the decay rate of the Fourier transform of dµ and the range of p′s for which (1.1)
holds true will not be so close anymore.

Nevertheless, uniform decay estimates of the form (1.5) will still play an impor-
tant role.

The first major question that arises is thus the following one: given a smooth
phase function φ, how can one determine the sharp decay rate 1/h and the expo-
nent ν in the estimate (1.4) for the oscillatory integral I (λ; 0) = ∫

eiλφ(x)η(x) dx?
This question has been answered by Varchenko for analytic φ in [V76], where he
identified h as the so-called height of the Newton polyhedron associated to φ in
“adapted” coordinates and also gave a corresponding interpretation of the exponent
ν. Subsequently, Karpushkin [K84] showed that the estimates given by Varchenko
are stable under small analytic perturbations of the phase function φ, which in par-
ticular leads to uniform estimates of the form (1.5). More recently, in [IM11b], we
proved, by a quite different method, that Karpushkin’s result remains valid even for
smooth, finite-type functions φ, at least for linear perturbations, which is sufficient
in order to establish uniform estimates of the form (1.5).

In order to present these results in more detail, let us review some basic notations
and results concerning Newton polyhedra (see [V76], [IM11a]).
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1.1 NEWTON POLYHEDRA ASSOCIATED WITH φ, ADAPTED

COORDINATES, AND UNIFORM ESTIMATES FOR OSCILLATORY

INTEGRALS WITH PHASE φ

We shall build on the results and technics developed in [IM11a] and [IKM10],
which will be our main sources, also for references to earlier and related work.
Let us first recall some basic notions from [IM11a], which essentially go back to
Arnol’d (cf. [Arn73], [AGV88]) and his school, most notably Varchenko [V76].

If φ is given as before, consider the associated Taylor series

φ(x1, x2) ∼
∞∑

α1,α2=0

cα1,α2x
α1
1 x

α2
2

of φ centered at the origin. The set

T (φ) :=
{
(α1, α2) ∈ N2 : cα1,α2 = 1

α1!α2!∂
α1
1 ∂

α2
2 φ(0, 0) 
= 0

}
will be called the Taylor support of φ at (0, 0). We shall always assume that the
function φ is of finite type at every point, that is, that the associated graph S of φ is
of finite type. Since we are also assuming that φ(0, 0) = 0 and ∇φ(0, 0) = 0, the
finite-type assumption at the origin just means that

T (φ) 
= ∅.
The Newton polyhedron N (φ) of φ at the origin is defined to be the convex hull
of the union of all the quadrants (α1, α2)+ R2+ in R2, with (α1, α2) ∈ T (φ). The
associated Newton diagram Nd(φ) of φ in the sense of Varchenko [V76] is the
union of all compact faces of the Newton polyhedron; here, by a face, we shall
mean an edge or a vertex.

We shall use coordinates (t1, t2) for points in the plane containing the Newton
polyhedron, in order to distinguish this plane from the (x1, x2)-plane.

The Newton distance in the sense of Varchenko, or shorter distance, d = d(φ)

between the Newton polyhedron and the origin is given by the coordinate d of the
point (d, d) at which the bisectrix t1 = t2 intersects the boundary of the Newton
polyhedron. (See Figure 1.1.)

The principal face π(φ) of the Newton polyhedron of φ is the face of minimal
dimension containing the point (d, d). Deviating from the notation in [V76], we
shall call the series

φpr (x1, x2) :=
∑

(α1,α2)∈π(φ)
cα1,α2x

α1
1 x

α2
2

the principal part of φ. In case that π(φ) is compact, φpr is a mixed homogeneous
polynomial; otherwise, we shall consider φpr as a formal power series.

Note that the distance between the Newton polyhedron and the origin depends on
the chosen local coordinate system in which φ is expressed. By a local coordinate
system (at the origin) we shall mean a smooth coordinate system defined near the
origin which preserves 0. The height of the smooth function φ is defined by

h(φ) := sup{dy},
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Nd(φ)

1/κ1

1/κ2

N (φ)

d(φ)

d(φ)

π(φ)

Figure 1.1 Newton polyhedron

where the supremum is taken over all local coordinate systems y = (y1, y2) at the
origin and where dy is the distance between the Newton polyhedron and the origin
in the coordinates y.

A given coordinate system x is said to be adapted to φ if h(φ) = dx. In [IM11a]
we proved that one can always find an adapted local coordinate system in two
dimensions, thus generalizing the fundamental work by Varchenko [V76] who
worked in the setting of real-analytic functions φ (see also [PSS99]).

Notice that if the principal face of the Newton polyhedron N (φ) is a compact
edge, then it lies on a unique principal line

L := {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1},

with κ1, κ2 > 0. By permuting the coordinates x1 and x2, if necessary, we shall
always assume that κ1 ≤ κ2. The weight κ = (κ1, κ2) will be called the principal
weight associated with φ. It induces dilations δr(x1, x2) := (rκ1x1, r

κ2x2), r > 0,
on R2, so that the principal part φpr of φ is κ-homogeneous of degree one with
respect to these dilations, that is, φpr (δr(x1, x2)) = rφpr (x1, x2) for every r > 0,
and we find that

d = 1

κ1 + κ2
= 1

|κ| .

© Copyright, Princeton University Press. No part of this book may be 
distributed, posted, or reproduced in any form by digital or mechanical 
means without prior written permission of the publisher. 

For general queries, contact webmaster@press.princeton.edu



chapter1 March 23, 2016

INTRODUCTION 7

It can then easily be shown (cf. Proposition 2.2 in [IM11a]) that φpr can be
factored as

φpr (x1, x2) = cx
ν1
1 x

ν2
2

M∏
l=1

(x
q

2 − λlx
p

1 )
nl , (1.6)

with M ≥ 1, distinct nontrivial “roots” λl ∈ C \ {0} of multiplicities nl ∈ N \ {0},
and trivial roots of multiplicities ν1, ν2 ∈ N at the coordinate axes. Here, p and q
are positive integers without common divisor, and κ2/κ1 = p/q.

More generally, assume that κ = (κ1, κ2) is any weight with 0 < κ1 ≤ κ2 such
that the line Lκ := {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1} is a supporting line to the New-
ton polyhedron N (φ) of φ (recall that a supporting line to a convex set K in the
plane is a line such that K is contained in one of the two closed half planes into
which the line divides the plane and such that this line intersects the boundary of
K). Then Lκ ∩N (φ) is a face ofN (φ), i.e., either a compact edge or a vertex, and
the κ-principal part of φ

φκ(x1, x2) :=
∑

(α1,α2)∈Lκ
cα1,α2x

α1
1 x

α2
2

is a nontrivial polynomial which is κ-homogeneous of degree 1 with respect to the
dilations associated to this weight as before, which can be factored in a similar way
as in (1.6). By definition, we then have

φ(x1, x2) = φκ(x1, x2)+ terms of higher κ-degree.

Adaptedness of a given coordinate system can be verified by means of the fol-
lowing proposition (see [IM11a]):

If P is any given polynomial that is κ-homogeneous of degree one (such as
P = φpr ), then we denote by

n(P ) := ord S1P (1.7)

the maximal order of vanishing of P along the unit circle S1. Observe that by
homogeneity, the Taylor support T (P ) of P is contained in the face Lκ ∩N (P ) of
N (P ).We therefore define the homogeneous distance of P by dh(P ) :=1/(κ1+κ2)

= 1/|κ|. Notice that (dh(P ), dh(P )) is just the point of intersection of the line
Lκ with the bisectrix t1 = t2, and that dh(P ) = d(P ) if and only if Lκ ∩N (P )
intersects the bisectrix. We remark that the height of P can then easily be computed
by means of the formula

h(P ) = max{n(P ), dh(P )} (1.8)

(see Corollary 3.4 in [IM11a]). Moreover, in [IM11a] (Corollary 4.3 and
Corollary 5.3), we also proved the following characterization of adaptedness of a
given coordinate system.

Proposition 1.2. The coordinates x are adapted to φ if and only if one of the
following conditions is satisfied:

(a) The principal face π(φ) of the Newton polyhedron is a compact edge, and
n(φpr ) ≤ d(φ).
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(b) π(φ) is a vertex.
(c) π(φ) is an unbounded edge.

These conditions had already been introduced by Varchenko, who has shown that
they are sufficient for adaptedness when φ is analytic.

We also note that in case (a) we have h(φ) = h(φpr ) = dh(φpr ).Moreover, it can
be shown that we are in case (a) whenever π(φ) is a compact edge and κ2/κ1 /∈ N;
in this case we even have n(φpr ) < d(φ) (cf. [IM11a], Corollary 2.3).

1.1.1 Construction of adapted coordinates

In the case where the coordinates (x1, x2) are not adapted to φ, the previous results
show that the principal face π(φ) must be a compact edge, that m := κ2/κ1 ∈ N,
and that n(φpr ) > d(φ). One easily verifies that this implies that p = m and q = 1
in (1.6), and that there is at least one nontrivial, real root x2 = λlx

m
1 of φpr of

multiplicity nl = n(φpr ) > d(φ). Indeed, one can show that this root is unique.
Putting b1 := λl, we shall denote the corresponding root x2 = b1x

m
1 of φpr as its

principal root.
Changing coordinates

y1 := x1, y2 := x2 − b1x
m
1 ,

we arrive at a “better” coordinate system y = (y1, y2). Indeed, this change of co-
ordinates will transform φpr into a function φ̃pr , where the principal face of φ̃pr

will be a horizontal half line at level t2 = n(φpr ), so that d(φ̃pr ) > d(φ), and cor-
respondingly one finds that d(φ̃) > d(φ) if φ̃ expresses φ in the coordinates y (cf.
[IM11a]).

In particular, if the new coordinates y are still not adapted, then the principal
face of N (φ̃) will again be a compact edge, associated to a weight κ̃ = (κ̃1, κ̃2)

such that m̃ := κ̃2/κ̃1 is again an integer and m̃ > m ≥ 1.
Somewhat oversimplifying, by iterating this procedure, we essentially arrive

at Varchenko’s algorithm for the construction of an adapted coordinate system
(cf. [IM11a] for details).

In conclusion, one can show (compare Theorem 5.1 in [IM11a]) that there exists
a smooth real-valued function ψ (which we may choose as the principal root jet of
φ) of the form

ψ(x1) = b1x
m
1 +O(xm+1

1 ), (1.9)

with b1 ∈ R \ {0}, defined on a neighborhood of the origin such that an adapted
coordinate system (y1, y2) for φ is given locally near the origin by means of the (in
general nonlinear) shear

y1 := x1, y2 := x2 − ψ(x1). (1.10)

In these adapted coordinates, φ is given by

φa(y) := φ(y1, y2 + ψ(y1)). (1.11)
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N (φa)

N (φ)
d(φ)

h(φ)

N (φ)

mn l

n

Figure 1.2 φ(x1, x2) := (x2 − xm1 )
n + x�1 (� > mn)

Example 1.3.

φ(x1, x2) := (x2 − xm1 )
n + x�1 .

Assume that � > mn. Then the coordinates are not adapted. Indeed, φpr (x1, x2)

=(x2 − xm1 )
n, d(φ) = 1/(1/n+ 1/(mn)) = mn/(m+ 1) and n(φpr ) = n > d(φ).

Adapted coordinates are given by y1 := x1, y2 := x2 − xm1 , in which φ is expressed
by φa(y) = yn2 + y�1 . (See Figure 1.2.)

Remark 1.4. An alternative proof of Varchenko’s theorem on the existence of
adapted coordinates for analytic functions φ of two variables has been given by
Phong, Sturm, and Stein in [PSS99], by means of Puiseux series expansions of the
roots of φ.

We are now in the position to identify the exponents h and ν in (1.4) and (1.5) in
terms of Newton polyhedra associated to φ:

If there exists an adapted local coordinate system y near the origin such that
the principal face π(φa) of φ, when expressed by the function φa in the new co-
ordinates, is a vertex, and if h(φ) ≥ 2, then we put ν(φ) := 1; otherwise, we put
ν(φ) := 0.We remark [IM11b] that the first condition is equivalent to the following
one: If y is any adapted local coordinate system at the origin, then either π(φa) is
a vertex or a compact edge, and n(φapr ) = d(φa).
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Varchenko [V76] has shown for analytic φ that the leading exponent in (1.3)
is given by r0 = 1/h(φ), and ν(φ) is the maximal j for which aj,0(η) 
= 0. Cor-
respondingly, in [IM11b] we prove, by means of a quite different method, that
estimate (1.5) holds true with h = h(φ) and ν = ν(φ), that is, that the following
estimate holds true for φ smooth and of finite type:

|d̂µ(ξ)| ≤ C(1 + |ξ |)−1/h(φ) log(2 + |ξ |)ν(φ), ξ ∈ R3. (1.12)

The special case where ξ = (0, 0, ξ3) is normal to S at the origin is due to
Greenblatt [Gb09].

One can also show that this estimate is sharp in the exponents even when φ is not
analytic, except for the case where the principal face π(φa) is an unbounded edge
(see [IM11b], [M14]).

1.2 FOURIER RESTRICTION IN THE PRESENCE OF A LINEAR

COORDINATE SYSTEM THAT IS ADAPTED TO φ

Coming back to the restriction estimate (1.1) for our hypersurface S in R3, we
begin with the case where there exists a linear coordinate system that is adapted to
the function φ. For this case, the following complete answer was given in [IM11b].

Theorem 1.5. Let S ⊂ R3 be a smooth hypersurface of finite type, and fix a point
x0 ∈ S. After applying a suitable Euclidean motion ofR3, let us assume that x0 = 0
and that near x0 we may view S as the graph Sφ of a smooth function φ of finite
type satisfying φ(0, 0) = 0 and ∇φ(0, 0) = 0.

Assume that, after applying a suitable linear change of coordinates, the coordi-
nates (x1, x2) are adapted to φ. We then define the critical exponent pc by

p′
c := 2h(φ)+ 2,

where p′ denotes the exponent conjugate to p, that is, 1/p + 1/p′ = 1.
Then there exists a neighborhood U ⊂ S of the point x0 such that for every

non-negative density ρ ∈ C∞
0 (U), the Fourier restriction estimate (1.1) holds true

for every p such that

1 ≤ p ≤ pc. (1.13)

Moreover, if ρ(x0) 
= 0, then the condition (1.13) on p is also necessary for the
validity of (1.1).

Earlier results for particular classes of hypersurfaces in R3 (which can be seen to
satisfy the assumptions of this theorem) are, for instance, in the work by
E. Ferreyra and M. Urciuolo [FU04], [FU08] and [FU09], who studied certain
classes of quasi-homogeneous hypersurfaces, for which they were able to prove
Lp-Lq-restriction estimates when p < 4

3 . For further progress in the study of these
classes of hypersurfaces, we refer to the work by S. Buschenhenke, A. Vargas and
the second named author [BMV15]. We also like to mention work by A. Magyar
[M09] on Lp-L2 Fourier restriction estimates for some classes of analytic hyper-
surfaces, which preceeded [IM11b] .
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As shown in [IM11b], the necessity of condition (1.13) follows easily by means
of Knapp type examples (a related discussion of Knapp type arguments is given in
Section 1.4). It is here where we need to assume that there is a linear coordinate
system which is adapted to φ. The sufficiency of condition (1.13) is immediate from
Greenleaf’s Theorem 1.1 in combination with (1.12), in the case where ν(φ) = 0.
Notice that this is true, no matter whether or not there exists a linear coordinate
system that is adapted to φ.

If ν(φ) = 1, then we just miss the endpoint p = pc, which ultimately can be
dealt with by means of Littlewood-Paley theory (for more details, we refer the
reader to [IM11b] and also the survey article [M14]). An analogous argument
based on Littlewood-Paley theory will appear in Chapter 3.

In view of Theorem 1.5, from now on we shall always make the following as-
sumption, unless stated explicitly otherwise.

Assumption 1.6 (NLA). There is no linear coordinate system that is adapted
to φ.

Our main goal will be to understand which Fourier restriction estimates of the
form (1.1) will hold under this assumption.

1.3 FOURIER RESTRICTION WHEN NO LINEAR COORDINATE

SYSTEM IS ADAPTED TO φ—THE ANALYTIC CASE

Under the preceding assumption, but not yet assuming that φ is analytic, let us have
another look at the first step of Varchenko’s algorithm. If herem = κ2/κ1 = 1, then
this leads to a linear change of coordinates of the form y1 = x1, y2 = x2 − b1x1,

which will transform φ into a function φ̃ for which, by our assumption, the coor-
dinates (y1, y2) are still not adapted. Replacing φ by φ̃, it is also immediate that
estimate (1.1) will hold for the graph of φ if and only if it holds for the graph of
φ̃. Replacing φ by φ̃, we may and shall therefore always assume that our original
coordinate system (x1, x2) is chosen so that

m = κ2

κ1
∈ N and m ≥ 2. (1.14)

The next proposition will show that such a linear coordinate system is linearly
adapted to φ in the following sense.

In analogy with Varchenko’s notion of height, we can introduce the notion of
linear height of φ, which measures the upper limit of all Newton distances of φ in
linear coordinate systems:

h lin(φ) := sup{d(φ ◦ T ) : T ∈ GL(2,R)}.
Note that

d(φ) ≤ h lin(φ) ≤ h(φ).

We also say that a linear coordinate system y = (y1, y2) is linearly adapted to φ if
dy = h lin(φ). Clearly, if there is a linear coordinate system that is adapted to φ, it
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is in particular linearly adapted to φ. The following proposition, whose proof will
be given in Chapter 9 (Appendix A), gives a characterization of linearly adapted
coordinates under Assumption 1.6 (NLA).

Proposition 1.7. If φ satisfies Assumption (NLA) and if φ = φ(x), then the fol-
lowing are equivalent:

(a) The coordinates x are linearly adapted to φ.
(b) If the principal face π(φ) is contained in the line

L = {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1},
then either κ2/κ1 ≥ 2 or κ1/κ2 ≥ 2.

Moreover, in all linearly adapted coordinates x for which κ2/κ1 > 1, the prin-
cipal face of the Newton polyhedron is the same, so that in particular the numbers
m := κ2/κ1 and dx do not depend on the choice of the linearly adapted coordinate
system x = (x1, x2).

This result shows in particular that linearly adapted coordinates always do exist
under Assumption (NLA), since either the original coordinates for φ are already
linearly adapted or we arrive at such coordinates after applying the first step in
Varchenko’s algorithm (when κ2/κ1 = 1 in the original coordinates).

Let us then look at the Newton polyhedron N (φa) of φa, which expresses φ in
the adapted coordinates (y1, y2) of (1.11), and denote the vertices of the Newton
polyhedron N (φa) by (Al, Bl), l = 0, . . . , n, where we assume that they are or-
dered so that Al−1 < Al, l = 1, . . . , n, with associated compact edges given by
the intervals γl := [(Al−1, Bl−1), (Al, Bl)], l = 1, . . . , n. The unbounded horizon-
tal edge with left endpoint (An, Bn)will be denoted by γn+1. To each of these edges
γl, we associate the weight κl = (κl1, κ

l
2) so that γl is contained in the line

Ll := {(t1, t2) ∈ R2 : κl1t1 + κl2t2 = 1}.
For l = n+ 1, we have κn+1

1 := 0, κn+1
2 = 1/Bn. We denote by

al := κl2

κl1
, l = 1, . . . , n,

the reciprocal of the (modulus of the) slope of the line Ll. For l = n+ 1, we for-
mally set an+1 := ∞. (See Figure 1.3.)

If l ≤ n, then the κl-principal part φκl of φ corresponding to the supporting line
Ll can easily be shown to be of the form

φκl (y) = cl y
Al−1

1 y
Bl
2

∏
α

(
y2 − cαl y

al
1

)Nα
(1.15)

(cf. Proposition 2.2 in [IM11a]; also [IKM10]).

Remark 1.8. When φ is analytic, then this expression is linked to the Puiseux
series expansion of roots of φa as follows [PS97] (compare also [IM11a]): We may
then factor

φa(y1, y2) = U(y1, y2)y
ν1
1 y

ν2
2

∏
r

(y2 − r(y1)),
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γn γn+1

(A0, B0)

(A1, B1)

(A2, B2)

N (φa)

γ1

(An, Bn)

γ2

1/κ2
2

1/κ2
1

Figure 1.3 Edges and weights

where the product is indexed by the set of all nontrivial roots r = r(y1) of φa (which
may also be empty) and where U is analytic, with U(0, 0) 
= 0. Moreover, these
roots can be expressed in a small neighborhood of 0 as Puiseux series

r(y1) = c
α1
l1
y
al1
1 + c

α1α2
l1l2

y
a
α1
l1 l2

1 + · · · + c
α1···αp
l1···lp y

a
α1 ···αp−1
l1 ···lp

1 + · · · ,
where

c
α1···αp−1β

l1···lp 
= c
α1···αp−1γ

l1···lp for β 
= γ,

a
α1···αp−1

l1···lp > a
α1···αp−2

l1···lp−1
,

with strictly positive exponents a
α1···αp−1

l1···lp > 0 (which are all multiples of a fixed

positive rational number) and nonzero complex coefficients c
α1···αp
l1···lp 
= 0 and where

we have kept enough terms to distinguish between all the nonidentical roots of φa.
The leading exponents in these series are the numbers

a1 < a2 < · · · < an.

One can therefore group the roots into the clusters of roots [l], l = 1, . . . , n,
where the lth cluster [l] consists of all roots with leading exponent al.
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Correspondingly, we can decompose

φa(y1, y2) = U(y1, y2)y
ν1
1 y

ν2
2

n∏
l=1

�[l](y1, y2),

where

�[l](y1, y2) :=
∏
r∈[l]

(y2 − r(y1)).

More generally, by the cluster
[
α1 · · · αp
l1 . . . lp

]
, we shall designate all the roots

r(y1), counted with their multiplicities, that satisfy

r(y1)−
(
c
α1
l1
y
al1
1 + c

α1α2
l1l2

y
a
α1
l1 l2

1 + · · · + c
α1···αp
l1···lp y

a
α1 ···αp−1
l1 ···lp

1

)
= O(yb1 )

for some exponent b > a
α1···αp−1

l1···lp . Then the cluster [l] = [l1] will split into the clus-

ters
[
α1
l1

]
, these cluster into the finer “subclusters”

[
α1 α2
l1 l2

]
, and so on.

Observe also the following: If δls(y1, y2) = (sκ
l
1y1, s

κl2y2), s > 0, denote the di-
lations associated to the weight κl, and if r ∈ [l1] is a root in the cluster [l1], then
one easily checks that for y = (y1, y2) in a bounded set we have δlsy2 = sκ

l
2y2 and

r(δlsy1) = sal1κ
l
1c
α1
l1
y
al1
1 +O(sal1κ

l
1+ε) as s → 0, for some ε > 0. Consequently,

δlsy2 − r(δlsy1) =


−sal1κl1 cα1

l1
y
al1
1 +O(sal1κ

l
1+ε), if l1 < l,

sκ
l
2 (y2 − c

αl
l y

al
1 )+O(sκ

l
2+ε), if l1 = l,

sκ
l
2y2 +O(sκ

l
2+ε), if l1 > l.

This shows that the κl-principal part of φa is given by

φa
κl

= Cly
ν1+∑

l1<l
|[l1]|al1

1 y
ν2+∑

l1>l
|[l1]|

2

∏
α1

(y2 − c
α1
l y

al
1 )

Nl,α1 , (1.16)

where Nl,α1 denotes the number of roots in the cluster [l] with leading term c
α1
l y

al
1 ,

and where by |M| we denote the cardinality of a set M.
A look at the Newton polyhedron reveals that the exponents of y1 and y2 in (1.16)

can be expressed in terms of the vertices (Aj , Bj ) of the Newton polyhedron:

ν1 +
∑
l1<l

|[l1]|al1 = Al−1, ν2 +
∑
l1>l

|[l1]| = Bl.

Notice also that ∏
α1

(y2 − c
α1
l y

al
1 )

Nl,α1 = (�[l])κl .

Comparing this with (1.15), the close relation between the Newton polyhedron of
φa and the Puiseux series expansion of roots becomes evident, and accordingly we
say that the edge γl := [(Al−1, Bl−1), (Al, Bl)] is associated to the cluster of roots
[l].
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Consider next the line parallel to the bisectrix

�(m) := {(t, t +m+ 1) : t ∈ R}.
For any edge γl ⊂ Ll := {(t1, t2) ∈ R2 : κl1t1 + κl2t2 = 1}, define hl by

�(m) ∩ Ll = {(hl −m,hl + 1)},
that is,

hl = 1 +mκl1 − κl2

κl1 + κl2
, (1.17)

and define the restriction height, or for short, r-height, of φ by

hr(φ) := max(d, max
{l=1,...,n+1: al>m}

hl).

Here, d = dx denotes again the Newton distance d(φ) of φ with respect to our orig-
inal, linearly adapted coordinates x = (x1, x2). Recall also that by Proposition 1.7
the numbers m and dx are well defined, that is, they do not depend on the chosen
linearly adapted coordinate system x. For a more invariant description of hr(φ),
we refer the reader to Proposition 1.17.

Remarks 1.9. (a) For L in place of Ll and κ in place of κl, one hasm = κ2/κ1

and d = 1/(κ1 + κ2), so that one gets d in place of hl in (1.17).
(b) Sincem < al, we have hl < 1/(κl1 + κl2), hence hr(φ) < h(φ). On the other

hand, since the line �(m) lies above the bisectrix, it is obvious that hr(φ)+
1 ≥ h(φ), so that

h(φ)− 1 ≤ hr(φ) < h(φ). (1.18)

(See Figure 1.4.)

It is easy to see from Remark 1.9(a) that the r-height admits the following geo-
metric interpretation.

By following Varchenko’s algorithm (cf. Subsection 8.2 of [IKM10]), one real-
izes that the Newton polyhedron of φa intersects the line L of the Newton polyhe-
dron of φ in a compact face, either in a single vertex or a compact edge. That is,
the intersection contains at least one and at most two vertices of φa, and we choose
(Al0−1, Bl0−1) as the one with smallest second coordinate. Then l0 is the smallest
index l such that γl has a slope smaller than the slope of L, that is, al0−1 ≤ m < al0 .

We may thus consider the augmented Newton polyhedron N r (φa) of φa, which
is the convex hull of the union of N (φa) with the half line L+ ⊂ L with right
endpoint (Al0−1, Bl0−1). Then hr(φ)+ 1 is the second coordinate of the point at
which the line �(m) intersects the boundary of N r (φa).

We remind the reader that all notions that we have introduced so far (with the ex-
ception of those discussed in Remark 1.8) make perfect sense for arbitrary smooth
functions φ of finite type, in particular, for analytic φ. For real analytic hypersur-
faces, it turns out that we now have all necessary notions at hand in order to formu-
late the central result of this monograph. The extension to more general classes of
smooth, finite-type hypersurfaces will require further notions and will be discussed
in the next section (compare Theorem 1.14).
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hr(φ) + 1

d + 1

∆(m)

π(φa)

m + 1

1/κ2

1/κ1

N (φa)

L

Figure 1.4 r-height

Theorem 1.10. Let S ⊂ R3 be a real analytic hypersurface of finite type, and fix a
point x0 ∈ S. After applying a suitable Euclidean motion of R3, let us assume that
x0 = 0 and that near x0 we may view S as the graph Sφ of a real analytic function
φ satisfying φ(0, 0) = 0 and ∇φ(0, 0) = 0.

Assume that there is no linear coordinate system adapted to φ. Then there exists
a neighborhood U ⊂ S of x0 such that for every nonnegative density ρ ∈ C∞

0 (U),

the Fourier restriction estimate (1.1) holds true for every p ≥ 1 such that p′ ≥
p′
c := 2hr(φ)+ 2.

Remarks 1.11. (a) An application of Greenleaf’s result would imply, at best,
that the condition p′ ≥ 2h(φ)+ 2 is sufficient for (1.1) to hold, which is a
strictly stronger condition than p′ ≥ p′

c.

(b) In a preprint, which regretfully has remained unpublished and which has
been brought to our attention by A. Seeger after we had found our results,
H. Schulz [Sc90] had already observed this kind of phenomenon for partic-
ular examples of surfaces of revolution.

Example 1.12.

φ(x1, x2) := (x2 − xm1 )
n, n,m ≥ 2.

The coordinates (x1, x2) are not adapted. Adapted coordinates are y1 := x1, y2 :=
x2 − xm1 , in which φ is given by

φa(y1, y2) = yn2 .
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Here

κ1 = 1

mn
, κ2 = 1

n
,

d : = d(φ) = 1

κ1 + κ2
= nm

m+ 1
,

and

p′
c =

{
2d + 2, if n ≤ m+ 1,

2n, if n > m+ 1.

On the other hand, h := h(φ) = n, so that 2h+ 2 = 2n+ 2 > p′
c.

1.4 SMOOTH HYPERSURFACES OF FINITE TYPE, CONDITION (R),

AND THE GENERAL RESTRICTION THEOREM

Theorem 1.10 can be extended to smooth, finite-type functions φ under an addi-
tional Condition (R), which, however, is always satisfied when φ is real analytic.
To state this more general result and in order to prepare a more invariant descrip-
tion of the notion of r-height, we need to introduce more notation. Again, we shall
assume that the coordinates (x1, x2) are linearly adapted to φ.

1.4.1 Fractional shears and condition (R)

We need a few more definitions. Consider the half lines R± := {x1 ∈ R : ±x1

> 0}, and denote by H± := R± × R the corresponding right (respectively, left)
half plane.

We say that a function f = f (x1) defined in U ∩ R+ (respectively, U ∩ R−),
where U is an open neighborhood of the origin, is fractionally smooth if there exist
a smooth function g on U and a positive integer q such that f (x1) = g(|x1|1/q)
for x1 ∈ U ∩ R+ (respectively, x1 ∈ U ∩ R−). Moreover, we shall say that a frac-
tionally smooth function f is flat if f (x1) = O(|x1|N) as x1 → 0, for everyN ∈ N.
Notice that this notion of flatness describes only the behavior at the origin. Observe
also that a fractionally smooth function that is flat is even smooth.

Two fractionally smooth functions f and g defined on a neighborhood of the
origin will be called equivalent, and we shall write f ∼ g, if f − g is flat. Finally,
a fractional shear in H± will be a change of coordinates of the form

y1 := x1, y2 := x2 − f (x1),

where f is real valued and fractionally smooth but not flat. If we express the smooth
function φ on, say, the half plane H+ as a function of y = (y1, y2), the resulting
function

φf (y) := φ(y1, y2 + f (y1))

will in general no longer be smooth at the origin, but fractionally smooth in the
sense described next.
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For such functions, there are straightforward generalizations of the notions of
Newton polyhedron, and so forth. Namely, following [IKM10] and assuming with-
out loss of generality that we are inH+ where x1 > 0, let� be any smooth function
of the variables x1/q

1 and x2 near the origin; that is, there exists a smooth function
�[q] near the origin such that �(x) = �[q](x1/q

1 , x2) (more generally, one could
assume that � is a smooth function of the variables x1/q

1 and x1/p
2 , where p and q

are positive integers, but we won’t need this generality here and shall, therefore,
always assume that p = 1). Such functions � will also be called fractionally
smooth. If the formal Taylor series of �[q] is given by

�[q](x1, x2) ∼
∞∑

α1,α2=0

cα1,α2x
α1
1 x

α2
2 ,

then � has the formal Puiseux series expansion

�(x1, x2) ∼
∞∑

α1,α2=0

cα1,α2x
α1/q

1 x
α2
2 .

We therefore define the Taylor-Puiseux support, or Taylor support, of � by

T (�) := {( α1
q
, α2) ∈ N2

q : cα1,α2 
= 0},

where N2
q := ( 1

q
N)× N. The Newton-Puiseux polyhedron (or Newton polyhedron)

N (�) of � at the origin is then defined to be the convex hull of the union of all
the quadrants (α1/q, α2)+ R2+ in R2, with (α1/q, α2) ∈ T (�), and other notions,
such as the notion of principal face, Newton distance, or homogenous distance, are
defined in analogy with our previous definitions for smooth functions φ.

Coming back to our fractional shear f, assume that f (x1) has the formal Puiseux
series expansion (say for x1 > 0)

f (x1) ∼
∑
j≥0

cjx
mj
1 , (1.19)

with nonzero coefficients cj and exponents mj , which are growing with j and are
all multiples of 1/q.We then isolate the leading exponentm0 and choose the weight
κf so that κf2 /κ

f

1 = m0 and such that the line

Lf := {(t1, t2) ∈ R2 : κf1 t1 + κ
f

2 t2 = 1}
is a supporting line to N (φf ).

In analogy with hr(φ), by replacing the exponentm bym0 and the line L by Lf ,
we can then define the r-height hf (φ) associated with f by putting

hf (φ) = max(df , max
{l: al>m0}

h
f

l ), (1.20)

where (df , df ) is the point of intersection of the line Lf with the bisectrix and
where hfl is associated to the edge γl of N (φf ) by the analogue of formula (1.17),
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that is,

h
f

l = 1 +m0κ
l
1 − κl2

κl1 + κl2
, (1.21)

if γl is again contained in the line Ll defined by the weight κl.
In a similar way as for the notion of r-height, we can reinterpret hf (φ) geomet-

rically as follows. We define the augmented Newton polyhedron N f (φf ) as the
convex hull of the union of N (φf ) with the half line (Lf )+ ⊂ Lf , whose right
endpoint is the vertex of N (φf ) ∩ Lf with the smallest second coordinate. Then
hf (φ)+ 1 is the second coordinate of the point at which the line �(m0) intersects
the boundary of N f (φf ).

Finally, let us say that a fractionally smooth function f (x1) agrees with the prin-
cipal root jet ψ(x1) up to terms of higher order if the following holds: if ψ is not
a polynomial, then we require that f ∼ ψ, and if ψ is a polynomial of degree D,
then we require that the leading exponent in the formal Puiseux series expansion of
f − ψ is strictly bigger than D.

Such functions f will indeed arise in Section 6.5 in the course of an algorithm
that will allow us to analyze the fine splitting of certain roots near the principal root
jet. It is this fine splitting that will lead to terms of higher order that have to be
added to ψ.

We can now formulate the extra “root” condition that we need when φ is
nonanalytic.

Condition (R). For every fractionally smooth, real function f (x1) that agrees with
the principal root jet ψ(x1) up to terms of higher order, the following holds true:

If B ∈ N is maximal such thatN (φf ) ⊂ {(t1, t2) : t2 ≥ B}, and if B ≥ 1, then φ
factors as φ(x1, x2) = (x2 − f̃ (x1))

Bφ̃(x1, x2), where f̃ ∼ f and where φ̃ is frac-
tionally smooth.

Examples 1.13. (a) If ϕ(x1) is flat and nontrivial and ifm ≥ 2 andB ≥ 2, then
the function φ1(x1, x2) := (x2 − xm1 − ϕ(x1))

B does satisfy Condition (R),
whereas (R) fails for φ2(x1, x2) := (x2 − xm1 )

B + ϕ(x1). In these examples,
we have ψ(x1) = xm1 .

(b) φ3(x1, x2) := (x2 − x2
1 − ϕ1(x1))

5
(
(x2 − 3x2

1)
2 + ϕ2(x1)

)
does satisfy Con-

dition (R) for arbitrary flat functions ϕ1(x1) and ϕ2(x1). Indeed, in this ex-
ample the principal face π(φ3) is the interval [(0, 7), (14, 0)], and so one
easily finds that d = 1/( 1

7 + 1
14 ) = 14

3 and ψ(x1) = x2
1 . Notice that ψ(x1) is

a root of multiplicity 5 > 14
3 of (φ3)pr, and hence the principal root.

Real analytic functions φ are easily seen to satisfy Condition (R). Indeed, the
definition of B implies that

φf (y1, y2) = yB2 h(y1, y2)+ ϕ(y1, y2),

where ϕ(y1, y2) is flat in y1 and where the mapping y1 �→ h(y1, 0) is of finite type.
In particular, g(x1) := φ(x1, f (x1)) = φf (y1, 0) = ϕ(y1, 0) is flat. On the other
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hand, if the function φ is analytic, then we may factor it as

φ(x1, x2) = U(x1, x2)x
ν1
1 x

ν2
2

J∏
j=1

(x2 − rj (x1))
nj ,

where the rj = rj (x1) denote the distinct nontrivial roots of φ and nj their multi-
plicities, and where U is analytic near the origin such that U(0, 0) 
= 0. Moreover,
the roots rj admit Puiseux series expansions near the origin (compare Remark 1.8).
But then

g(x1) = U(x1, f (x1))x
ν1
1 f (x1)

ν2

J∏
j=1

(f (x1)− rj (x1))
nj ,

and since g is flat, this shows that necessarily f − rk is flat for some k ∈ {1, . . . , J },
that is, f ∼ rk. Then rk must be a real root of φ, and the identity

φf (y1, y2) = U(y1, y2 + f (y1))y
ν1
1

(
y2 + f (y1)

)ν2

J∏
j=1

(
y2 + f (y1)− rj (y1)

)nj
shows that B = nk. By choosing f̃ := rk, we thus find that indeed φ(x1, x2) =
(x2 − f̃ (x1))

Bφ̃(x1, x2), with φ̃(x1, x2) := U(x1, x2)x
ν1
1 x

ν2
2

∏
j 
=k(x2 − rj (x1))

nj .

1.4.2 The general restriction theorem and sharpness of its conditions

We can now state our main result.

Theorem 1.14. Let S ⊂ R3 be a smooth hypersurface of finite type, and fix a
point x0 ∈ S. After applying a suitable Euclidean motion of R3, let us assume that
x0 = 0 and that near x0 we may view S as the graph Sφ of a smooth function φ of
finite type satisfying φ(0, 0) = 0 and ∇φ(0, 0) = 0.

Assume that the coordinates (x1, x2) are linearly adapted to φ but not adapted
and that Condition (R) is satisfied.

Then there exists a neighborhood U ⊂ S of x0 such that for every
nonnegative density ρ ∈ C∞

0 (U), the Fourier restriction estimate (1.1) holds true
for every p ≥ 1 such that p′ ≥ p′

c := 2hr(φ)+ 2.

The main body of this monograph will be devoted to the proof of this theorem.
A question that remains open at this stage is whether Condition (R) is really needed
in this theorem, or whether it can be removed completely, respectively replaced by
a weaker condition.

Before returning to the proof, we shall show by means of Knapp type examples
that the conditions in this theorem are sharp in the following sense:

Theorem 1.15. Let φ be smooth of finite type, and assume that the Fourier re-
striction estimate (1.1) holds true in a neighborhood of x0. Then, if ρ(x0) 
= 0,
necessarily p′ ≥ p′

c.

Since the proof will also help to illuminate the notion of r-height, we shall give
it right away. In fact, we shall prove the following more general result (notice that
we are making no assumption on adaptedness of φ here).
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Proposition 1.16. Assume that the coordinates x = (x1, x2) are linearly adapted
to φ and that the restriction estimate (1.1) holds true in a neighborhood of x0 = 0,
where ρ(x0) 
= 0. Consider any fractional shear, say on H+, given by

y1 := x1, y2 := x2 − f (x1),

where f is real valued and fractionally smooth but not flat. Let φf (y) = φ(y1, y2 +
f (y1)) be the function expressing φ in the coordinates y = (y1, y2). Then,
necessarily,

p′ ≥ 2hf (φ)+ 2.

Theorem 1.15 will follow by choosing for f the principal root jet ψ.

Proof. The proof will be based on suitable Knapp-type arguments.
Let us use the same notation for the Newton polyhedron of φf as we did for φa in

Section 1.3, that is, the vertices of the Newton polyhedron N (φf ) will be denoted
by (Al, Bl), l = 0, . . . , n, where we assume that they are ordered so that Al−1 <

Al, l = 1, . . . , n, with associated compact edges γl := [(Al−1, Bl−1), (Al, Bl)],
l = 1, . . . , n, contained in the supporting lines Ll to N (φf ) and associated with
the weights κl. The unbounded horizontal edge with left endpoint (An, Bn) will be
denoted by γn+1. For l = n+ 1, we have κn+1

1 := 0, κn+1
2 = 1/Bn. Again, we put

al := κl2/κ
l
1, and an+1 := ∞.

Because of (1.20), we have to prove the following estimates:

p′ ≥ 2df + 2; (1.22)

p′ ≥ 2hfl + 2 for every l such that al > m0, (1.23)

where, according to (1.21),

h
f

l = 1 +m0κ
l
1 − κl2

κl1 + κl2
.

Consider first any nonhorizontal edge γl of N (φf ) with al > m0, and denote by
D
f
ε the region

Df
ε := {y ∈ R2 : |y1| ≤ εκ

l
1 , |y2| ≤ εκ

l
2}, ε > 0,

in the coordinates y. In the original coordinates x, it corresponds to

Dε := {x ∈ R2 : |x1| ≤ εκ
l
1 , |x2 − f (x1)| ≤ εκ

l
2}.

Assume that ε is sufficiently small. Since

φf (εκ
l
1y1, ε

κl2y2) = ε(φ
f

κl
(y1, y2)+O(εδ)),

for some δ > 0,where φf
κl

denotes the κl-principal part of φf ,we have that |φf (y)|
≤ Cε for every y ∈ Df

ε , that is,

|φ(x)| ≤ Cε for every x ∈ Dε. (1.24)

Moreover, for x ∈ Dε, because |f (x1)| � |x1|m0 and m0 ≤ al = κl2/κ
l
1, we have

|x2| ≤ εκ
l
2 + |f (x1)| � εκl2 + εm0κ

l
1 � εm0κ

l
1 .
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We may thus assume that Dε is contained in the box where |x1| ≤ 2εκ
l
1 , |x2| ≤

2εm0κ
l
1 . Choose a Schwartz function ϕε such that

ϕ̂ε(x1, x2, x3) = χ0

( x1

εκ
l
1

)
χ0

( x2

εm0κ
l
1

)
χ0

( x3

Cε

)
,

where χ0 is a smooth cutoff function supported in [−2, 2] and identically 1 on
[−1, 1].

Then by (1.24) we see that ϕ̂ε(x1, x2, φ(x1, x2)) ≥ 1 on Dε; hence, if ρ(0) 
= 0,
then ( ∫

S

|ϕ̂ε|2 ρ dσ
)1/2 ≥ C1|Dε|1/2 = C1ε

(κl1+κl2)/2,

where C1 > 0 is a positive constant. Since ‖ϕε‖p � ε((1+m0)κ
l
1+1)/p′

, we find that
the restriction estimate (1.1) can hold only if

p′ ≥ 2
(1 +m0)κ

l
1 + 1

κl1 + κl2
= 2hfl + 2.

The case l = n+ 1,where γl is the horizontal edge for which hfl = Bn − 1 (with
Bn = 1/κ2

l ), requires a minor modification of this argument. Observe that, by Tay-
lor expansion, in this case φf can be written as

φf (y1, y2) = y
Bn
2 h(y1, y2)+

Bn−1∑
j=0

y
j

2gj (y1), (1.25)

where the functions gj are flat and h is fractionally smooth and continuous at the
origin. Choose a small δ > 0, and define

Df
ε := {y ∈ R2 : |y1| ≤ εδ, |y2| ≤ εκ

l
2}, ε > 0.

Then (1.25) shows that again |φf (y)| ≤ Cε for every y ∈ Df
ε , so that (1.24) holds

true again. Moreover, for x ∈ Dε, we now find that

|x2| ≤ εκ
l
2 + |f (x1)| � εκl2 + εm0δ � εm0δ

for δ sufficiently small. Choosing

ϕ̂ε(x1, x2, x3) = χ0

(x1

εδ

)
χ0

( x2

εm0δ

)
χ0

( x3

Cε

)
,

and arguing as before, we find that here (1.1) implies that

p′ ≥ 2
(1 +m0)δ + 1

δ + κl2
for every δ > 0;

hence, p′ ≥ 2Bn = 2hfln+1
+ 2. This finishes the proof of (1.23).

Notice finally that the argument for the nonhorizontal edges still works if we
replace the line Ll by the line Lf and the weight κl by the weight κf associated
with that line. Since here m0κ

f

1 = κ
f

2 , this leads to condition (1.22). Q.E.D.
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1.5 AN INVARIANT DESCRIPTION OF THE NOTION OF r-HEIGHT

Finally, we can also give a more invariant description of the notion of r-height,
which conceptually resembles more closely Varchenko’s definition of the notion of
height, only that we restrict the admissible changes of coordinates to the class of
fractional shears in the half planes H+ and H−.

In this section, we do not work under Assumption (NLA), but we may and shall
again assume that our initial coordinates (x1, x2) are linearly adapted to φ. Then
we set

h̃r (φ) := sup
f

hf (φ),

where the supremum is taken over all nonflat fractionally smooth, real functions
f (x1) of x1 > 0 (corresponding to a fractional shear in H+) or of x1 < 0 (corre-
sponding to a fractional shear in H−). Then, obviously,

hr(φ) ≤ h̃r (φ),

but in fact there is equality.

Proposition 1.17. Assume that the coordinates (x1, x2) are linearly adapted to
φ, where φ is smooth and of finite type and satisfies φ(0, 0) = 0, ∇φ(0, 0) = 0.

(a) If the coordinates (x1, x2) are not adapted to φ, then for every nonflat frac-
tionally smooth, real function f (x1) and the corresponding fractional shear
in H+ (respectively, H−), we have hf (φ) ≤ hr(φ). Consequently, hr(φ) =
h̃r (φ).

(b) If the coordinates (x1, x2) are adapted to φ, then h̃r (φ) = d(φ) = h(φ).

In particular, the critical exponent for the restriction estimate (1.1) is in all cases
given by p′

c := 2h̃r (φ)+ 2.

Let us content ourselves at this stage with a short, but admittedly indirect, proof
of part (b) and of part (a) under the assumption that φ is analytic. Our arguments
will again be based on Proposition 1.16. Since these arguments will rely on the
validity of Theorems 1.5 and 1.10, which is somewhat unsatisfactory, we shall
give a direct, but lengthier, proof in Chapter 9, which will in addition not require
analyticity of φ.

On the proof of Proposition 1.17. Recall that we assume that the original coordi-
nates (x1, x2) are linearly adapted to φ.

In order to prove (a) for analytic φ, assume furthermore that the coordinates
(x1, x2) are not adapted to φ, and let f (x1) be any nonflat fractionally smooth,
real-valued function of x1, with corresponding fractional shear, say in H+. We
have to show that

hf (φ) ≤ hr(φ). (1.26)

According to Theorem 1.10 the restriction estimate (1.1) holds true for p = pc,

where p′
c = 2hr(φ)+ 2. Moreover, choosing ρ so that ρ(x0) 
= 0, then
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Proposition 1.16 implies that p′ ≥ 2hf (φ)+ 2. Combining these estimates, we ob-
tain (1.26).

In order to prove (b), we assume that the coordinates (x1, x2) are adapted to φ,
so that d(φ) = h(φ). We have to prove that

h̃r (φ) = d(φ). (1.27)

Let us first observe that Theorem 1.5 and Proposition 1.16 imply, in a similar way
as in the proof of (a), that 2h(φ)+ 2 ≥ 2hf (φ)+ 2; hence d(φ) ≥ hf (φ).We thus
see that

h̃r (φ) ≤ d(φ).

On the other hand, when the principal face π(φ) is compact, then we can choose
a supporting line

L = {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1}
to the Newton polyhedron of φ containing π(φ) and such that 0 < κ1 ≤ κ2.We then
put f (x1) := x

m0
1 , where m0 := κ2/κ1. Then d(φ)=1/(κ1 + κ2) = df ≤ hf (φ) ≤

h̃r (φ), and we obtain (1.27).
Assume finally that π(φ) is an unbounded horizontal half line, with left endpoint

(A,B), where A < B.We then choose fn(x1) := xn1 , n ∈ N. Then it is easy to see
that for n sufficiently large, the lineLfn will pass through the point (A,B), and thus
limn→∞ hfn(φ) = B = d(φ). Therefore, h̃r (φ) ≥ d(φ), which shows that (1.27) is
also valid in this case. Q.E.D.

1.6 ORGANIZATION OF THE MONOGRAPH AND

STRATEGY OF PROOF

In Chapter 2 we shall begin to prepare the proof of Theorem 1.14 by compiling vari-
ous auxiliary results. This will include variants of van der Corput type estimates for
one-dimensional oscillatory integrals and related sublevel estimates through “inte-
grals of sublevel type,” which will be used all over the place. In some situations,
we shall also need more specific information, in particular on Airy-type oscillatory
integrals, as well as on some special classes of integrals of sublevel type, which
will also be provided. We shall also derive a straightforward variant of a beautiful
real interpolation method that has been devised by Bak and Seeger in [BS11] and
that will allow us in some cases to replace the more classical complex interpolation
methods in the proof of Stein-Tomas-type Fourier restriction estimates by substan-
tially shorter arguments. Nevertheless, complex interpolation methods will play a
major role in many other situations, and a crucial tool in our application of Stein’s
interpolation theorem for analytic families of operators will be provided by cer-
tain uniform estimates for oscillatory sums, respectively, double sums (cf. Lemmas
2.7 and 2.9). Last, we shall derive normal forms for phase functions φ of linear
height < 2 for which no linear coordinate system adapted to φ does exist. These
normal forms will provide the basis for our discussion of the case h lin(φ) < 2 in
Chapter 4.
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As a first step in our proof of Theorem 1.14, in which we shall always assume
that the coordinates x are linearly adapted, but not adapted to φ, we shall show in
Chapter 3 that one may reduce the desired Fourier restriction estimate to a piece
Sψ of the surface S lying above a small, “horn-shaped” neighborhood Dψ of the
principal root jet ψ, on which |x2 − ψ(x1)| ≤ εxm1 . Here, ε > 0 can be chosen as
small as we wish. This step works in all cases, no matter which value h lin(φ) takes.
The proof will give us the opportunity to introduce some of the basic tools which
will be applied frequently, such as dyadic domain decompositions, rescaling argu-
ments based on the dilations associated to a given edge of the Newton polyhedron
(in this chapter given by the principal face π(φ) of the Newton polyhedron of φ), in
combination with Greenleaf’s restriction Theorem 1.1 and Littlewood-Paley theory,
which will allow us to sum the estimates that we obtain for the dyadic pieces.

From here on, following our approach in [IKM10] and [IM11b], it will be nat-
ural to distinguish between the cases where h lin(φ) < 2 and where h lin(φ) ≥ 2,
since, in contrast to the first case, in the latter case a reduction to estimates for
one-dimensional oscillatory integrals will be possible in many situations, which in
return can be performed by means of the van der Corput–type Lemma 2.1.

Chapters 4 and 5 will be devoted to the case where h lin(φ) < 2. The starting
point for our discussion will be the normal forms for φ provided by
Proposition 2.11. Some of the main tools will again consist of various kinds of
dyadic domain decompositions in combination with Littlewood-Paley theory and
rescaling arguments. In addition, we shall have to localize frequencies to dyadic
intervals in each component, which then also leads us to distinguish a variety of dif-
ferent cases, depending on the relative sizes of these dyadic intervals as well as of
another parameter related to the Littlewood-Paley decomposition. It turns out that
the particular case where m = 2 in (1.9) and (1.14) will require, in some situations
(these are listed in Proposition 4.2), a substantially more refined analysis than the
case m ≥ 3. Indeed, in some cases, namely, those described in Proposition 4.2(a)
and (b), our arguments from Chapter 4 will almost give the complete answer, except
that we miss the endpoint p = pc. In order to capture also the corresponding end-
point estimates, we shall devise rather intricate complex interpolation arguments in
Section 5.3. These will be prototypical for many more arguments of this type that
we shall devise in later chapters.

Even more of a problem will be presented by the cases described in
Proposition 4.2(c). In these situations, we not only miss the endpoint estimate in
our discussion in Chapter 4, but it turns out that we even have to close a large gap
in the Lp range that we need to cover. In order to overcome this problem, we shall
perform a further dyadic decomposition in frequency space with respect to the dis-
tance to a certain “Airy cone.” This refined Airy-type analysis will be developed in
Sections 5.1 and 5.2. Again, in order to capture also the endpoint p = pc, we need
to apply a complex interpolation argument. Useful tools in these complex inter-
polation arguments will be Lemmas 2.7 and 2.9 on oscillatory sums and double
sums.

In Chapter 6 we shall turn to the case where h lin(φ) ≥ 2. In a first step, following
some ideas from the article [PS97] by Phong and Stein (compare also [IKM10]
and [IM11b]), we shall perform a decomposition of the remaining piece Sψ of
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the surface S, which will be adapted in some sense to the “root structure” of the
function φ within the domainDψ.When speaking of roots, we will, in fact, always
have the case of analytic φ in mind; for nonanalytic φ, these statements may no
longer make strict sense, but the ideas from the analytic case may still serve as a
very useful guideline.

In order to understand the root structure within our narrow horn-shaped
neighborhood Dψ of the principal root jet ψ, it is natural to look at the Newton
polyhedron N (φa) of φ when expressed in the adapted coordinates (y1, y2) given
by (1.10), (1.11). More precisely, we shall associate to every edge γl of N (φa)
lying above the bisectrix a domain Dl, which will be homogeneous in the adapted
coordinates (y1, y2) under the natural dilations (y1, y2) �→ (rκ

l
1y1, r

κl2y2), r > 0,
defined by the weight κl that we had associated to the edge γl. We shall then parti-
tion the domainDψ into these domainsDl, intermediate domains El, and a residue
domain Dpr and consider the corresponding decomposition of the surface S. The
remaining domain Dpr , which contains the principal root jet x2 = ψ(x1), will in
some sense be associated with the principal face π(φa) of the Newton polyhedron
of φa and, hence, homogeneous in the coordinates (y1, y2). Each domain El can
be viewed as a “transition” domain between two different types of homogeneity (in
adapted coordinates).

In the domains Dl we can again apply our dyadic decomposition techniques
in combination with rescaling arguments, making use of the dilations associated
with the weight κl, but serious new problems do arise, caused by the nonlinear
change from the coordinates (x1, x2) to the adapted coordinates (y1, y2). Following
again [PS97], the discussion of the transition domains El will be based on bidyadic
domain decompositions in the coordinates (y1, y2).

In our discussion of the domains Dl, we shall have to distinguish three cases,
Cases 1–3, depending on the behavior of the κl-principal part φa

κl
of φa near a

given point v 
= 0. The first case will be easy to handle, and the same is true even
for the residue domain Dpr . However, in the other two cases, a large difference
between the domains Dl and the domain Dpr will appear. The reason for this is
that for the edges γl lying above the bisectrix, we shall be able to prove a favorable
control on the multiplicities of the roots of φa

κl
(more precisely of ∂2φ

a
κl

), but this
breaks down on Dpr .

We shall, therefore, start to have a closer look at the domain Dpr in
Section 6.4. In order to handle Case 3, which is the case where φa

κlpr has a criti-
cal point at v, in Section 6.5 we shall devise a further decomposition of the domain
Dpr into various subdomains of “type” D(l) and E(l), where each domain D(l) will
be homogeneous in suitable “modified adapted” coordinates, and the domains E(l)
can again be viewed as “transition domains.” This domain decomposition algo-
rithm, roughly speaking, reflects the “fine splitting” of roots of ∂2φ

a. The new tran-
sition domains E(l) can be treated in a similar way as the domains El before, and in
the end we shall be left with domains of type D(l). Now, under the assumption that
h lin(φ) ≥ 5, it turns out that these remaining domains can be handled by means of
a fibration of the given piece of surface into a family of curves, in combination with
Drury’s Fourier restriction theorem for curves with nonvanishing torsion [Dru85].
However, that method breaks down when h lin(φ) < 5, so that in the subsequent two
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chapters we shall devise an alternative approach for dealing with these remaining
domains D(l). That approach will work equally well whenever h lin(φ) ≥ 2.

In Chapter 7 we shall mostly consider the domains of type D(1), which are in
some sense “closest” to the principal root jet, since it will turn out that the other
domains D(l) with l ≥ 2 are easier to handle (compare Section 7.10). Within the
domains of type D(1), we shall have to deal with functions φ which, in suitable
“modified” adapted coordinates, look like φ̃a(y1, y2) = yB2 bB(y1, y2)+ yn1α(y1)+∑B−1

j=1 y
j

2 bj (y1), where B ≥ 2 and bB is nonvanishing. In a first step, by means of
some lower bounds on the r-height, we shall be able to establish favorable restric-
tion estimates in most situations, with the exception of certain cases where m = 2
and B = 3 or B = 4. Along the way, in some cases we shall have to apply interpo-
lation arguments in order to capture the endpoint estimates for p = pc. Sometimes
this can be achieved by means of the aforementioned variant of the Fourier restric-
tion theorem by Bak and Seeger, whose assumptions, when satisfied, are easily
checked. However, in most of these cases we shall have to apply complex interpo-
lation, in a similar way as we did before in Section 5.3.

Eventually we can thus reduce considerations to certain cases where m = 2
and B = 3 or B = 4. The most difficult situations will occur when frequencies
ξ = (ξ1, ξ2, ξ3) are localized to domains on which all components ξi of ξ are com-
parable in size. These cases, which will be discussed in Chapter 8, turn out to be
the most challenging ones among all, the case B = 3 being the worst. Again, we
shall have to apply a refined Airy-type analysis in combination with complex inter-
polation arguments as in Chapter 5, but further methods are needed— for instance,
rescaling arguments going back to Duistermaat [Dui74]— in order to control the
dependence of certain classes of oscillatory integrals on some small parameters,
and the technical complexity will become quite demanding.

The monograph will conclude with the proof of Proposition 1.7 on the char-
acterization of linearly adapted coordinates in Appendix A and a direct proof of
Proposition 1.17 on an invariant description of the notion of r-height in
Appendix B of Chapter 9.

Conventions: Throughout this monograph, we shall use the “variable constant”
notation, that is, many constants appearing in the course of our arguments, often
denoted by C, will typically have different values on different lines. Moreover, we
shall use symbols such as ∼,�, or 	 in order to avoid writing down constants. By
A ∼ B we mean that there are constants 0 < C1 ≤ C2 such that C1A ≤ B ≤ C2A,

and these constants will not depend on the relevant parameters arising in the context
in which the quantities A and B appear. Similarly, by A � B we mean that there
is a (possibly large) constant C1 > 0 such that A ≤ C1B, and by A 	 B we mean
that there is a sufficiently small constant c1 > 0 such thatA ≤ c1B, and again these
constants do not depend on the relevant parameters.

By χ0 and χ1 we shall always denote smooth cutoff functions with compact sup-
port on Rn, where χ0 will be supported in a neighborhood of the origin and usually
be identically 1 near the origin, whereas χ1 = χ1(x) will be support away from the
origin, sometimes in each of its coordinates xj , that is, |xj | ∼ 1 for j = 1, . . . , n,
for every x in the support of χ1. These cutoff functions may also vary from line
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to line and may, in some instances, where several of such functions of different
variables appear within the same formula, even designate different functions.

Also, if we speak of the slope of a line such as a supporting line to a Newton
polyhedron, then we shall actually mean the modulus of the slope. Finally, when
speaking of domain decompositions, we shall not always keep to the mathematical
convention of a domain being on open connected set but shall occasionally use the
word domain in a more colloquial way.

Finally, by N×,Q×,R×, and so on, we shall denote the set of nonzero elements
in N,Q,R, and so on.
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