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Number Theory Begins
Pierre de Fermat
Any good story can be told in a variety of ways. Often it is simply best
to let events unfold in strict chronological order. But one must then
sometimes pause to backtrack in the story every so often in order to
explain one or two things that may not be clear to the audience. One
can even tell a tale by beginning at the very end and spin the entire
story out in a series of flashbacks, slowly and tantalizingly revealing
everything one layer at a time.
I have chosen to tell the story of number theory by beginning with
the first person who really thought about numbers in much the same
way as we do today, and for this reason he is the first mathematician
who could accurately be described as a number theorist. The man’s
name is Pierre de Fermat. The year is 1659 and Fermat has just written
to his friend Christiaan Huygens bragging about having discovered a
“most singular method” for proving mathematical propositions and
mentioning as an example one of his most important early results:
There is no right-angled triangle in numbers whose area is a
square.
Let us begin our story of numbers here then, three hundred and
fifty years ago with Fermat’s proof of this proposition. His proof is
actually quite short, but we will spend a great deal of time in this chapter
developing his proof because I want to use this proposition as a way to
introduce you informally to several basic ideas and topics in the theory
of numbers. And so I intend to present the proposition in a series of
flashbacks so that when we get to the actual proof you already know
everything that Fermat knew when he discovered this proof. So try to
keep in mind as you read this chapter that our ultimate goal is the proof
of Fermat’s proposition that no right-angled triangle has square area.

Pythagorean Triangles
The first thing to understand about this proposition is that Fermat is
considering only whole numbers, what we now call integers—that is, an
integer is a number in the set Z = {. . . , −3, −2, −1, 0, 1, 2, 3, . . . } (by
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Chapter 1

Figure 1.1 Pierre de Fermat,
1601–65.

the way, the letter Z is used for this set because the German word for
numbers is Zahlen).
So when Fermat says “triangle in numbers” and “whose area is
square” he means that the three sides of the triangle are all to have
integer length and that the area is also an integer that is itself the
square of another integer. In other words, all of the numbers in Fermat’s
proposition come from the set of natural numbers
N = {1, 2, 3, . . . }.
These days we call such right triangles Pythagorean triangles—a reference
to the well-known Pythagorean theorem of high school geometry—and
if three natural numbers a, b, c are such that a2 + b2 = c 2 , then we call
this set of numbers a Pythagorean triple. Furthermore, a Pythagorean
triple {a, b, c} is said to be primitive if the three numbers have no
common positive factor other than 1.
Why are we interested in primitive Pythagorean triples? Because
primitive Pythagorean triples represent fundamentally different triangles. For example, the two triples {3, 4, 5} and {6, 8, 10} correspond
to two triangles that have exactly the same shape, so the only way
these two triangles really differ is in terms of their size; one triangle
is simply an expanded version of the other triangle. When trying to
prove propositions such as the one of Fermat’s about right triangles
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not having square area, it is often much easier not to consider all
right triangles, but just to consider those corresponding to primitive
Pythagorean triples, such as {3, 4, 5}, {5, 12, 13}, and {8, 15, 17}.

Babylonian Mathematics
This brings us to a serious flashback because Pythagorean triangles have
been known about for a very long time, even long before the time
of Pythagoras, who himself lived in about the sixth century B.C. For
instance, we happen to know that they were an important part of early
Babylonian mathematics because the records of that Mesopotamian
empire were kept by scribes on clay tablets written in a style known as
cuneiform script (because of the distinctive wedge-shaped marks made
in these clay tablets using a stylus). Many of these tablets survived to
this day because of the dry climate of that region—Babylon, the capital
of this empire, was located on the Euphrates about sixty miles south
of present-day Baghdad. One of these ancient tablets somehow made
its way into a private collection in Florida before finally becoming a
permanent part of the Plimpton collection at Columbia University,
where it was given the catalog number 322. This particular tablet is now
quite famous and is called, simply, Plimpton 322.

Figure 1.2 Plimpton 322.
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Plimpton 322 has been described by mathematician and science
historian Otto Neugebauer as “one of the most remarkable documents
of Old-Babylonian mathematics.” It contains fifteen rows and four
columns (although there is some damage), the fourth column being just a numbering of the rows 1 through 15. Until Neugebauer
deciphered this tablet it had been considered merely a “commercial
account.” What Neugebauer managed to figure out is that instead
this tablet effectively contains a list of fifteen Pythagorean triples: the
middle two columns are the hypotenuse and the shortest side of right
triangles. For each of these fifteen triangles,√if we call the hypotenuse c
and the shortest side a, and then compute c 2 − a2 , we get an integer;
in other words, they knew the Pythagorean theorem in this part of the
world twelve hundred years before Pythagoras!
The rows on the tablet begin in the first row with a right triangle
{119, 120, 169} that is nearly isosceles—that is, the two legs are almost
equal—and the triangles gradually change shape as you move down the
tablet until you end at the bottom row with a right triangle {56, 90, 106}
whose legs are not at all equal. It is worth noting that the largest triangle
on the list is the fourth one {12 709, 13 500, 18 541} and remembering
that this triangle was computed thirty-five hundred years before calculators. The first column turns out to contain the numbers c 2 /(c 2 − a2 ),
so this column records the square of the ratio of the hypotenuse to the
“third” side—in modern terminology this would be represented as
the square of the cosecant of the angle between the hypotenuse
and the shortest side—and this ratio gradually diminishes as you go
down the tablet.
At this point we could happily end this flashback into Babylonian
mathematics satisfied that we have seen ample evidence of an awareness of the Pythagorean theorem from such a distant time in the human past, but Neugebauer discovered something even more interesting
about Plimpton 322. He discovered why this tablet contains the fifteen
Pythagorean triples that it does. To understand this, and thus continue
our flashback, we need to talk about the way in which the Babylonians
represented numbers.

Sexagesimal Numbers

In the 1997 film Contact, based on a novel of the same name by Carl
Sagan, Jodie Foster plays the role of a brilliant astronomer who is the
first human to receive a message from extraterrestrial beings. She has
been monitoring an array of radio telescopes in New Mexico and knows
the signal she is receiving from a distant star can only be coming
from intelligent life because the signal is repeating a sequence of prime
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numbers over and over again. What better way can there be to shout
into the universe “We are here” than to send a message about numbers
that can be universally understood by anyone who hears it?
Number theory is the study of inherent properties of numbers. For
example, whether a number is odd or even is an inherent property
of a number; it doesn’t depend upon how the number is represented.
The number 17 is odd whether we represent it, as we just did, in the
familiar decimal system, or as XVII, in the Roman numeral system, or
as 10001, in the binary system. Similarly, the fact that 17 is a prime
number doesn’t depend on how it is represented. That’s why any curious, intelligent life form anywhere in the universe is eventually going to
discover prime numbers. The fictional beings from that distant planet
revolving around the star Vega who sent us a message in that movie
had discovered prime numbers. And here on earth, thirty-five hundred
years ago, the Babylonians had also discovered prime numbers, and had
been fascinated by them.
The Babylonians used a sexagesimal number system much like our
own decimal system, but based instead upon the number 60. They got
the idea from the Sumerians and, in fact, we still use a version of their
system today for some parts of our lives. We measure time in units of
sixty: 60 minutes in an hour, and 60 seconds in a minute. We measure
angles and navigate using degrees: 360 degrees in circle, 60 minutes
of arc in a degree, 60 seconds of arc in minute of arc. The reason for
choosing 60 as a base for a number system, and the reason we still use
it for some purposes today, is that 60 has so many different factors. In
particular, then, an hour, or a circle, can conveniently be broken up into
1, 2, 3, 4, 5, 6, or even more parts.
So, how does a sexagesimal system work? Well, when we write a
number such as 3456 in our decimal system, what we mean is that
3456 = 3 × 103 + 4 × 102 + 5 × 101 + 6 × 100 .
How do we write this same number in the Babylonian system? We need
to write it in terms of powers of 60, that is, as something like
a × 602 + b × 601 + c × 600 ,
where we just have to figure out what a, b, and c need to be. But 602 =
3600, so it turns out we don’t need the a × 602 term at all for 3456.
So divide 60 into 3456 and get 57.6, which means that we should let
b = 57, and then c = 3456 − 57 × 60 = 36. Therefore, in the sexagesimal
system we would express 3456 as 57× 601 + 36 × 600 . We write this more
conveniently as 57, 36 meaning 57 “sixties” plus 36 “ones.”
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Let’s do one in the other direction. What number does the sexagesimal number 4, 37, 46, 40 represent? It represents
4 × 603 + 37 × 602 + 46 × 601 + 40,
which is equal to 4 × 216 000 + 37 × 3600 + 46 × 60 + 40 = 1 000 000.
Note that we are using the international system of marking off the
digits in large numbers by groups of three using spaces rather than
commas.
Now, of course, in the decimal system we have ten different symbols
for our ten digits, but as you can imagine the Babylonians didn’t have
sixty different symbols to use. Instead, for the number 57 they would
just make seven vertical marks next to five marks shaped like < that
each represented 10. You might barely be able to make out these two
kinds of marks in Figure 1.2. Another way in which the Babylonians’
system differed from our current decimal system is that they didn’t have
a symbol for zero, so they just left a blank space. This meant that two
very different numbers such as 7232 and 432 032 would look the same
since their sexagesimal representations are, respectively, 2, 0, 32 and
2, 0, 0, 32, and so, with only a space between 2 and 32 in each case,
there would be no way to tell what power of 60 to use for the 2. This
would have to be inferred from the context, which was not usually at all
difficult in practice.

Regular Numbers
The Babylonian system differed from ours in still another way: it did not
use a decimal point, or, rather, we should say a sexagesimal point. For
us the numbers 3456 and 3.456 are very different. The latter number, of
course, means
3 + 4 × 10−1 + 5 × 10−2 + 6 × 10−3 .
The Babylonian system on the other hand was more flexible—and,
again, context would be used to resolve any ambiguity. For example,
5, 30 could represent 330, that is, 5 × 60 + 30; but it could also represent
1
, that is, 5 12 .
5 + 30 × 60
1
in the
As another example, we could represent the fraction 3456
sexagesimal system as 1, 2, 30 because
2
30
1
1
+ 3 + 4.
=
3456
602
60
60
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(Check this if you want.) This is really rather remarkable. A fraction such
1
, which in the decimal system becomes 0.000 289 351 85 . . . ,
as 3456
and goes on forever, has in the sexagesimal system a finite
representation.
There is a simple reason this happens, and it has to do with the factors
of 60. Since 60 = 22 ·3·5, the only prime factors of 60 are 2, 3, and 5. The
Babylonians discovered that for any number that has no prime factors
other than 2, 3, or 5—such as 3456 = 27 ·33 , for example—the reciprocal
of the number has a finite representation. But if you take any other
number and try to write its reciprocal as a sexagesimal fraction, this
fraction will go on forever. So, numbers that have no prime factors other
than 2, 3, and 5 were very important to the Babylonians. Neugebauer
called these numbers regular numbers.
Now, let’s look again at Plimpton 322 and the fifteen triangles it
contains. Here is a list of all fifteen
of the “third” sides of these triangles,
√
2
which we get by computing c − a2 : 120, 3456, 4800, 13500, 72, 360,
2700, 960, 600, 6480, 60, 2400, 240, 2700, 90. Notice that the number
3456 is on that list. These are not just any old integers, but they all share
with 3456 the special property that was very important in Babylonian
mathematics: the only prime factors of any of these numbers are 2, 3,
and 5—that is, they are all regular numbers!

Square Numbers
I hope that during this flashback to Babylonian mathematics you
haven’t forgotten about Fermat’s proposition that no Pythagorean triangle has a square area. As it happens, one of the earliest translations
that was ever done of a Babylonian clay tablet was of a tablet that is
nothing more than a table that lists the numbers from 49 to 60 and
their squares. The property of a number being a square was something
that was very important to the Babylonians.
The square numbers are the numbers 1, 4, 9, 16, 25, . . . and, as you
can infer from their appearance on a Babylonian clay tablet, these
particular numbers have fascinated people since ancient times. When
you saw this list of square numbers just presented to you, you undoubtedly thought to yourself something like: of course I recognize 9 is a
“square” number because 9 = 32 , and 16 is a “square” number because
16 = 42 . But twenty-five hundred years ago a young Greek student of
mathematics in the city-state of Ionia would have thought something
more like: of course 9 and 16 are “square” numbers because piles of nine
stones and sixteen stones can each be arranged into square arrays
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of stones on the ground. One of you thinks of the concept “square
number” algebraically, and the other thinks of the same concept
geometrically.
This will become a recurring theme as we continue our study of
number theory. Just as we did with square numbers we will assign
various traits to numbers and speak of there being prime numbers, regular numbers, perfect numbers, triangular numbers, Fibonacci numbers,
Mersenne numbers—the list goes on and on, each term describing numbers that have a particular property that we find interesting. For each
of these categories of numbers you will want to try to get a feeling for
what makes that kind of number special. For square numbers we have
lost in modern times that “feel” of the geometric quality that makes
them special. Fermat undoubtedly had a much fuller appreciation of
both the algebraic and geometric nature of square numbers than we do
today. One of the great mathematicians of modern times, Paul Erdős,
was legendary for the “feel” he had for numbers. At an international
conference in Boca Raton, Florida, in 1994, Erdős expressed this great
affection he had for numbers during one of his famous annual addresses
to the conference in a typically humorous way by telling the audience
that he suspected he was, at the age of eighty-one, “probably a square
for the very last time.”
As for Fermat’s proposition about triangles, the reason we are able to
restrict our attention to primitive Pythagorean triples is because of the
intimate way area is linked to squaring. Suppose we have two similar
triangles such as a {3, 4, 5} triangle and a {6, 8, 10} triangle. The larger
triangle has sides that are twice as long as those in the smaller triangle,
but its area is four times that of the smaller triangle. Area = 12 (base ×
height), so the small triangle has area 12 · 3 · 4 = 6, and the larger triangle
has area 12 · 6 · 8 = 24.
Similarly, the {9, 12, 15} triangle has sides that are three times as long,
but area that is nine times that of the smaller {3, 4, 5} triangle, since its
area is 12 · 9 · 12 = 54. In this same way, any Pythagorean triangle that is
similar to the primitive triangle {3, 4, 5} will have an area that is a square
multiple of the area of this smaller triangle. Thus, since the {3, 4, 5}
triangle does not have square area, no Pythagorean triangle similar to it
can have square area. (Of course, if the {3, 4, 5} triangle did have square
area, this same argument would mean that any Pythagorean triangle
similar to it would also have square area.)
Note that this argument relies entirely on a basic fact about numbers
that we will have to say more about later, namely, if you multiply a
square number by a square number you get another square number,
but if you multiply a non–square number by a square number you get
a non–square number.
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Primitive Pythagorean Triples
So, to prove his proposition, Fermat needed to know exactly which
triples of numbers form primitive Pythagorean triples. Not only did
Fermat know this, but this is something that had been known for a
long time. Neugebauer even thinks the Babylonians knew this! And
that brings us once again to Plimpton 322.
It turns out that the scribes made four errors on this tablet, and the
nature of these errors makes it clear that the first column was not being
computed directly from the middle two columns. In other words, they
must have had some other method for producing the numbers in these
three columns. Neugebauer believes that behind the scenes for each row
of Plimpton 322 lay two small regular numbers s and t. For example, for
the first row there would be the two regular numbers s = 12 and t = 5.
Then, the numbers for the middle two columns would be computed by
finding
c = s2 + t2 ;

a = s2 − t2 .

For the first row, you would get c = 122 + 52 = 169, and a = 122 − 52 =
119. The number in the first column would be computed by finding
 2
2
(s + t 2 )/(2st) , which in this case is (169/120)2 , and this is exactly
the number 1.59, 0, 15 written sexagesimally that Neugebauer found
on the tablet—or, at least he found the 15, the rest had been obliterated.
The “third” side of this triangle, call it b, would be computed as b = 2st.
Here, you would get b = 120.
When viewed in this light, Plimpton 322 starts to make a lot more
sense. Take, for example, the largest triangle on the list, represented by
the triple {12709, 13500, 18541}. At first glance this triangle seems quite
out of place. But for this triple, the values of the two regular numbers s
and t are s = 125 and t = 54, which again seems somewhat arbitrary
until we look at their prime decomposition: 125 = 53 and 54 = 2 · 33 .
So, in fact, these are very simple numbers built from the fundamental
building blocks in the Babylonian system: 2, 3, and 5. This same pattern
holds for each row on the tablet: one row would have s = 25 and
t = 3 · 5; another, s = 2 · 52 and t = 33 . There is one exception: the row
for the triangle {45, 60, 75} is the only row where the numbers have a
common factor. This triangle of course is similar to the triangle {3, 4, 5}
(for which we can use s = 2 and t = 1) but is much more in the same
scale as the other triangles on the list.
Row after row of the tablet, the values of s and t satisfy four properties: (i) s > t; (ii) one of s or t is even, and the other is odd; (iii) they
are both regular numbers, that is, their prime decompositions use only
the three primes 2, 3, and 5; and, finally, (iv) s and t are relatively prime,
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that is, they have no common factor other than 1. These values of s and
t never appear on the tablet of course; they are merely somewhere in
the background. Perhaps the Babylonians were aware of these numbers
and used them in their calculations, perhaps not. Perhaps they just used
a simpler formula such as b2 = (c + a)(c − a)—not that they would
have been able to express it in this modern algebraic form. We just don’t
know.
Whether or not the Babylonians actually produced Plimpton 322 in
the highly number theoretic way I have been suggesting, we are now
ready to characterize primitive Pythagorean triples. This theorem, our
first, was certainly known to Euclid, who gave a proof for this marvelous
construction in the late fourth century B.C.
Theorem 1.1. For any primitive Pythagorean triple {x, y, z} where
x2 + y 2 = z2 , one of the numbers x or y must be even, and the other odd,
so let x be the even number; then, there exist two positive integers s and t,
s > t, one even and the other odd, with s and t having no common factor
other than 1, such that
x = 2st; y = s 2 − t 2 ; z = s 2 + t 2 .
Moreover, if s and t are any two such positive integers, then these formulas
produce a primitive Pythagorean triple.

Proof
First, we note that, for a primitive Pythagorean triple {x, y, z}, x and
y cannot both be even, since then z would also be even and all three
integers would have 2 as a factor. In order to show similarly that x and y
cannot both be odd we will give an argument—much as Fermat would
have done—based on an idea we will use often in this book having to
do with the notion of remainders.
We know that a number can be either even or odd. We express this
by saying that an even number can always be written in the form 2k,
where k is also an integer; and that an odd number can always be written
in the form 2k+1, where k is again an integer. So, for example, 26 = 2·13
and 57 = 2 · 28 + 1. Another way of saying this is that if we divide an
integer by 2, there are only two possible remainders: 0 and 1.
Now, we want to show that x and y cannot both be odd, so let’s see
what would happen if they both were odd. That is, let us suppose that x
and y are both odd. That means we can write x = 2k + 1 and y = 2 j + 1.
(We have to use a different letter j for y because we don’t want to assume
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that x and y are equal.) Now we can compute
x2 + y 2 = (2k + 1)2 + (2 j + 1)2 = 4k2 + 4k + 1 + 4 j 2 + 4 j + 1
= 4(k2 + k + j 2 + j) + 2.
We conclude that x2 + y 2 is a number of the form 4i + 2 (where in this
case i is just the number k2 + k + j 2 + j). Another way of saying this is
that if we were to divide x2 + y 2 by 4, we would get a remainder of 2. For
example, since 70 = 4 · 17 + 2, we say that 70 is of the form 4i + 2, or
that if we divide 70 by 4 then the remainder is 2.
But recall that x2 + y 2 = z2 , so z2 must also be of the form 4i + 2,
and have a remainder 2 when divided by 4. However, as we shall see,
this is impossible, because a square can never be of the form 4i + 2 and
have remainder 2 when divided by 4. Why not? Well, if z is an even
number, then z can be written as 2k, and then z2 = (2k)2 = 4(k2 ), and
z2 has a remainder 0 when divided by 4; on the other hand, if z is an
odd number, then z can be written as 2k + 1, and then z2 = (2k + 1)2 =
4k2 + 4k + 1 = 4(k2 + k) + 1, and z2 has a remainder 1 when divided
by 4. That is, squares have remainder 0 or 1 when divided by 4.
So, we found out exactly what happens if we assume that both x and y
are odd. We end up with the conclusion that z2 has a remainder 2 when
divided by 4, but we know this is impossible. Therefore, our assumption
had to be wrong, and we conclude that one of the numbers x or y must
be even. And since we already decided they can’t both be even, the other
number is odd. We arbitrarily decide to let x be the even number and y
the odd number. Note, then, that z will always be odd.
Since y and z are both odd, the numbers z + y and z − y are even, so
we can write them as z− y = 2u and z+ y = 2v. (Note that it follows that
z = u + v and y = v − u.) Thus x2 = z2 − y 2 = (z − y)(z + y) = 4uv, and so
( 2x )2 = uv. So uv is a square (note that 2x is an integer since x is even). We
claim that u and v are both squares.
To verify this claim we need to understand what makes a number a
square in terms of its prime decomposition: each prime needs to occur
an even number of times. So, 22 · 56 · 114 will be a square, but 38 · 73 won’t
be a square. This means a product such as uv can be a square as long as
each prime collectively shows up an even number of times in the prime
decompositions of the two numbers u and v. But what if u and v don’t
have any primes in common? Then the only way uv can be a square is if
u is a square and v is a square. That’s the situation in our proof and what
we need to show, namely, that u and v are relatively prime. But if u and
v have a common positive factor d, then d is also a common factor for y
and z, and hence a factor of x. Since {x, y, z} is a primitive Pythagorean
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triple, the only way this can happen is if d = 1. We conclude that u and
v are both squares.
Therefore, we can write u = t 2 and v = s 2 , and get
x2 = 4uv = 4s 2 t 2 ; y = v − u = s 2 − t 2 ; z = u + v = s 2 + t 2 ,
exactly as desired. Note that since u and v are relatively prime, so are s
and t; this means that, in particular, one of s and t is even, and the other
odd.
Finally, we still need to verify the converse, namely, that if s and
t are any two positive integers with the given properties, then these
formulas will produce a primitive Pythagorean triple. That the formulas
produce a Pythagorean triple is straightforward algebra since x2 + y 2 =
(2st)2 + (s 2 − t 2 )2 = (s 2 + t 2 )2 = z2 . If the triple is not primitive, then
there is a prime number p that is a factor for all three numbers x, y,
and z. Since one of s and t is even and one is odd and z = s 2 + t 2 ,
we know that z is odd. So, in particular, we know that p can’t be 2.
Now, p is a factor of both y and z, so p is also a factor of their sum
y + z = (s 2 − t 2 ) + (s 2 + t 2 ) = 2s 2 . Therefore, since p is a prime number
other than 2, p must be a factor of s. In the same way p also is a factor of
the difference z − y = (s 2 + t 2 ) − (s 2 − t 2 ) = 2t 2 , and so p is a factor of t as
well. But this is a contradiction since s and t are supposed to have been
relatively prime integers, so no prime could be a factor of both. Thus the
triple must have been primitive after all. This completes the proof of the
theorem.

The area of the triangle given by a primitive Pythagorean triple
{x, y, z} is 12 xy, and so the area of this triangle must by an integer
because, by Theorem 1.1, one of x or y is even. Thus, the area of any
Pythagorean triangle is an integer.

Infinite Descent
We are ready to go back to 1659 to see how Fermat proved his proposition. Fermat gave the barest outline of a proof of his proposition
in his letter to Huygens saying only “if the area of such a triangle
were a square, then there would also be a smaller one with the same
property, and so on, which is impossible.” Nevertheless, this single brief
statement does capture beautifully the essence of the “most singular
method” of proof of which Fermat was so justifiably proud, and which
he called the infinite descent.
Fermat’s method of infinite descent is based on a very simple idea.
In order to prove that no Pythagorean triangle can have square area,
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you assume that there is one that does have square area and show how
to produce a smaller Pythagorean triangle that also has square area. If
you can do that, you would be done, because you could then repeat
the same process on the smaller triangle and get a still smaller triangle
with square area, and again to get a still smaller triangle, and so on,
forever. Why is this impossible? Because of the positive integers 1, 2,
3, . . . . If A1 is the area of the first triangle, and A2 is the area of the
second triangle, and so on, then we have produced an infinite sequence
of strictly decreasing positive integers
A1 > A2 > A3 > A4 > · · · ,
which is an impossibility within the natural numbers. It is that simple.
What Fermat left out of his letter because it “would make his discourse too long” was any discussion at all about how to take one
Pythagorean triangle with square area and produce from it a smaller
Pythagorean triangle that also has square area. In other words, he left
out his proof! He did, however, at least write down his proof in the margin of a book—of a very famous book—his copy of Bachet’s translation
of Diophantus, a book we discuss at some length in Chapter 4. Here is
that proof.
Theorem 1.2. No Pythagorean triangle has square area.
Proof
This proof will use Fermat’s method of infinite descent. Our strategy,
therefore, will be to assume there is a Pythagorean triangle with square
area, and then produce a smaller Pythagorean triangle with square area.
Using infinite descent, that is all we have to do in order to prove the
theorem. It is also worth recalling from our discussion in the section on
square numbers that any Pythagorean triangle with square area will be
similar to a primitive Pythagorean triangle that has square area, so we
can focus on primitive Pythagorean triangles in this proof.
We start the proof—using the notation of Theorem 1.1—by assuming
that {2st, s 2 −t 2 , s 2 +t 2 } is a primitive Pythagorean triple that represents
a triangle whose area is square. The area of this triangle is A = 12 xy, that
is, A = st(s + t)(s − t). Since A is a square and s and t are relatively prime,
all four terms in this expression for A are also relatively prime to one
another; therefore, all four terms are themselves squares, and we can
write s = a2 , t = b2 , s + t = u2 , s − t = v 2 . Note that u and v must both
be odd, and are relatively prime.
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Now, let’s look at the three squares v 2 , a2 , and u2 . We can compute
a2 − v 2 = s − (s − t) = t = b2

and

u2 − a2 = (s + t) − s = t = b2 ,

and so we see, first of all, that v 2 < a2 < u2 .
Moreover, we see that the difference between v 2 and a2 is b2 , and that
the difference between a2 and u2 is also b2 . In other words, a2 is in the
exact middle between v 2 and u2 . (For example, here are three squares
49 < 169 < 289 where 169 is in the exact middle.) We conclude that
u2 − v 2 = 2b2 , and we factor this to get 2b2 = (u + v)(u − v).
Next, we observe that since u and v are odd, u+v and u−v will each be
even. But one of them will be exactly divisible by 4, and the other one
won’t. (This is because these two numbers differ by 2v and v is an odd
number—that is, they differ by 2v = 2(2k + 1) = 4k + 2.) So, whichever
one of them is exactly divisible by 4, we write that one as 4n2 , and we
write the other one as 2m2 . Then u = 12 ((u + v) + (u − v)) = m2 + 2n2 ,
and v = 12 ((u + v) − (u − v)) = ±(m2 − 2n2 )—the plus or minus depends
on which number was exactly divisible by 4, and 2b2 = (2m2 )(4n2 ), so
b = 2mn.
But we now have a smaller Pythagorean triangle. Taking m2 and 2n2
as the two “legs” for this smaller triangle we compute
(m2 )2 + (2n2 )2 = m4 + 4n4 =
=


1 2
(m + 2n2 )2 + (m2 − 2n2 )2
2

 1
1 2
u + (±v)2 = (u2 + v 2 ) = a2 ,
2
2

and so m2 and 2n2 form the legs of a new Pythagorean triangle whose
hypotenuse is a, whereas the hypotenuse of the original triangle was
s 2 + t 2 = a4 + b4 . So this new triangle is definitely smaller. Also, the area
of this new triangle is m2 n2 , so it has square area, namely, (mn)2 .
Thus we have accomplished what we set out to do: we produced
a smaller Pythagorean triangle with square area. Hence, by infinite
descent, we are done. This completes the proof of the theorem.


Arithmetic Progressions
The situation that occurred in the proof of Theorem 1.2, where there
were three squares v 2 < a2 < u2 with a2 in the exact middle, is worth
another look. The example we gave there was 49 < 169 < 289 where
the square 169 is in the exact middle. In this case the common difference
between 49 and 169, and between 169 and 289, is 120.

October 18, 2013

Time: 09:19am

chapter1.tex

© Copyright, Princeton University Press. No part of this book may be
distributed, posted, or reproduced in any form by digital or mechanical
means without prior written permission of the publisher.

Number Theory Begins

15

This is a specific case of what we call an arithmetic progression. An
arithmetic progression is just a sequence of numbers—and the sequence can be either finite or infinite—where any successive pair of
numbers in the sequence has a constant difference, and we call this
constant difference the common difference. So, the infinite sequence
7, 12, 17, 22, 27, . . . , is an arithmetic sequence where the common
difference is 5. Or, the finite sequence 49, 169, 289, 409, 529 is an
arithmetic progression where the common difference is 120.
There is an interesting connection between Pythagorean triangles
and squares in an arithmetic progression. Suppose three squares, a2 , b2 ,
and c 2 , are in an arithmetic progression. This means that b2 − a2 =
and y = c−a
; then, since b2 is the middle term in
c 2 − b2 . Let x = c+a
2
2
the progression, we get
b2 =

a2 + c 2
(c + a)2 + (c − a)2
=
= x2 + y 2 .
2
4

(In this chain of three equalities, the first equality holds because b2 ,
being the middle term in an arithmetic progression, is the average
of the two terms on either side; the second equality can be verified
easily by expanding (c + a)2 + (c − a)2 ; and the last equality follows
immediately from the definitions of x and y.) Thus we see that we have a
Pythagorean triangle {x, y, b}, where the hypotenuse b comes from the
middle square.
Moreover, the common difference, d, of this arithmetic progression
is given by
d=

c 2 − a2
(c + a)(c − a)
=
= 2xy.
2
2

(Again, in this chain of three equalities, the first equality holds because
in the arithmetic progression a2 , b2 , c 2 the two terms c 2 and a2 differ by
2d, that is, by two of the common difference d; the second equality is
obvious; and the last equality once again follows immediately from the
definitions of x and y.)
But the area of this triangle is 12 xy, so we also see the remarkable
fact that the common difference of the original arithmetic progression
is four times the area of the Pythagorean triangle. What is even more
remarkable is that this connection between Pythagorean triangles and
three squares in an arithmetic progression has been known for more
than a thousand years.
Let’s look at the example we just mentioned during the proof of
Theorem 1.2: 49 < 169 < 289. In this case, a = 7, b = 13, c = 17,
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so we get x = 17+7
= 12 and y = 17−7
= 5. The corresponding triangle is
2
2
{12, 5, 13}, which is a Pythagorean triangle, and the area of this triangle
is 12 (12)(5) = 30. The common difference of the three squares, 120, is in
fact four times this area, 30.
We’ll do another example of this remarkable connection by looking
at a very old problem concerning the area of Pythagorean triangles
from an eleventh-century Byzantine manuscript found in a library in
Istanbul (formerly Constantinople): find a Pythagorean triangle of area
5m2 . Note that this is similar to the proposition Fermat addressed in
Theorem 1.2, except that the area is not a square, but a multiple of a
square. The writer of this problem—writing almost a thousand years
ago—begins his solution of this particular problem very casually by
saying “we must take for m2 a multiple of 6”; he then lets m = 6, which
is certainly an easy way to make sure that m2 is a multiple of 6.
Did you know that the area of a Pythagorean triangle is always divisible by 6? Apparently this was common knowledge in Constantinople a
thousand years ago. Nevertheless, we had better check this fact. We’ll
do this by showing that the area is divisible by 2, and also that it is
divisible by 3; hence it is divisible by 6. (Note that this line of reasoning
works only because 2 and 3 are relatively prime—just because a number
is divisible by 10 and 15 doesn’t mean it is divisible by 150; for example,
30 is divisible by both 10 and 15 but not by 150.)
So, let {x, y, z} be a Pythagorean triangle as in Theorem 1.1 (we can
restrict our attention to primitive Pythagorean triangles because if the
area of a triangle represented by any primitive Pythagorean triple is
divisible by 6, then the area of any Pythagorean triangle will also be
divisible by 6). Then the area of this triangle is given by A = 12 xy. But
recall that x = 2st where one of s and t is even, which means that x is in
fact divisible by 4. Therefore, the area A is divisible by 2, as desired.
Next we show that A is also divisible by 3. If x is divisible by 3,
we’ll be done, and if either s or t is divisible by 3, then this is obvious,
so let’s suppose that neither s nor t is divisible by 3. This means that
when we divide either s or t by 3 we get a remainder of 1 or 2. If s
and t happen to have the same remainder, then s − t will be divisible
by 3, whereas if s and t happen to have different remainders, then
s + t will be divisible by 3 (simply because 1 + 2 = 3). So, either way,
y = s 2 − t 2 = (s − t)(s + t) will be divisible by 3. In other words, if
x isn’t divisible by 3, then y will be. So, in a Pythagorean triangle, not
only is one of the two legs divisible by 4, but one of the two legs is
divisible by 3. (As we said, this fact has been known for at least a
thousand years.) Hence the area is divisible by 6.
The other thing the writer of this problem knew about was the
connection between Pythagorean triangles and squares in arithmetic
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progression. So, since he had decided to let m = 6, he was looking for a
triangle whose area is 5·62 = 180, and therefore he knew all he had to do
was find three squares in an arithmetic progression where the common
difference is four times that area; that is, the common difference should
be 720.
The rest was easy for him because if the common difference d should
be 720, then—using our previous notation where d = 2xy—we see that
xy = 360 would work. Then he chose x = 9 and y = 40 as factors for
360, and got 92 + 402 = 412 . That’s how he did it. So his answer for
this problem is the triangle {9, 40, 41}, which does have an area of the
desired form since 12 · 9 · 40 = 180 = 5 · 62 .
While we are at it, let’s check the arithmetic progression. The middle
square should be 412 , and the common difference is supposed to be
720. Are 412 − 720 and 412 + 720 both squares as they should be? Well,
412 − 720 = 961 = 312 and 412 + 720 = 2401 = 492 , and so 312 , 412 , 492
form an arithmetic progression.

Fibonacci’s Approach
Fibonacci—who was born in Pisa around 1180, but grew up in North
Africa and traveled extensively—could also solve this problem about
finding a Pythagorean triangle of area 5m2 because he knew what
we now know, namely, that the common difference for the related
arithmetic progression of three squares would be given by
d = 2xy = 4st(s 2 − t 2 ),
where we are again using the notation of Theorem 1.1.
Hence 8 is going to divide d (because s or t is even), 3 is going to
divide d (because, as we just saw, 3 divides x or y), and 5 is also going
to divide d (because the area, 12 xy, is supposed to be 5m2 ). Thus d is a
multiple of 120. Then Fibonacci just picked two convenient small values
of s and t to make this happen, namely, s = 5 and t = 4, which yields the
same value d = 720 as before. So Fibonacci gets the exact same triangle
since x = 2st = 2(5)(4) = 40 and y = s 2 − t 2 = 52 − 42 = 9.
But Fibonacci noticed something else interesting about problems
such as these. First of all, a square n2 can be written as the sum of the
first n odd integers. For example, 42 = 1 + 3 + 5 + 7.
Why this is true is visually obvious if you just think about 16 stones
arranged in a square array (see Figure 1.3). Remove 1 stone from, say, the
top right-hand corner, then remove the next 3 stones in an L-shaped
pattern from the top right, then the next 5 again in an L-shaped pattern,
and then the final 7 remaining stones in this same pattern.
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Figure 1.3 1 + 3 + 5 + 7 = 16.

Fibonacci used this basic fact in a clever way on the triangle problem.
In this approach to the problem he concentrates on finding three
squares in an arithmetic progression with common difference 720. He
factors 720 into 8 · 90, and writes 720 as a sum of 8 consecutive odd
integers whose average is 90 (that is, 90 is in the exact center of this
sequence of odd numbers):
720 = 83 + 85 + 87 + 89 + 91 + 93 + 95 + 97.
Then he also factors 720 into 10 · 72, and writes 720 as a sum of 10
consecutive odd integers whose average is 72 (again, 72 is in the exact
center):
720 = 63 + 65 + 67 + 69 + 71 + 73 + 75 + 77 + 79 + 81.
Note that, amazingly, these two sequences match up perfectly in that
they could be combined into a single sequence beginning at 63 and
ending at 97.
Now, it’s just a matter of noticing that
1 + 3 + 5 + · · · + 97 = 492 ,
1 + 3 + 5 + · · · + 81 = 412 ,
1 + 3 + 5 + · · · + 61 = 312 .
Thus we know the three squares 312 , 412 , and 492 are in an arithmetic
progression with common difference 720.
What made this idea work for Fibonacci is that the first sum has 8
consecutive odd integers centered on the number 90, and the second
sum has 10 consecutive odd integers centered on the number 72, and
furthermore, these consecutive sums fit together perfectly (since 83
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is the next odd integer after 81). In general then, in order for this
method of Fibonacci’s to work, we need to be able to factor the common
difference d in two ways, d = αβ = γ δ such that α + γ = β − δ.
(By the way, we are using the four Greek letters α, β, γ , δ here simply
because they are four convenient letters to use; but any four available
letters would be just as good, such as j, k, e, f .) In the problem above,
for example, the fact that 8 + 10 = 90 − 72 meant that there were 18
consecutive odd numbers with the first 10 centered on 72 and last 8
centered on 90.
Both Fibonacci and Fermat were well aware of the close connection
between Pythagorean triangles and squares in arithmetic progression.
In fact, another way to think of Theorem 1.2 is: it is impossible to have
three squares in an arithmetic progression whose common difference is a
square. Fibonacci had made this same assertion long before Fermat, but
gave a completely inadequate argument to support his claim.
So we have begun our story of number theory with Fermat because
modern number theory itself can be said to have begun with Fermat.
Although numbers had engaged people in creative thought in many
parts of the world for centuries and even millennia before the time of
Fermat, he was the one who through his insight, curiosity, and vast
correspondence set number theory on the path that we still follow
today. We shall return to Fermat over and over again during the telling
of our story in this book, but for now, in the next chapter, we again need
to take a look much further back. Fermat did not invent number theory
in a vacuum. The ultimate source of Fermat’s ideas concerning numbers
was the ancient Greeks, and these ideas came forward to him from them
in a single book, Arithmetica, by Diophantus.

Problems
1.1

The Pythagorean triples {3, 4, 5}, {5, 12, 13}, and {7, 24, 25} each
represent right triangles in which the hypotenuse and one leg differ by
only a single unit. Prove that there are infinitely many such
Pythagorean triples by showing that for any odd number 2k + 1, the
triple {2k + 1, 2k2 + 2k, 2k2 + 2k + 1} is a Pythagorean triple. Pythagoras
knew of these triangles. Are they always primitive Pythagorean triples?

1.2 (H,S) Find all solutions in the positive integers to the equation
x2 + y 2 = 1003.
1.3 (H,S) Find two primitive Pythagorean triples that represent triangles
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having different hypotenuses but equal area. (Fermat proved that for
any number n there are in fact n triangles with different hypotenuses
and the same area.)
1.4 (H) Prove that for any integer n ≥ 3 there is a Pythagorean triangle with
one of its legs having length n.
For which integers n will there be a primitive Pythagorean triangle
with n as the length of one of its legs?
1.5 (H,S) Prove that the radius of the inscribed circle of a Pythagorean triangle
is always an integer.
1.6 (H,S) What is the longest possible hypotenuse a right triangle with integer
sides can have if the radius of the inscribed circle is 12?
This problem appeared in the 2007 American Mathematics League
Competition.
1.7  (H,S) We say that a set of numbers is pairwise relatively prime if any two
numbers in the set are relatively prime; in other words, for every pair of
numbers from the set the only common factor of both numbers is 1. It
is obvious that if a set of numbers is pairwise relatively prime, then the
only common factor of all the numbers in the set is 1.
However, the converse of this statement is not true. Find a
counterexample by finding a set of three numbers {a, b, c} whose only
common factor is 1, and yet no pair of these numbers is relatively
prime.
Then determine whether a primitive Pythagorean triple is always
pairwise relatively prime, and prove this one way or the other.
1.8 (H,S) Neugebauer called numbers that have no prime factors other than 2,
3, and 5 regular numbers. Regular numbers are therefore the numbers
whose reciprocals can be expressed as finite sexagesimal fractions. For
example, the reciprocal of 3 is an infinite decimal fraction
( 13 = 0.333 . . . ) but is finite as a sexagesimal fraction
( 13 = 0.20, 0, 0, . . . ).
Express the reciprocal of 75 both as a decimal fraction and as a
sexagesimal fraction. Then express the reciprocal of 7 both as a decimal
fraction and as a sexagesimal fraction.
1.9 (S) Here are the values of s and t that correspond to the fifteen rows of
Plimpton 322. (No values are given for row 11 because that particular
row contains the triangle {45, 60, 75} instead of the triangle {3, 4, 5}
for which s = 2 and t = 1).)
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Row

1

2

3

4

5

6

7

8

9

21

10 12 13 14 15

s

12 64 75 125 9 20 54 32 25 81 48 15 50

9

t

5

5

27 32

54

4

9

25 15 12 40 25

8

27

Note that a few values seem to be missing such as s = 5, t = 2,
which give triangle {21, 20, 29}. Perhaps this triangle was left out
because a = 21 is not the shortest side—in other words, the angle of
43.60 degrees between a and the hypotenuse is less than 45 degrees.
The values s = 6, t = 5 are also missing and would give triangle
{11, 60, 61}. Maybe this triangle was left out because a is too
short—that is, the angle 79.61 degrees is too big. The question
remains: why does Plimpton 322 contain these fifteen triangles and no
others?
One reasonable hypothesis to support Neugebauer’s answer would
be that Plimpton 322 is a list of all the triangles you would get for all
regular s and t less than or equal to 125 (this number is chosen because
s = 125 does occur behind the scenes in the fourth row) and assuming
that the larger of the two acute angles is supposed to range from about
45 degrees in the triangle at the top of the list to almost 60 degrees at
the bottom. Do you find this a plausible explanation for Plimpton 322?
Support your answer.
1.10  (S) Formulas such as 1 + 3 + 5 + · · · + (2n − 1) = n2 (which we “proved”
geometrically in the text) can be proved algebraically using a method
that is very much like Fermat’s method of infinite descent except that
it works in the other direction. The method is fundamentally simple:
you prove the formula for a small value such as n = 1, and then you
prove that whenever the formula is true for one value n it is also true for
the next value n + 1. That’s all there is to it. The formula is then true for
all values of n; it is true for n = 1, so then it must be true for the next
number n = 2, and for the next number n = 3, and the next number
n = 4, and on, and on, forever.
This method could appropriately be called the method of infinite
ascent, but it was given the name the method of induction by Augustus
De Morgan in 1838, and first used by Blaise Pascal in 1654.
Use induction to prove that n2 is the sum of the first n odd integers
by assuming that
1 + 3 + 5 + · · · + (2n − 1) = n2 ,
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and then showing algebraically that the formula holds for n + 1:
1 + 3 + 5 + · · · + (2n + 1) = (n + 1)2 .
Don’t forget to show that the formula is true for n = 1.
1.11  (H,S) Let’s look at Problem 1.10 again, and make sure we see exactly how
the key inductive step is working. By the inductive step we mean the step
in the proof where you show that if the formula is true for one value n,
it is also true for the next value n + 1. So, in this problem we are going
to isolate the inductive step.
Assume that the formula in Problem 1.10 is true for n = 49, that is,
assume that
492 = 1 + 3 + 5 + 7 + · · · + 93 + 95 + 97.
Then use this assumption to prove that the formula is also true for
n = 50, that is, prove that
502 = 1 + 3 + 5 + 7 + · · · + 93 + 95 + 97 + 99.
1.12  (H,S) (a) Use induction to prove the following formula for the sum of
the first n squares:
12 + 22 + 32 + · · · + n2 =

n(n + 1)(2n + 1)
.
6

We will give another proof of this formula in Chapter 2.
(b) It turns out that there is only one positive integer n (other
than 1) such that the sum of the first n squares is itself a square.
Use this formula to find that integer.
You can find a very nice geometric proof of this formula in
“Counting Squares to Sum Squares” by Duane W. DeTemple, The
College Mathematics Journal 41(2) (May 2010), 214–19. Here the idea is
that the left side of this formula represents the total number of squares
that can be found inside an n × n grid.
1.13  (H,S) You should think about prime numbers the same way we think
about atoms. They are the building blocks for the rest of the integers.
And it is no accident that both the concept of prime number and the
concept of the atom come down to us from the ancient Greeks.
Modern theories of the atom can be traced back to the fifth-century
B.C. Greek philosophers Democritus and Leucippus, who proposed
that all matter is made up of very small indivisible particles.
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In number theory this same notion can be traced back to the very
same time and place. The Pythagoreans divided the natural numbers
greater than 1 into two kinds: the indivisible numbers, called prime
numbers, and the composite numbers, which are numbers that can be
written as a product of two smaller numbers.
Prove that any integer greater than 1 can be written as a product of
one or more primes. That is, prove that any integer greater than 1 has a
prime decomposition.
1.14  (H) In the proof of Theorem 1.1, we used the fact that if we divide a
square by 4 the remainder will be either 0 or 1—that is, it will never be
2 or 3. And we express this fact by saying that a square n2 must have the
form 4k or 4k + 1, and never the form 4k + 2 or 4k + 3.
Prove that if we divide a cube by 9, the remainder will be either 0, 1,
or 8—that is, it will never be 2, 3, 4, 5, 6, or 7. In other words, show that
a cube n3 must have the form 9k, 9k + 1, or 9k + 8.
1.15  (S) In his letter of 1659 to Huygens, in which he reported having
discovered his method of infinite descent, Fermat wrote: “At first I used
it only to prove negative assertions such as: No number of the form
3n − 1 can be written as x2 + 3y 2 .” This is a somewhat puzzling
statement because infinite descent is not needed at all to prove such an
easy result. Prove this result by using the idea that any integer must
have one of three forms: 3n, 3n + 1, or 3n + 2. (Note that when Fermat
talks about a number having the form 3n − 1 that is equivalent to
saying it has the form 3n + 2.)
1.16 (H,S) The fact that a square must have the form 4n or 4n + 1 immediately
implies that no number of the form 4n + 3 can be the sum of two
squares. Still, it might be possible for such a number to be written as
the sum of three squares. However, it is easy to check that the number 7
cannot be written as a sum of three squares, and that in fact 7 requires
four squares: 7 = 4 + 1 + 1 + 1. In 1638, Fermat wrote to Mersenne that
no integer of the form 8n + 7 can be written as the sum of three or
fewer squares, and that this remains true even if you use rational
squares. Mersenne passed this correspondence on to Descartes, who
was quite disdainful that Fermat had announced such a trivial result.
Give a proof of this result for integers by first proving that any square
n2 must have the form 8k, 8k + 1, or 8k + 4. Then prove that the result is
also true for rational squares. A rational number is a number that can be
written as a fraction ab where a and b are integers, and in this case we
would call ( ab )2 a rational square.
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1.17 (H,S) Show that if a, b, c are three positive integers such that
a3 + b3 = c 3 ,
then one of the three numbers must be divisible by 7.
1.18  (H,S) Fermat would eventually prove that a cube can never be written as
the sum of two cubes. This is one case of his famous conjecture known
as Fermat’s last theorem. However, it is possible for a cube to be the sum
of three cubes. Find two different solutions in the positive integers to
the equation
a3 + b3 + c 3 = d 3 .
Such a solution {a, b, c, d} is the cubic analog of a Pythagorean triple
and is therefore called a cubic quadruple. One of these cubic quadruples
should both surprise and delight you.
1.19 (H,S) Fibonacci was once challenged to find three squares in arithmetic
progression with common difference 5, that is, to find three rational
numbers a, b, and c such that b2 − a2 = c 2 − b2 = 5. Solve this problem.
r
where
A rational number is a number that can be written as a fraction m
r and m are integers.
1.20 (S) Fibonacci picked the values s = 5 and t = 4 to find three squares in
arithmetic progression with common difference 720. Try several other
values of s and t such as s = 5 and t = 2, or even s = 2 and t = 1, to see
what other arithmetic progressions with three squares that you come
up with.
1.21 (H,S) Fibonacci used his method to find three squares in arithmetic
progression with common differences other than 5. Use his
method—as did Fibonacci himself—for the number 7 by taking s = 16
and t = 9. That is, find three squares in arithmetic progression with
common difference 7. In particular, explicitly use two factorizations of
the common difference d to find the three squares by expressing each
occurrence of the common difference between the squares as a sum of
consecutive odd numbers.
1.22

The Babylonians were not the only ones to do computations in base 60.
The decimal system we use now only began to become known in
Europe during the late Middle Ages. In particular, astronomers
routinely used base 60 for their calculations. In 1483, a book of
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astronomical data called the Alphonsine tables was published in Spain
(named for Alfonso X of Castile, who commissioned the work).
The Alphonsine tables contain an amazingly accurate estimate of
the length of a year, one that is within a few seconds of the current
estimate. This estimate, written in base 60, was
365.14, 33, 9, 67
for the number of days in a year. Our current calendar is based on
97
as a fairly close estimate for the number of days in a year.
365 + 400
Show that the first two “digits” of the Alphonsine estimate—that is,
97
that we use for our calendar
14, 33—is exactly equal to the number 400
today.

