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CHAPTER 1

Macro Models
without Frictions

Thisisthefirst of two chaptersthat examine the exchange-rate implications of macro-
economic models. My aim is not to survey al the macro models of exchange-rate
determination, but rather to provide a theoretical overview of how exchange rates
are linked to macro variablesin environments that are familiar to students of macro-
economics. Thisoverview servestwo purposes. Firgt, it highlightsthe degreetowhich
the exchange-rate implications of widely used macro models accord with the em-
pirical characteristics of exchange-rate behavior. Second, it establishes a theoretical
benchmark for judging the success of the new micro-based exchange-rate models
presented in subsequent chapters.

The macro models we study have standard features. There are two countries,
each populated by alarge number of identical utility-maximizing households. In this
chapter we study models where households have access to arich array of financial
assets. More specifically, weassumethat they all have accessto marketsfor acomplete
set of contingent claims. As a result, households are able to share risk completely.
This feature has important implications for the behavior of exchange rates in both
endowment economies (where output is exogenous) and in production economies
(where output is determined optimally by firms). Another standard feature of the
modelswe study concernsthe role of money. Here we assume that households derive
utility from holding real balances and that central banks have complete control of
their national money supplies. Thisframework hasalong tradition in theinternational
macro literature. When combined with the implications of complete risk-sharing, it
allows us to characterize the differences between the behavior of real and nominal
exchange rates in a straightforward manner.

Thefinal noteworthy feature of the model s presented herein concerns the behavior
of prices. Although “price-stickiness’ plays an important role in many international
macro models, in thischapter wefocuson modelsinwhich al pricesarefully flexible.
In so doing, our analysis abstracts from the complications caused by the presence of
frictions in both financial and product markets. The exchange-rate implications of
these frictions are examined in Chapter 2.
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1.1 Preliminaries
1.1.1 Definitions

Thefocus of our analysisison the behavior of the nominal spot exchangerate, which
we refer to as the spot rate. The spot rate, denoted by S, is defined as the home price
of foreign currency. Throughout, we take the United States as the home country, so
S identifies the price of foreign currency in U.S. dollars. According to this definition,
an appreciation in the value of the dollar is represented by afall in S because it
corresponds to a fall in the dollar price of foreign currency. Conversely, arisein S
represents adepreciation in the value of the dollar. Defining spot ratesin thisway can
beasourceof confusion at first, but it turnsout to bevery convenient when considering
the determination of spot rates from an asset-pricing perspective. For thisreasoniitis
the standard definition used in the international finance literature.

The spot exchange rate identifies the price at which currencies can be traded
immediately. Forward rates, by contrast, identify the price at which currencies can
be traded at some future date. The k-period forward rate at time ¢, }‘t" , denotes the
dollar price of foreign currency in a contract between two agents at time ¢ for the
exchange of dollarsand foreign currency at timet + k. Foreign currency issaid to be
selling forward at adiscount (premium) relative to the current spot ratewhen S, — ]-‘tk
is positive (negative). Obviously, spot and forward rates are equal when the maturity
of the forward contract, k, equals zero.

Two relative prices play prominent roles in international macro models. The first
istheterms of trade. In international finance the convention is to define the terms of
trade, 7, astherelative price of importsin terms of exports:

M

o

S PX
where P is the price U.S. consumers pay for imports and P is the price foreign
consumers pay for U.S. exports. (Hereafter, we use ahat, i.e., “~”, to denote foreign
variables.) Since S isdefined asthe price of foreign currency indollars, S PX identifies
the dollar price foreign consumers pay for U.S. exports. Note that arise (fall) in the
relative price of U.S. exports, representing an improvement (deterioration) inthe U.S.
terms of trade, implies afall (rise) in 7. Once again, this may seem unnecessarily
confusing, but theinternational finance literature adoptsthisdefinition to simplify the
relationship between the real exchange rate and the terms of trade.

The second important relative priceisthereal exchangerate. Thisis defined asthe
relative price of the basket of al the goods consumed by foreign householdsin terms
of the price of the basket of all the goods consumed by U.S. households:

where P isthe foreign currency price of the foreign basket and P is the dollar price
of the U.S. basket. Hence, P and P are the U.S. and foreign consumer price indices
inlocal currency terms, and S P identifies the foreign price index in terms of dollars.
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According to thisdefinition, adepreciation (appreciation) in thereal value of the U.S.
dollar correspondstoarise(fal) in £ and representsan increase (decrease) in theprice
of foreign goods relative to U.S. goods.

Price Indices

The behavior of the real exchange rate plays a central role in macro models, so it
is important to relate the behavior of the price indices, P and P, to the prices of
individual goods. For this purpose, macro models identify price indices relative to a
particular form for the consumption basket based on either the Constant Elasticity of
Substitution (CES) or Cobb-Douglas functions.

Toillustrate, suppose there are only two goods availableto U.S. consumers. Under
the CES formulation, the consumption basket defined over the consumption of goods
a and b isgiven by

-1

C =Ca, b):(x%a%ﬂl—x)%bT)m, (1.1)

where A € (0, 1) and 6 > 0. This function aggregates the consumption of the two
goods into a single index, C, from which households derive instantaneous utility,
U (C), for some concave utility function U(.). The consumption-based price index,
P, isidentified as the minimum expenditure that buys one unit of the consumption
index, C. In other words, P minimizes the expenditure Z = a P¢ + b P, such that
C(a, b) = 1, given the prices of goods a and b, P¢ and P”.

The mechanics of solving this problem illustrate several properties of the con-
sumption basket and price index, so they are worth reviewing. Choosing a and b to
minimize Z such that C(a, b) = 1gives

b 1—x (PP\?
Z=T<ﬁ> . (1.2)

Thus, the relative demand for good » depends on its relative price, P?/P?, and
the ratio of shares in the basket, % Note, also, that 6 identifies the elasticity of
substitution between goods a and b.

Combining equation (1.2) with the definition of total expenditure, Z = a P* +
b P, gives usthetotal demand for each good:

)L(Pa)—ﬂ
a= T VA
(P + =2 (P)™)
and (13
b A= n(PH™"

(k(P“)l—G - (Pb)“’)
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Substituting these expressions into (1.1) and setting the result equal to one gives us
the minimum necessary expenditure:

1

0—
2]

1- |32 AMPH 0z
AP 4 (1—2) (PP)T

-1 Gﬁl
A-n(PH "z
AP0 4 (1 1) (PP)H’

+ (1_1)%[

Simplifying thisequation and solving for Z producesthe equation for the priceindex:

1
P = (2P + @) (PH) T (1.4)

By definition, an expenditure of Z purchases Z/ P units of the consumption index
C, so we can use (1.4) to rewrite the expressionsin (1.3) as

pa\~° o\’

These equations identify the demand for the individual goods as a function of the
share parameter, A, relative prices, and the consumption index.

The specification of the consumption basket in (1.1), itsimplications for the price
index in (1.4), and individual demand functions in (1.5) prove very useful in the
analyses below. In essence, if instantaneous utility over individual goods, U (a, b),
can be written in terms of the consumption basket, that is, U (C) with C = C(a, b),
household consumption decisions can be separated into two parts. The first is an
intertemporal decision concerning the size of the current basket, C. The second is
an intratemporal decision about the consumption of individual goods that make up
the current basket. As we shall see, understanding how exchange rates affect both
intertemporal and intratemporal consumption decisions lies at the heart of macro
exchange-rate models.

Finally, it isworth noting that in the limit asthe elasticity parameter 6 approaches
1, the CESfunction in (1.1) becomes

a)»bl—k

C(a, b) = W,

(1.6)
with the associated price index of

P=(P) (P”)H : (17)
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1.1.3 Purchasing Power Parity and the Law of One Price

We can now use the price indices to link the real exchange rate to the behavior of
individual prices. This allows us to consider three related concepts: the Law of One
Price, Absolute Purchasing Power Parity, and Relative Purchasing Power Parity.

The Law of One Price (LOOP) statesthat identical goods sell in two locations for
the same price. This means that when the local currency price of the good for sale
abroad is converted into dollars with the spot exchange rate, it will match the price of
the same good available in the United States. Thus, if the LOOP applies to good «,
P = SP“ where P“ isthelocal currency price of good a in the foreign country.

The LOOP has implications for the behavior of the real exchange rate. Suppose
there are two goods, « and b, that make up the U.S. consumption basket with share
parameters A and 1— A, and the foreign basket with shares i and 1— i. The red
exchange rate will then be given by

£ =

1
SP_ (MSPHI 4+ A= R)(SPHV\
P\ A(PHFY 4 (1— 1) (PP

If the LOOP appliesto both goods, we can rewrite this expression as

1
2 _3 b payl-60 \ =0
5:<A+(1 i) (Pb/ Py ) . 18

A+ (1—A) (Pb/Pa)L=o

Clearly, £ will equal onewhen i = i. Thus, if the consumption baskets have the same
composition in each country and the LOOP applies to each good, then the price of
the consumption basket will be the same across countries; P = S P. Thisconditionis
known as Absolute Purchasing Power Parity (PPP).

Now supposethat A # A sothat good a hasadifferent weight in the U.S. consump-
tion basket than in the foreign consumption basket. In this case, (1.8) impliesthat £
isafunction of P?/P<. If this relative price is constant, so too is the real exchange
rate, but its value can differ from one. This condition, known as Relative Purchasing
Power Perity, implies that the depreciation in the spot rate is equal to the difference
between the foreign and domestic rates of inflation,

As=Ap— Ap,

where A denotes the first-difference and lowercase letters denote natural logs, for
example, p=In P.

If » # A and P?/P“ varies, both forms of PPP break down. This case is most
easily illustrated by taking a log linear approximation of equation (1.8) around the
point where P? = P%. Thisform of approximation will prove very useful throughout
the book and is fully described in Appendix 1.A.2. Here it produces

INE=e=x—M(p’—pY.

Clearly, the correlation between the log real exchange rate and log relative prices de-
pends on the relative weightsin the two consumption baskets. Oneimportant applica-
tion of thisrelationship arises when thereis biasin consumption toward domestically
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1.2

1.2.1

produced goods. In particular, suppose that good «a is produced in the United States
and good b in Europe. Home bias in consumption would then be characterized by
A >1/2and X < 1/2, soclearly » — A would be positive. Furthermore, p” — p® now
represents the log of the U.S. terms of trade, T = p™ — (s + p*): p? isthelog price
of imports and p? is the dollar price of exports, which is equal to s + p* under the
LOOP. Thus,

8=()»—)A\)‘L'.

Home bias in consumption implies that an improvement in the U.S. terms of trade
(i.e, afdl in ) isassociated with areal appreciation of the dollar (i.e., afadl in¢).

Empirical Characteristics of Real Exchange Rates

Any successful model of exchange-rate determination must account for the behavior
of both nominal and real exchange rates. This section documents two key empirical
characteristics of real exchange ratesthat the model hasto explain. First, we examine
how the cross-country relative price variations across different types of goods con-
tribute to real exchange variability. Second, we consider the volatility and persistence
of real-exchange-rate variations.

Real Exchange Rates and Relative Prices

Variationsin real exchange rates can come from many sources because national price
indices are composed of the prices of many different types of goods. Historically, re-
searchers have placed goodsinto two categories; nontraded and traded. The nontraded
good category includes any goodsthat are produced solely for domestic consumption,
whereas the traded category includes goods that can be consumed in any country re-
gardless of where they are produced. With this classification, variations in the real
exchangerate can be decomposed into changesintherel ative price of nontraded goods
across countries and changes in the relative price of traded goods across countries.

Thisdecomposition of real-exchange-rate variationsis most easily constructed us-
ing log approximations to the consumption-based priceindices. In particular, assume
that the U.S. consumption basket, C(1,N), is defined in terms of traded goods, T, and
nontraded goods, n, with priceindices P and PN. Inthiscase, equation (1.4) implies
that the U.S. pricelevel in period ¢ is

1
Pt — ()\.(PIT):L_G + (1_ )\‘) (P[N)l_9> 1-6 )
Log linearizing this expression around the point where PN = P! gives

pr=p; + A=} — p)). (1.9

Similarly, we can approximate the log price level in the foreign country by

P =By + A= (B) — pD), (1.10)
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where p! and p) denote the log foreign currency price indices for traded and non-

traded goods, respectively, and  isthe share parameter for traded goodsin theforeign
consumption basket.
Combining (1.9) and (1.10) with the definition of the log real exchange rate gives

sr=(s+ P} — pD+IA=DGY = ) — A=Y = pD]. (L11)

The first term on the right is the log relative price of foreign traded goods in terms
of U.S. traded goods. The second term is a weighted difference between the relative
price of nontraded to traded goods across countries. It is convenient to identify these
terms respectively by ¢/ and &;'", so that the depreciation of the real exchange rate
becomes Ae, = Ag; + Ag}'". The variance of the real depreciation rate is therefore

V(Ag,) = V(As") + V(AeM) + 2CV(Ae!, AeM), (1.12)

where V() and CV (., -) denote the variance and covariance operators.

Engel (1999) documents the relative contribution of ¢ and &' to the variation in
U.S. real-exchange-rate movements. Using monthly dataon consumer pricesand spot
rates, he computed measuresof e and ¢} for Canada, France, Germany, Italy, Japan,
and the United States from January 1962 to December 1995. He then calculated the
ratio, V(Ae,)/V(Ag,), over horizons ranging from 1 month to 30 years. The results
of these calculations, which were striking, are reproduced in Table 1.1. Aside from
the U.S.-Canadarate, his estimates of V(Ae[)/V(Ae,) inpanel A arejust below one
at all horizonsfor al the other real exchange rates. He al so finds that the estimates of
CV(Ag/, Ae}'") are very close to zero, as shown in panel B.1 Taken together, these
results imply that variations in the relative price of tradables at the consumer level
account for the lion’'s share of the variationsin real exchange rates over awide range
of horizons.

Engel’sresults present achallengeto traditional thinking concerning international
price dynamics. To see why, let us first suppose that only one good is traded in-
ternationally. In this case ¢; represents the period- deviation from the LOOP, so
international arbitrage should limit the variationsin ¢;. For example, when ¢/ falls
below a certain lower bound it becomes profitabl e to incur the costs of importing the
good to the home country, so &/ should fall no further. Likewise, the profitability of
exporting the good will limit therisein e, above a certain upper bound. Under these
circumstances, changes in ¢, are more likely to be affected by the presence of the
bounds when they are computed over longer horizons. As aresult, we should expect
to seethevarianceratio V(Ae,) /V(Ag,) fall asthe horizon increases, but Engel only
finds this pattern for the U.S.-Canada data.

Of course, Engel’s calculations are based on price indices rather than the price
of asingle traded good, so variations in ¢; could reflect variations in the terms of
trade. Recall that changesin the relative price of different traded goods can affect the
real exchange rate computed from two price indices for traded goods if the weights
the goods receive in each index differ. For example, if there are only two traded goods

1. Engel (1999) actualy reports results for the ratios of mean square errors [i.e., MSE(Ag")/
MSE(Ae)] rather than the variance ratios, but as he notes, this does not materially affect the results.
In fact, he cannot reject the hypothesisthat e and &}'" follow independent random walks.
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TABLE 1.1
Sources of Real Exchange Variation
Horizon
(months) Canada France Germany  Italy Japan
A.V(Agl)/V(Ag)
1 1.165 1.000 1.010 1.006 1.069
6 0.977 1.000 0.982 0.996 1.018
12 0.928 1.001 0.969 0.996 0.994
36 0.880 1.000 0.934 0.990 0.956
60 0.829 0.997 0.901 0.987 0.942
B. CV(Ag], Agl™) (x100)
1 —0.001 -0.006 —0.001 0.000 —0.003
6 —0.001 0.001 0.003 -0.001 —0.009
12 0.003 -0.042 0015 -0.002 —0.002
36 0.032 -0.037 0.134 0.009 0.073
60 0.066 0.044 0.361 0.027 0.134
C.V(Ag)/[V(Ae]) + V(AeglT)]
1 0.943 1.000 0.992 0.987 0.981
6 0.954 1.000 0.994 0.993 0.989
12 0.955 1.000 0.993 0.993 0.992
36 0.948 0.999 0.991 0.995 0.990
60 0.919 0.999 0.990 0.997 0.987

Source: Engel (1999).

and the shares of the U.S.-produced good are A and 4 in the U.S. and foreign price
indices, respectively, then

Ael = (n — VAT,

where 7, is the log U.S. terms of the trade. Thus, variations in Ae; could reflect

volatility in the terms of tradeiif A s i. Engel finds little support for this explanation
inthedata. Thedifference between A and 4 isjust too small to account for thevolatility
of Ae, given the observed variation in the terms of trade.

Another possible explanation for Engel’s findings involves the construction of the
priceindices. The index for traded goods is constructed from the food and all goods
lessfood CPI subindexes, whereastheindex for nontraded-goods' pricesis computed
from the shelter and all services less shelter CPI subindexes. These measures are
imperfect. They include goods in the traded price index that are not traded (e.g.,
restaurant meals) and goods in the nontraded index that are traded (e.g., financial
services). Nevertheless, it isvery unlikely that Engel’sfindings are solely attributable
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to misclassifications like these because they appear robust to the use of non-CPlI price
data, such as output prices on consumption deflators.

Burstein, Eichenbaum, and Rebel o (2006) proposearelated, but morefar-reaching
explanation for Engel’s results. They argue that traded consumer goods are really
composite goodswith both traded and nontraded components, wherethelatter include
distribution costs such aswhol esaleand retail services, marketing and advertising, and
local transportation services. This meansthat the consumer price of each traded good
comprises the price of its pure traded component and the price of the distribution
services. As aresult, variations in ¢; computed from consumer prices could reflect
changesin therelative price of distribution costs across countriesrather than afailure
in the LOOP for pure traded goods.

To illustrate this argument, suppose there is little difference in the size of the
distribution component across different traded goods, so the log consumer price
indices for home- and foreign-traded goods can be approximated by

p,=yp; +A—=y)p; ad p =yp;+1-y)p,,

where pf and py denotethelog prices of the pure traded goods and p and py arethe
log prices of the distribution components. The parameter y identifies the share of the
pure traded good in the composite consumption good. If the LOOP applies to pure
traded goods, p; = s, + p5, the change in the log relative consumer price of traded
goods becomes

Ag/ = As;+ Ap; — Ap] = (1—y)As), (1.13)

with e? =5, + py — pp. Similarly, if traded consumer goods have the same share
parameter in the U.S. and foreign price indices [i.e, A = 4 in equations (1.9) and
(1.10)], then

Ael"=(1—1) [(Ap) — Ap]) — (Apy — Ap))]

= (1— WA — (1— (L — p)AeP, (1.14)

with el =5, + p;' — py.

Equations (1.13) and (1.14) show that changes in the relative price of distribution
services, Agp, contribute to variations in both components of the real depreciation
rate. Consequently, it is possible that variations in Aep and Ae;* could account for
Engel’s findings. To see how, let v/ denote Engel’s estimate of the variance ratio,
V(Ae)/V(Aeg,), whichisclosetoone. Now if CV(Aef, Ael™) =0, asEngel finds,
¥ =V (Aeh)/(V(Ae") + V(Ael™). Panel Cof Table 1.1 showsthat thisratioisvery
close to one. Rearranging this expression gives

A

V(A 1-—vy
V(Ael) U

(1.15)

Thus, Engel’s results imply that the relative variance of Ae;"" must be very small
compared to the variance of Ae!. Thisispossiblein the presence of distribution costs
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provided that the variance of Ae? is sufficiently large. Specifically, equations (1.13)
and (1.14) imply that

CV(AeN, Aef) = (1—2)(1—y) [CV(AY, AeP) — (1—y)V(AeD)] (1.16)

and

+V(AeD) —

V(A <V(As;’) 117)

2CV(AeY, Agf)) (1—1)?
V(aen)  \(1-y)?

1-y V(AeP)

Equation (1.16) impliesthat CV(Ae[, Ag) = (1—y)V(Ag)) if CV(Ag[, Agh) =
0. Substituting this restriction into (1.17), combining the result with (1.15), and
rearranging yields

V(ae)) _ ¥ (1-2)°
V(Aed)  @-y)2 (1— v+ 91— )\)2) '

(1.18)

Equation (1.18) shows how large the variance of Ae? must be compared to the
variance of Aeg[ in order to account for the values of V estimated by Engel. Note
that when the estimates are close to one, the right-hand sideis approximately equal to
theinverse of the squared share of distribution costsin the consumer prices of traded
goods, (1— y)~2. Burstein, Neves, and Rebel o (2003) arguethat this shareisbetween
0.4 and 0.5 for the United States, which impliesthat the variance of Ae;” must befour
to six times larger than the variance of A}’ to account for Engel’s results. A priori,
itis hard to understand why changes in the relative price distribution services, Aep,
should be so much morevariablethan changesin therel ative price of nontraded goods.
Indeed, theoretical models that allow for distribution costs, such as that of Corsetti,
Dedola, and Leduc (2008a), do not distinguish between distribution and nontraded
sectors, so that Aep = Ae;.

The preceding analysis shows that the existence of distribution costs alone cannot
account for Engel’s results unless the volatility of those costs is implausibly large.
That is not to say that distribution costs are unimportant. Burstein, Eichenbaum, and
Rebelo (2006) find that variationsin e, account for asmaller share of thevarianceof ¢,
when &/ iscomputed with the prices of goods at the dock rather than consumer pri ces?
It appears, therefore, that some of the variations in the relative price of tradables at
the consumer level are attributable to distribution costs. The remainder must come
from failuresin the LOOP for pure traded goods.

2. Theseresults are not directly comparable to Engel’s because Burstein, Eichenbaum, and Rebelow
compute V(£])/V (g,), where &, and &} are the cyclical components of ¢, and ] estimated from the
Hodrick-Prescott filter.
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1.2.2 Volatility and Autocorrelation

Table 1.2 reports the variance and correlations of monthly real and nomina de-
preciation rates for the United States versus the United Kingdom and Japan be-
tween January 1975 and December 2007; for the United States versus Germany
between January 1975 and December 1998; and the United States versus the Euro-
area between January 1999 and December 2007. The upper pand shows that real
depreciation rates are as volatile as nominal depreciation rates and that the two are
very highly correlated. Thesetwo featuresimply that very little of the variationin the
real depreciation rateis attributable to changesin the inflation differential. In particu-
lar, since Ag; = As, + Ap, — Ap, by definition, the variance of thereal depreciation
rate can be decomposed as

V(Ag,) = CV(As;, Ag,) + CV(Ap, — Ap,, Ag,).

Rewriting this expression in terms of the correlation between the nominal and real
depreciation rates, CR(Ag,, As,), and dividing by the variance of Ag, gives

V(As,)  CV(Ap, — Ap,, Agy)

1=CR(Ag,;, As))
V(Ag,) V(Ag,)

Accordingtothestatisticsin thefirst threerowsof Table 1.2, thefirst term on theright-
hand side has an average value of 0.97 across al the currency pairs. Consequently,
changing inflation differentials account for roughly 3 percent of the variance of the
real depreciation rate.

The center panel of Table 1.2 reportsthe variance and correlations for the monthly
change in the log bilateral U.S. terms of trade, At,. These data are computed as
T, =s,+ p; — p; fromthe log of the export price indices for the United States and
the foreign countries, pX and p. A risein z, therefore represents afall in the relative
price of U.S. exports compared to dollar export prices of the foreign country. Asthe
table shows, with the exception of the JPY/USD data, the variance of A, is higher
than the variance of the nominal and real depreciation rates. Changes in the terms
of trade are also very strongly correlated with the real depreciation rates. These high
correlations are not peculiar to the United States. Obstfeld and Rogoff (2000) show
that the correlations between bilateral terms of trade and nominal depreciation rates
are strongly positive across 15 country pairings.

Onepossibleexplanation for thesefindingsisthat household preferencesare biased
toward the consumption of domestically produced traded goods. To see why, let us
approximate the log traded price indicesin the United States and foreign country as

pp=umpy + A=), +pY) and  p;=ap; + (1= ) (py —sp),
where the share parameters . and & identify U.S. and foreign household preferences

between domestic- and foreign-produced traded goods. (Note that these equations
incorporate the assumption that the LOOP applies to the exports of traded goods.)
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TABLE 1.2
Real and Nominal Exchange-Rate Statistics

EUR/USD DM/USD GBPUSD JPY/USD

V(As,) 6.89 11.05 8.92 10.40
V(Ag,) 6.85 11.20 9.44 10.90
CR(As,, Ag,) 0.99 0.99 0.98 0.99
V(AT,) 7.59 11.31 10.02 7.54
CR(Ag,, AT) 0.99 0.97 0.90 0.84
CR(e,, &_1) 0.97 0.99 0.97 0.98
CR(s;, &,_2) 0.94 0.98 0.94 0.96
CR(s,, ,_3) 0.91 0.96 0.91 0.94
CR(As,, Ag,_9) 0.15 0.01 0.05 0.09
CR(Ag,, Ag,_5) 0.03 0.09 0.00 0.05
CR(Ag,, Ag,_3) —-0.08 0.03 —0.013 0.09

Notes: The log real exchangeratein month ¢, ¢,, iscomputed ass, + p, —
p;» Where s, isthe log spot rate (FX/USD), p, isthe log foreign consumer
price index, and p, isthelog U.S. consumer price index in month z. The
bilateral termsof trade, 7,, arecomputed ass, + p; — py, where pX and p}
denotethe U.S. and foreign priceindicesfor exports. Depreciation ratesare
calculated as the monthly differenceinthelog level, i.e, As, =5, — 5,_1,
Ag; =g, — g;_q, and At, = 1, — 7,_ multiplied by 100.

Combining these expressionswith the equation for thelog real exchangeratein (1.11)
gives

Ag, = (A +pn —1) At + Ae)".
Thus the rea rate of depreciation reflects variations in the terms of trade when
i + u # 1 and variations in the relative price of nontraded to traded goods across
countries, Ae'". Using this equation to compute the variance of the real depreciation
rate and rearranging the result yields
CV(Ag/, Agy)
V(Ae))

=(i+un-1 {(CR(Ae,, At,) V(Az) } )

V(As,)

According to the resultsin Engel (1999), the ratio on the left is dightly less than
one, whereasthe statisticsin Table 1.2 imply that thetermin parentheseson therightis
dlightly larger than one. Consequently, the sum of the share parameters, & + w, must
be a little less than two. Although this represents a strong degree of consumption
bias, these calculations oversimplify matters in two important respects: they ignore
the presence of multiple trading partners and LOOP deviations for traded goods.

The lower two panels of Table 1.2 report the first-, second-, and third-order
autocorrel ation coefficients for both thelog level and the changein the real exchange
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rate, ¢, and Aeg,. There is strong autocorrelation in ¢, across al the currency pairs
and the autocorrel ation coefficients are close to one. At the same time, there islittle
autocorrelation in Ag,; the autocorrelations are very close to zero. Taken together,
these statistics indicate that variations in real exchange rates are quite persistent.

Unit Roots and Half-Lives

Thereisalargeliterature examining the persistence of real-exchange-rate movements.
One strand looks at whether thetime series processfor thereal exchangerate contains
a unit root. Papers in this strand of the literature first considered the behavior of
individual rates over single currency regimes and over longer time spans that cover
multiple regimes. More recently, attention has centered on the joint behavior of
multiple rates under the post—Bretton Woods fl oating regime. These studies focus on
whether shocks to real exchange rates have any permanent effect on their level. The
second strand of the literature quantifiesthe rate at which the effects of ashock onthe
level of the real-exchange-rate decay. A popular metric for thisrateisthe half-life of
theshock, that is, thetimeit takesfor the effect of the shock to be one-half of itsinitial
impact. Recent research in this strand of the literature investigates whether the rate of
real-exchange-rate decay can be reconciled with the characteristics of price-setting
found in micro data.

Wold and Beveridge-Nelson Decompositions

We can illustrate the issues in both strands of the literature with the aid of the Wold
Decomposition theorem. In particular, if therate of real depreciation follows amean-
zero covariance-stationary process, the Wold theorem tells us that the time series for
Aeg, may be represented by

Ag;=n, +bin, 1+bon; o+ -
=b(L)n,, (1.19)

whereb(L) = 14 b1L + b,L? - - - isapolynomial in thelag operator, L, (i.e., Lx, =
x;_1), and n, are the errors in forecasting Ae, based on a projection (i.e., alinear
regression) of Ag, on its past values, n, = Ag, — P(Ag,|Ag;_q, Ag,_s, .. .). These
errors are also referred to as time series innovations. The Wold theorem also tells us
that the moving average representation in (1.19) is unique (i.e., both {b;} and {n,}
are unique) and that E(n,) =0, E(n,A¢,_;) =0and E(nn,_;) =0for j >0and
E(ntz) = onz.

The Wold Decomposition in (1.19) allows us to identify the presence of a unit
root in a very straightforward manner. Let 5(1) = 1+ ), b; denote the sum of the
coefficients in b(L). Then we can rewrite (1.19) as (1— L)e, = b(Dn, + (b(L) —
b(1))n,. Multiplying both sides of this expression by (1— L)~! gives

& =My + ¥p, (1.20)
where

pe=p—1+b@Dn, and y, =b*(L)n,, (1.21)
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withb*(L) = (1— L)~ (b(L) — b(1)) . Thisrepresentation of atime seriesisknown
as the Beveridge-Nelson Decomposition. In this context, it decomposes the log level
of the real exchange rate into a trend component, ., that follows arandom walk and
acycle component, y,.

Equations (1.20) and (1.21) imply that the real exchange rate contains a unit root
when the variance of shocks to thetrend, u,, is greater than zero. Note though, that
this variance is equal to b(1)%0'2, s0 &, contains a unit root if and only if b(2) # 0.
At the same time, the Wold Decomposition in (1.19) identifies the long-run effect
of an n, shock on the level of ¢, by b(2). Thus, although the presence of a unit root
implies that n, shocks have some long-run effect on the level of the real exchange
rate, it says nothing about the size of the effect [i.e., the size of »(1)]. Thisis an
important point. If 5(1) is very close to zero, the process for ¢, will contain a unit
root, but the behavior of the real exchange rate over any finite sample period will be
indistinguishable from the behavior implied by a process for ¢, without a unit root.
This form of near observational equivalence makes it impossible to reliably test for
the presence of a unit root in afinite data sample even though the test has desirable
statistical properties asymptotically (i.e., as the sample size grows without limit). To
address this problem, the econometrics literature on unit roots considers tests on the
joint null hypothesis of (1) = 0 plus auxiliary restrictions on b(L) that disappear
asymptotically.

Half-Lives

The Wold Decomposition theorem also allows us to identify the half-life of a shock.
First, we note from (1.19) that the impact of an n, shock on the log level of the rea
exchange rate i periods later is 1+ Zl’.’:—ll b;. The half-life, H, is then the shortest
time period, /2, such that 1+ Zf.';ll b; islessthan one-half the original impact of the
n, shock, which in this case is just one:

. h—1
H = min <1+ Zi:l b,-) <1/2. (1.22)

Thelength of the half-life depends on the size of any unit root in the real exchange
rate. To see why, we first note that 1+ Y"1 b; =b(D) — Y02, b; for al h > 1
Substituting thisidentity in (1.22) implies that

M =min (b(l) + b;’;) <12, (1.23)

where by = — 3", b;. Itis easy to show that b7 are the coefficients in the moving
average polynomial b*(L) governing the dynamics of the cycle component in the
Beveridge-Nelson Decomposition. As such, we know that limy,_, ., b = 0, because
y; is mean-reverting. Thus, (1.23) implies that the half-life, H, must be finite in the
absence of aunit root, that is, when (1) = 0. When aunit root is present, the length
of the half-life depends on the pattern of the b; coefficients. For example, in the case
where the real exchange rate follows arandom walk, all the b; coefficients are zero,
sothe haf-lifeisinfinite. Alternatively, if the b; coefficientsare such that b* = p” and
b(1 < 1/2, then the haf-lifeis {In (1— 2b(1)) — In(2)}/ In(p). Thus, the presence
of a unit root in the real exchange rate does not necessarily imply that the half-life
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of ashock isinfinite. Nor does the length of the half-life indicate anything about the
size of the unit root component, 5(1).

Much of the literature on real-exchange-rate persistence has focused on estimates
of the half-lifeimplied by a stationary AR(1) process. In this case thelog level of the
real exchange rate is assumed to follow ¢, = pe;_1 + v, with |p| < L This process
implies that (1) = 0 and b = o", so the half-lifeis — In(2)/(In p).2 According to
Rogoff (1996), consensus estimates of p in the literature imply a half-life for the
real exchange rate of 3to 5 years. Although such aslow rate of decay could plausibly
reflect the effects of productivity and/or taste shockson therelative price of nontraded
to traded goods across countries, &', Engel’s findings suggest that variationsin ;"
contribute very little to the volatility of real exchange rates over short- and medium-
term horizons. Thus, we are left to ponder what could account for both the high
volatility and slow rate of decay in response to shocks in the relative price of traded
goods, ¢/. Thisis often termed the Purchasing Power Parity, or PPP, Puzzle.

Aggregation Bias and the PPP Puzzle

At first sight, stickinessin consumer prices appears to offer a simple explanation for
the PPP Puzzle. If firms enjoy some monopoly power in both home and foreign mar-
kets and adjust the local currency prices for their products infrequently, changesin
nominal exchange rates could induce persistent deviations from the LOORP for indi-
vidual goods, which in turn are reflected in the behavior of /. The key issue here
is whether the degree of price-stickiness we observe for individual traded goods is
sufficient to account for a half-life for ¢/ in the 3- to 5-year range. Rogoff (1996)
argued that thiswas unlikely because the first-order effects should occur while prices
are sticky—a time frame far shorter than 3 to 5 years. Chari, Kehoe, and McGrat-
tan (2002) provide formal support for thisintuition. They are unable to generate the
volatility and persistence of real-exchange-rate variations seen in the datafrom acal-
ibrated general equilibrium model with sticky prices. Imbs, Mumtaz, Ravn, and Rey
(2005), hereafter IMRR, present an alternative view. They argue that the estimated
persistenceof real-exchange-ratevariations can bereconciled with the degree of price-
stickiness seen in individual prices once proper account is taken of aggregation and
heterogeneity. This argument is far from intuitive, so it is worth considering more
closdly.

Suppose, for illustrative purposes, that househol ds consume just two traded goods,
A and B, with dollar prices P* and P*, and euro prices P* and P®. To eliminate any
terms-of-trade effects, we also assume that U.S. and E.U. households have the same
share parametersin their consumption baskets. Thus, thelog real exchangerateequals
&/ and can be approximated by

g =xe} + (1= M7, (1.24)

where ¢¥ =, + pX — pX denotes the LOOP deviation for good x = {a,B}. At this
point we do not consider the pricing decisions of the two firmsin any detail. Instead,

3. Following the literature, this calculation ignores the fact that the half-life should be an integer.
With this restriction the half-life isthe smallest integer at least aslarge as — In(2)/(In p).
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we assume that market segmentation allows firms to choose local currency prices,
p; and pY, given the behavior of the equilibrium spot rate, s,, so that &) follows an
AR(2) process,

e = px&,_q+u, + vy, (1.25)

where u, and v} are mean zero, mutually and serially independent shocks, with
variances Uuz and axz. Realizations of v represent firm-specific shocks that arise from
the pricing decisions of firm x = {a,B}. By contrast, redizations of u, are common
across firms. As such, they could represent the effects of a change in the nominal
exchange rate when both firms keep their prices fixed. Equation (1.25) allows for
two sources of heterogeneity across firms. Pricing policies can generate firm-specific
shocks with different variances, af, and different rates of mean-reversion via the
AR(2) coefficients, py.

Equations(1.24) and (1.25) alow ustoinvestigate how heterogeneity inthepricing
decisions of firms shows up in the dynamics of the real exchangerate. Asafirst step,
we rewrite (1.24) using (1.25) to substitute for ¢;* and ¢’

& = (IOA + )OB) €1—1 = PaPBEr—2 T @, (1.26)
where w, = u, + v} + (1— M)v} — (pgh + pa(L— 1)) 1,4
— AVt — (A=)} 4.

Notethat two lags of thelog real exchangerate appear on the right-hand side of (1.26)
and that w, contains both the current and lagged values of the pricing shocks. Taken
together, these featuresimply that the log real exchange rate followsan ARMA(2,1)
process. Thisis an example of a general result concerning the aggregation of indi-
vidual time series: An average of N variables that all follow an AR(1) process will
generaly follow an ARMA(N, N — 1) process. Consequently, the half-life of the av-
erage process will usually differ from the half-lives of the individual variables. The
one exception to thisresult occurswhen theindividual variables have the same AR(1)
parameter. If p, = p, = p, equation (1.26) simplifies to e, = pe,_1 +u, + Av} +
(1—M)v; so the half-life for the real exchange rate provides an accurate measure
of the half-life of the relative price for individual traded goods.

Up to this point we have seen how the aggregation of individual heterogeneous
time seriesfor LOOP deviations can produce aprocessfor thereal exchangeratewith
different time series properties. We now turn to the question of whether this form of
aggregation can reconcile the micro evidence on price-stickiness with a half-life for
the real exchange rate of between 3 and 5 years.

The first step is to calibrate the processes for the LOOP deviations. In a recent
study of alarge cross-section of good prices, Crucini and Shintani (2008) find that
LOOP deviationsfor traded goods have half-livesranging from 9 to 12 months. These
resultsimply valuesfor the p, coefficientsin monthly data between 0.925 and 0.943,
so we calibrate p, and p, at these values. The behavior of the real exchange rate
also depends on the share parameter, A, which we set equal to 1/2. Finally, we need
valuesfor thethree variances: 0’2, o2, and o/2. Since thereis no direct micro evidence

concerning the appropriate calibration of these parameters, we choose values for oAz,
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FIGURE 1.1 Impulse response functions (v} shocks, solid triangles; v? shocks, solid
squares; u, shocks, dashed; and n, innovations, solid).

02/02, and CR(u, + v?, u, + v*) suchthat theimplied valuefor V(Ae,) equals0.11,
the estimated variance of the EUR/USD real depreciation rate reported in Table 1.2.

The second step isto compute the parameters of the ARMA(2,1) process implied
by (1.26). Without loss of generality, we can write this process as

& =181+ axe_o+n, + By, (1.27)

where n, are serialy uncorrelated mean-zero innovations with variance crnz. We find
the values for a4, a5, 81, and onz that produce the same autocorrelation pattern [i.e.,
the values of CV (e, ¢,_;) for al k > 0] as the calibrated process in (1.26). With
these parameter valuesin hand, we can compare the impul se response functions from
the ARMA(2,1) process against those implied by L OOP deviations and examine the
half-life of the real exchange rate with respect to v, v/, u,, and n,.

Figure 1.1 shows the impulse responses of the real exchange rate for the case
where 02/0? =2 and CR(u, + v*, u, + v*) = 0.2. The square and triangle plots
show the impulse responses to a one unit v and v’ shock, respectively. Note that
these plots intersect the 0.5 line at 9 and 12 months, representing the half-lives of
the calibrated LOOP deviations. The dashed plot shows the impulse response with
respect to aone-unit u, shock, the shock that is common to both goods. As onewould
expect, the half-life of this shock lies between 9 and 12 months. Its exact value, H,
solves1/2 = ap’* + (1— 1) p’t, whichinthis case turns out to be 10.36 months. The
impulse response to a unit innovation, »,, is shown by the solid plot. Once again,
this response lies between those for the v;* and v;* shocks, but it also differs slightly
from the response to the u, shock. It is this difference that represents the effects of
aggregation. More specificaly, the figure shows that the half-life of real-exchange-
rate innovationsis dightly longer than the half-life of a common shock to the LOOP
deviations. In this sense, there is positive aggregation bias in the half-life.

The distinction between economic shocks and innovations provides the key to un-
derstanding the source of aggregation bias. In this example there are three economic
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shocks, {v}, v, and u,}, that represent the effects of nominal-exchange-rate varia-
tions and firms' pricing decisions. As Figure 1.1 shows, each of these shocks has a
different dynamic impact on the real exchange rate. By contrast, the innovations, n,,
arethe errorsfrom forecasting the real exchange rate based on aprojection of ¢, onits
past values: n, = ¢, — P(s;|6,_1, &,_», - - .). Assuch, they do not generally represent
the effects of any one economic shock or even alinear combination of shocks. Conse-
quently, it should not be a surprise to find that the exchange rate responds differently
to an innovation than to a particular economic shock.

With this perspective, we can now think about the possible factors affecting the
size of the aggregation bias. In particular, aggregation bias will be greater when the
innovations are poorer approximations to the common shock, «,. This can occur in
two main ways. First, aggregation bias increases with the variance ratio, aBZ/aAZ. In
this case the innovations take on more of the characteristics of the vf shocks, so their
half-life rises. Second, aggregation bias increases as the difference between p, and
o, Qetslarger. For example, if p, equal's 0.955 so that the half-life for v} shocksis 15
months, aggregation bias increases to 2 months. On the other hand, if p, equals p,,
aggregation bias disappears.

This discussion suggests that aggregation bias could offer a potential explanation
for the PPP Puzzle if the half-lives for the LOOP deviations of some goods are 2 to
3 years and the innovations to the real exchange rate well approximate the shocks
specific to these goods because their variance is much larger than those for other
goods. For example, the half-life of the real exchange rate rises to 28 months if we
increase 0/0% to 5 and p, to 0.981 Note though, that even in this case, the half-life
of thereal exchangerateisstill shorter than the 36-month half-lifeimplied by the new
vauefor p,. Thus, if LOOP deviations for traded goods have half-lives ranging from
9 to 12 months, as reported by Crucini and Shintani (2008), aggregation bias alone
cannot resolve the PPP Puzzle.

Thediscussion of aggregation biasto thispoint omitsakey element in theargument
presented by IMRR. They claim that aggregation eff ects can account for the estimated
half-life of the real exchange rate of 2 to 3 years when the estimates are derived
from an AR(1) specification for ¢,. It isimportant to recognize that thisis not a pure
aggregation bias story. It also involves the estimation of the real exchange rate’s half-
life. This aspect of IMRR’s analysis would not be important if the data on the real
exchange rate spanned a very long time period. Under these circumstances it would
be possible to precisely estimate the parameters of the ARMA(N,N — 1) process for
¢, implied by the aggregation of N LOOP deviations. These estimates could then
be used to compute an accurate half-life for the real exchange rate. Unfortunately,
the span of the available datais far too short for IMRR to implement this method.
Instead, they compute the half-life implied by their estimates of p from an AR(1)
model: e, = pe,_1 + w,;. Asaconsequence, their estimates of p have to be corrected
for two problems: (1) finite sample bias induced by the short span of the data, and
(2) misspecification bias that arises when theimplied ARMA(N, N — 1) process for
&, does not simplify to an AR(1). As one can imagine, quantifying these biases is
far from straightforward. Indeed, although IMRR claim that they are large enough to
resolve the PPP Puzzle when combined with pure aggregation bias, Chen and Engel
(2005) argue the opposite. At this point, the most we can say is that the question of
whether aggregation and estimation biases resolve the PPP Puzzle remains open.
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1.3 Macro Exchange-Rate Models

1.3.1 Overview

We now study the behavior of the nominal exchange rate in acanonical macro model
with two countries, the United Statesand Europe. Each ispopulated by alarge number
of identical utility-maximizing househol dsthat have accessto marketsfor acomplete
set of contingent claims. In this setting, househol ds are able to share risk completely,
a feature that has important implications for the behavior of exchange rates. To
appreciate these implications fully, we first examine the exchange-rate implications
of amodel where outputs of al the goods are exogenous. We then extend the model
to include production. Here, risk-sharing also affects the investment decisions of
firms and hence the behavior of output. In the light of Engel’s findings concerning
the importance of the relative prices of traded versus nontraded goods, there are no
nontraded goodsin the model. | nstead, househol ds consume baskets composed of two
traded goods, one produced in the United States and one produced in Europe.

Households

The United States is populated by a continuum of identical households distributed
on theinterval [0,1/2) with preferences defined over a consumption basket of traded
goods and real balances. In particular, the expected utility of a representative U.S.
household in period ¢ is given by

U; =E, Z B {ﬁctlj:iy +15 (Mt+i/Pt+i)l_v} ’ (1.28)

where y, v, and x are positive parameters and 1 > g > 0 is the subjective discount
factor. [E, denotes expectations conditioned on period-¢ information and C, is the
consumption index defined over two consumption goods, aU.S.-produced good, C,”*
and aEuropean-produced good, C; V. We assumethat theindex takesthe CESform, so
C, =C(C/®, C}Y) asdefined in (1.1) with elasticity parameter 6 and share parameter
A for domestically produced goods. P, is the associated consumption price index
and M, denotes the household’s holdings of dollars. The budget constraint for the
household is

FA, + M, = R*FA,_1+ M,_; - P,C, (1.29)

where F A, denotes the dollar value of financial assets held at the end of period ¢ and
R7* isthe (gross) nominal return on assets held between the start of period s — 1and .

Europe is aso populated by a continuum of households distributed on the interval
[1/2,1]. Here the preferences of the representative E.U. household have an anal ogous
form to those shownin (1 28) except that the consumption index, C,, priceindex, P,
and holdings of euros, M,, replace, C,, P,, and M,:

oo

1- ~ 5 —
Z {_Ct—HV + 25 M/ P’ v} . (1.30)
i=0
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E.U. and U.S. households have symmetric preferences with respect to individual
traded goods, so €, = C(C*, C%), where C*V and C* denote the consumption of
E.U.- and U.S.-produced goods by E.U. households. The budget constraint for the
household is

FA,+ M, = R*FA,_1+ M,_1— P,C,, (1.31)

where FA, denotes the euro value of financial assets held at the end of period 7 and
1@;" is the corresponding period-¢ (gross) nominal return.

Three features of the household sector deserve comment. First, the presence
of real balances in (1.28) and (1.30) generates money demand functions that are
reminiscent of traditional models and allow usto examine how exogenous variations
in the money supply affect exchange rates. Second, the setup omits any role for
labor income; thereis no disutility from work and al household income comes from
asset holdings. Appendix 1.A.3 shows that household behavior is unaffected by the
presence of labor income when markets are complete, so there is no cost attached to
thissimplifying feature. Finally, the setup leavesthe composition of each household's
portfolio unspecified. We study thisin detail below.

Financial Markets

Both U.S. and E.U. households hold their financial wealth in contingent claims.
These primitive financial assets, called Arrow-Debreu (AD) securities, alow U.S.
and E.U. households to share their risks perfectly. To understand how households
choose among different AD securities, et us assume that there are Z states of the
world indexed by z. Let us also assume that AD securities pay off in dollars. Thus,
a household holding one AD security for state z in period ¢ receives $1 if z is the
period-¢ state and zero otherwise.

Consider the portfolio problem facing the representative U.S. household that has
access to a complete set of AD securities. Let P,(z) be the price at time ¢ of an
AD security that pays $1 if the state of the world in period ¢ + 1 is z and zero
otherwise. If A,(z) denotes the number of type-z AD securities held at the end of
period ¢, the return on last period’s portfolio is Rj*FA,_1 = A,_1(z,) and the value
of the U.S. household's portfolio at the end of period 7 is FA, =) P,(2) A, (z).*
This portfolio can be decomposed into risky assets and a riskless bond. A riskless
bond can be constructed from a portfolio comprising one AD security of each type.
This portfolio has a payoff of $1 next period in all states of the world and has
price P, =) > P,(z). Thus, the one-period nominal interest rate implied by the
prices of AD securitiesisr, = — InP,. We can now represent the U.S. household's
portfolioas B, exp (—r;) + X" z P;(s) (A,(s) — B;) , where B, denotes the number of
bond-equivalent portfolios of AD assets. Substituting these definitions into the U.S.
household’'s budget constraint in (1.29) gives

4. To beclear, A;_1(z;) denotesthe number of AD securities for the statein period ¢, z;, held at the
end of period ¢t — 1 that is, A,_1(z;) = A,_1(z = z,).
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ZZ Pt(z) (At(z) - Bt) + Btpt +M, = At—l(zt) + M,_1— PC,. (1-32)

Thebudget constraint facing the E.U. househol d can be derived in asimilar manner.
The only difference arises from the fact that the available set of AD securities payoff
isin dollars rather than euros. To account for this fact, we construct a set of synthetic
AD securities that pay off in euros. In other words, we build a portfolio that pays off
€1instate z and zero otherwise. Thisis straightforward using the contingent spot rate,
S,(z), which isthe dollar price of eurosin period r when the state is z. Recall that a
type-z AD security paysoff $1inperiod r + 1if thestateisz, soin termsof euros, the
payoff is€(1/ S, +1(z)) if the state is z and zero otherwise. This means that the dollar
cost in period ¢ of purchasing a claim to €1 in state z next period is P,(z)S;1(z)
because we have to purchase S,  1(z) of type-z AD securities at price P, (z). The cost
in euros of putting together this portfoliois 73,(z) P (2)8,11(2)/S,. Itisimportant
to recognize that 73 (z) does not depend upon the actual rate of depreciation between
t and t + 1 Rather it isafunction of the contingent rate of depreciation, S, 1(z)/S;
(i.e., therate if state z isrealized in period ¢ 4+ 1). Conseguently, the value of 73,(z)
for al z € Z isknown to householdsin period ¢.

We are now in a position to write the E.U. household’s budget constraint in terms
of risky and riskless euro-denominated assets. Recall that F A, represents the euro
valuefor assets held at the end of period 7. Since these assets must be held in the form
of AD securities, F-Zt must equal )" ; P,(z)N;(2)/S;, where N, (z) represents the
number of type-z assets held by the E.U. household at the end of period . Combining
this expression for FA, with the definition of 7, (z), we can write

A=Y, P00 = P - B+

r+1( )

where A, (z) = N, (z)/S,11(z) and P, = 3 P,(2). A, (2) represents the number of
synthetic type-z AD securities that pay off in euros. 73, isthe euro price of aportfolio
that pays€1in al statesin the next period, so the one-period foreign nominal interest
rateiss, = —1In Pt B identifies the number of foreign bond- equwal ent portfolios of
AD assets held at the end of penod t. Finally, note that RFAFA, 1= At 1(z;)- Thus,

using the expression for FA above, we can rewrite the E.U. household’s budget
constraint as

ZZ 7’D\t(z)(«z‘\t(z) - é[) + ﬁtét + Mt = “’Z{Ifl(zt) + Mt—l - ptér (1.33)

Goods and Money Markets

Recall that in this economy there are just two traded goods, one produced in the
United Statesand the other in Europe. The aggregate demand for each good comprises
the sum of the individual demands of U.S. and E.U. households. Let P (ﬁtUS) and
P (13;3“) denote the prices of the U.S. and E.U. good in dollars (euros). Since all
households within each country have the same preferences, we can use the demand
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1.3.2

functionsin (1.5) to write the aggregate demand for the two goods as

A -0
A pUs —6 1— pus R
X,==(—+—) ¢ +—=|-+L C 1.
=5(%) e (F) @ (134
and
. 1 (PPN w (P77
X,=—Z2 (- C,+=|—=% C,. 1.34b
=5 () i) @ (1.34b)

Thefirst term on the right-hand side of each equation identifies the aggregate demand
from U.S. households and the second the aggregate demand from E.U. households.
(Recall that national populations are represented by one-half the unit interval, so
aggregate demand from each country is one-half the demand of the U.S. and E.U.
representative households.) Note, also, that U.S. demand depends on relative prices
in dollars, whereas E.U. demand depends on relative pricesin euros. Market clearing
requires that the aggregate demand for each good, X, and )?,, match the available
supply. In the case of an endowment economy, these supplies are exogenous. In the
case of a production economy, the supply of each good is endogenously determined
by the production decisions of U.S. and E.U. firms.

The aggregate demand for dollars and euros is determined analogously by adding
the aggregate national demands. However, in this case, things are further simplified
because no household will find it optimal to hold foreign nominal balances when it
has access to a complete set of AD securities. As aresult, the aggregate demand for
dollar balanceswill be one half the demand of the representative U.S. household. The
aggregate demand for euro balances will be similarly just one half the demand of the
representative E.U. household. We assume that the aggregate supplies of dollars and
euros are completely under the control of the Federal Reserve (FED) and European
Central Bank (ECB), respectively.

Equilibrium

Equilibrium in an endowment economy constitutes a sequence for goods prices,
{PUS, PEV, PUS, PFU} interest rates, {r,, 7,}, AD security prices {P,(z)}, and the
nominal exchange rate, {S,}, consistent with market clearing in the goods, money,
and contingent-claims markets given the optimal consumption and portfolio decisions
of households, money supply decisions of central banks, and exogenous output. In
a production economy, the output of each good is aso determined optimally by
firms. Our focus is on the process for the equilibrium exchange rate. Below we
lay the groundwork for this analysis in three steps: First, we study households
decisionmaking. Second, we derive two important implications of complete risk-
sharing. Third, we examine the implications of market clearing for the links among
aggregate consumption, relative prices, and the supplies of traded goods.
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Household Decisions

The problem facing the representative U.S. household may be expressed as follows:
At the start of each period, the household observes the prices of the Z AD securities,
P,(z), and the price index, P,. On the basis of these prices and real wealth, W, =
(A;_1(z,) + M,_4) / P,, the household then chooses the consumption basket, C;, the
share of wealthinreal balances, «;" = M,/ P,W,, and the share of wealth held in each
of the AD securities, o, (z) = P;(z) (A, ,(z) — B,) /P,W, for al z € Z, to maximize
expected utility (1.28). We can writethisproblemintheform of thefollowing dynamic
programming problem (see Appendix 1.A.1 for details):

Ty = mac | C + 5 (@' W)+ BET W],

Cr.a"0(2)
st. (1.35)
W 1=expr; — Ap D(ER, W, — Cp),

where 7 (W,) isthe U.S. value function (i.e., the maximized value of expected utility
for therepresentative U.S. household written asafunction of real wealth). The second
equation rewritesthe budget constraint in (1.32) interms of real wealth and the excess
return on wealth relative to the return on dollar bonds:

% (Zi0) &P

ER =1+
o Pi(z141)

>, @ o (exp(—r) —1).

Note that this excess return depends on the portfolio shares chosen in period 7, «,(z)
and o, and the state in period ¢ + 1, z, 3.
The problem facing the representative E.U. household isanal ogously described by

Foy = max | LE 4 @i 4RI O]

st. (1.36)

Wt+1= @(p(’:r - A]314—1)(ERr+1Wt - ét)’

where 7 (W,) isthe E.U. value function defined over real wealth, W, = (E,_l(z,) +
M,_;)/ P,. The excess return on wealth relative to euro bonds is defined by

&, (z;41 €Xp (_;t)
Pi(zi40)

ER,1=1+ - @ +a" (exp (7)) - 1),

with portfolio shares @, (z) = P, (2)(A, (z) — B,)/B,W, and @™ = M,/ B,W,.
Let 7r,(z) denote the probability that the state in period r 4 1is z, conditioned on
the current state z,. Appendix 1.A.1 shows that the first-order conditions from the
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representative U.S.-household’s problem in (1.35) are

Cii@d\ 7 P
a,(z) . P,(z) =pm (z)< It ) L, (1.37)
‘ ’ ’ C, Pra(2)
c,: C,‘VzﬂlE,[c;Vlexp (r, — Aps +1)], (1.38)
and
o M/P =y (1—exp(—r)) " ], (1.39)

where C,, 1(z) and P, 1(z) denote the contingent consumption and U.S. price level
in period ¢ + 1if the state is z. The corresponding first-order conditions from the
representative E.U. household's problem in (1.36) are

~ —y A
N ~ C,1(2) P
a,(z): P,(z) = Bm,(z) ( il ) 3 f( N (1.40)
t t+1\2
C,: 7 =pE,[C ey~ Abis) | (1.41)
and
&m: M, B, = xVV (1—exp(—#,)) " E1TY, (1.42)

where é, 11(z) and 13: 1 1(2) are the contingent E.U. consumption and price levelsin
periodt + 1

Implications of Risk-Sharing

Access to a complete set of AD securities allows households to perfectly share risks
both within and across countries. We now usethefirst-order conditionsto characterize
these implications of risk-sharing for the behavior of consumption, the real exchange
rate, and the foreign exchange risk premium.

Webegin by noting that first-order conditions (1.37) and (1.40) holdfor all Z states.
As such, they implicitly define the consumption plan for each household in period
t + 1 Inthe case of U.S. households, the plan comprises consumption contingent on
each state, C,1(z) for all z € Z. According to (1.37), these values should be chosen
so that the ratio of the marginal utility of $1 in states z and z’ is proportional to the
ratio of the AD security prices, with the relative likelihood of states z and z’ making
up the proportionality factor:

Piz) _ m() Cii1(2)™7 Piya(2)
Pz  m(2) Piiq(z) Crpa(EH)7Y '

Since al U.S. households face the same AD security prices, P,(z) and P,(z"), and
future contingent price levels, P, 1(z) and P, 4(z"), their plans for state-contingent
consumption, C, 1(z) and C,  1(z"), must also bethe same. Thus, accessto acomplete
set of AD securities allows U.S. households to share the risk completely within the
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country. E.U. households also share risks completely within Europe by choosing
C,.1(z) inasimilar fashion based on P, (z) and P, 1(z).

Equations (1.37) and (1.40) not only identify how the consumption plans of U.S.
and E.U. households should be formed across future states, but also show how the
contingent consumption decisions are linked internationally. To see this clearly, we
combine the identity ﬁ, (2) = P,(2)S;41(2)/S; with (1.37) and (1.40) to get

B <C’+1(Z)>y P _ Py (2) =8 éftl(z) 7 i ﬁzSt , (143
G, P2 m(2) C, P, 1(2)S,44(2)

for al z € Z. Theleft-hand side of this equation identifies the nominal intertemporal
marginal rate of substitution (MRS) for the U.S. household between r and ¢ + 1when
thestatein period ¢ + lisz. Thecorresponding MRSfor the E.U. household measured
in dollarsis shown on the right-hand side. Equation (1.43) therefore shows that when
households construct optimal consumption planswith accessto acomplete set of AD
securities, the implied nominal MRSs measured in terms of a common currency are
equalized internationally.
Combining the left- and right-hand sides of (1.43) yields

Pra(®)Spa(2) P :(Ct+1(2)>y C@)
P 11(2) ﬁ,S; o ét .

This condition must hold for all period ¢ + 1 states, z € Z. Thus, using the definition
for the real exchangerate, & = S, P / P;, we can write

1 _ (Cr_+1>y (Cf_+1> . (1.44)
& C, C,

Equation (1.44) shows that the (gross) rate of depreciation for the real exchange
rate must be perfectly correlated with theinternational ratio of consumption growth. It
should be emphasi zed that thisisan equilibrium condition that arisesfromtheinterna-
tional risk-sharing properties of the household consumption plans. The equation does
not determine the real exchange rate any more than it determines relative consump-
tion growth; all thevariablesin (1.44) are endogenous. Neverthel ess, thisrisk-sharing
condition plays an important role in determining the equilibrium dynamics of both
real and nominal exchange rates.

The presence of a complete set of AD securities also affects the foreign ex-
change risk premium linking nominal interest rates with the depreciation of the
nominal exchange rate. To see this, we start with the identities linking U.S. and
E.U. nominal interest rates to the price of AD securities: 1= > P;(z) exp (r;) and
1=Y"_ P,(2) exp (,). Combining these identities with the definition of 7, (z) gives

ep(r)/ epi) = (Y 7 (S,442)) / i (1.45)

where thp(z) = P,(z)/P,. The term in parentheses identifies the dollar price in
period ¢ + 1 of a portfolio with a payoff equal to €1 that is set in period ¢. This
is a one-period forward contract for the euro constructed from AD securities:
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Fo=Y ntp (2)S;41(z). Equation (1.45) is therefore nothing other than a statement
of Covered Interest Parity (CIP):

exp(r,)/ exp(r,) = F;/S;.

Theratio of returnson one-period U.S. and E.U. bonds equalstheratio of the forward
rate relative to the spot exchange rate.

Note, also, that 3", 77 (z) = 1and 7 (z) > O for al z € Z, so the price ratios,
n]’ (z), can be interpreted as pseudo probabilities. With this interpretation, we can
rewrite (1.45) as

exp(r,)/ exp(i,) =B [$,44/S] - (1.46)

Equation (1.46) links the nominal interest differential to the “expected” rate of nom-
inal depreciation, where expectations are calculated using pseudo probabilities. This
expression represents the exact uncovered interest parity condition implied by com-
plete markets.

The foreign exchange risk premium is found by comparing (1.46) against the
standard expression for Uncovered Interest Parity (UIP). For this purpose we rewrite
(1.46) as

exp(r,)/ exp(#,) = exp(—8)E, [S,41/5:] . (1.47)

where 8, =InE, [S,,1/S,] — INE? [S,,4/S;] identifies the foreign exchange risk
premium. When §, = 0, equation (1.47) simplifies to become the UIP condition in
which the interest differential (on the left) equals the expected depreciation rate (on
the right). This condition implies that the expected nominal return on U.S. and E.U.
bonds are the same when expressed in terms of a common currency.

UlIPfailsto hold when the expected rate of depreciation based on the pseudo prob-
abilities, E” [S,,4/S,] . differsfrom the expected rate based on the true probabilities
E, [S,+1/ S,] . We can examine the source of this difference by returning to the first-
order condition governing the portfolio choice of U.S. households. Combining the
identity P, =Y~ P;(z) with (1.37) alows us to write the pseudo probability for
state z in terms of the true probability:

C @)/ Pya(2)

7l (z) = 7,(2) — )
IEl |:C[+Y]_/Pr+li|

Here we see that the pseudo probability associated with state z is distinct from
the true probability when the state-contingent marginal utility of $1 in r + 1
[i.e, C;r”l(z) /P;41(z)] differs from the expected marginal utility across all future
states. This means that the pseudo expectations, E” [S,,4/S,] . will place more
(less) weight on state-contingent depreciation rates S, 1(z)/S, for states z where
the marginal utility of $1 is higher (lower) than is the case when computing standard
expectations. Thus, the size of the foreign exchange risk premium depends upon the
correlation between S, , 1(z) /S, and C;r”l(z) / P,1(z) acrossperiods 4 1states. For ex-
ample, whenthecorrelationispositive, E” [ S, 1/, | will begreater thanE, [, 1/5, ]
and §, will be negative. In this situation, euro bonds provide a consumption hedge to
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U.S. households because they offer high dollar returns in states where the marginal
utility of $1 is high. In eguilibrium these hedging benefits must be offset by alower
expected dollar return. Thisis exactly what (1.47) indicates. Indeed, Appendix 1.A.2
shows that if the joint distribution of consumption, prices, and spots rates in period
t + lisapproximately log normal, then the risk premium can be expressed as

8 =CV, (St+1a YCiy1t Pt+1) 5 (1.48)

where CV, (-, -) denotes the covariance conditioned on period-¢ information. This
approximation to the foreign exchange risk premium under complete marketswill be
useful in characterizing the behavior of the spot rate in what follows.

Relative Prices and Output
We next examinetheimplications of goods market clearing for the behavior of output,
aggregate consumption, and relative prices. Equations (1.34a) and (1.34b) show how
aggregatedemand for U.S. and E.U. goods depends on the aggregate consumption and
relative consumer pricesin both countries. Our task isto identify how relative prices
must adjust to equate aggregate demand for each good with the available supply.
Since aggregate demand for each good and the priceindicesare nonlinear functions
of individual prices, the analysis is greatly simplified if we work with log approxi-
mations. Consider the aggregate demand for U.S. goods shown in eguation (1.34a).
L og-linearizing thisexpression around the point where p/* = p,, p;* = p, and¢, = ¢,
gives

X, =In(1/2) + Ac, + (1= 1)é — AM(pS — p)) — (L= VOB — p,).  (1.49)
The log aggregate demand for E.U. goods is analogously derived from (1.34b) as
£ =In(1/2) + 1é + (1= Me, — AP — p) — (L= 1)0(pf” — p)).  (1.50)
Thus, the aggregate demand for each good is increasing in both U.S. and E.U. log
consumption and decreasing in relative prices.
The next step istorelate relative pricesto the terms of trade and L OOP deviations.
By definition, pf¥ — p/® =1, + ¢ and p;¥ — p}® =1, + &}V, whereeX = pX + 5, —
p; isthe LOOP deviation for good x= {us,eu} and 7, = p;¥ — s, — p;* is the log

terms of trade. Since there are just two traded goods, the U.S. and E.U. log price
indices are approximately

pr=xp"+A=np;” and p,=2rp" +(A—-1)p"

Combining these approximations with the previous definitions yields

5. Thelog-linearizationsin (1.49) and (1.50) are derived from first-order Taylor approximations (see
Appendix 1.A.2), so their accuracy depends on how closely the right-hand-side variables satisfy the
restrictionsat the approximation point (e.9., p;”* = p,, p;* = p, and¢, = ¢,). Theapproximationsare
quite accurate for the equilibriawe study later because shocks to the economy only have temporary
effectson p® — p,;, p;° — p, and ¢, —¢;.
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1.3.3

P = p=—(A= M@+ e P py == + ),
d (1.51)
P pi= A=W e P = p= A e,

Thus, an improvement in the U.S. terms of trade (i.e., afdl in t,) is associated with
anincreasein therelative price of U.S.-produced goods and afall in therelative price
of E.U.-produced goods in both countries. Variationsin the terms of trade also affect
the real exchange rate. In particular, combining the identity e, = s, + p, — p, with
the approximations for the price indices and relative prices gives

& =2 — D1, + 2)rg,, (1.52)

withe, = %(sfs + &7Y). Note that the real exchange rateis unaffected by the terms of
trade when A = 1/2 because goods' prices receive equal weight in both price indices.
Under these circumstances, movementsin the real exchange rate only reflect LOOP
deviations, &,. When household preferences are biased toward the consumption of
domestically produced goods, A > 1/2, so improvements in the U.S. terms of trade
are associated with areal appreciation of the dollar.

Finally, we combine (1.49) with (1.50) and (1.51) to get

X =R =ML - )T +E)+ @ =D (¢, — &) (1.53)

This equation shows that the relative demand for U.S. versus E.U. goods depends on
the terms of trade, LOOP deviations, and the aggregate U.S. consumption relative to
E.U. consumption. More specifically, a deterioration in the U.S. terms of trade (i.e.,
arisein t,) lowers the relative price of U.S. goods relative to E.U. goods in both
countries so ceteris paribus househol ds shift their demand toward U.S. goods viathe
substitution effect. Similarly, equation (1.51) showsthat anincreasein e,”* and/or ;"
lowers the relative price of U.S. goods and raises the relative price of E.U. goodsin
both countries, which will also shift demand toward U.S. goods. Finally, the last term
ontheright-hand side of (1.53) showsthat arelativerisein U.S. versusE.U. aggregate
consumption will increase the demand for U.S. versus E.U. goodswhen A > 1/2, that
is, when household preferences are biased toward the consumption of domestically
produced goods.

Equation (1.53) plays a key role in macro exchange-rate determination. Market
clearing reguiresthat x, and x, equal the log supply of U.S. and E.U. goods, respec-
tively. These suppliesvary exogenously inan endowment economy and endogenously
in a production economy, but in either case equation (1.53) allows usto identify how
these variations are accommodated by changes in the terms of trade and aggregate
consumption.

Exchange Rates in an Endowment Economy

We now study the implications of complete risk-sharing for the behavior of nominal
and real exchange ratesin an endowment economy, where the supply of traded goods
and LOOP deviations are determined exogenously and the national money supplies
are controlled by central banks.
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The Nominal-Exchange-Rate Equation

Wefirst derive an equation for the equilibrium nominal exchangerate. For thispurpose
we use the risk-sharing condition in (1.44), the interest parity condition (1.47), and
thefirst-order conditions for real balancesin (1.39) and (1.42).

In (1.44) we established that the real depreciation rate must be proportional to rel-
ative consumption growth across countries when markets are complete. Without loss
of generality, we assume that the world economy is initially in a symmetric equi-
librium with C = £C and € = 1 The risk-sharing condition in (1.44) now becomes
& =(C,/C,)Y, which we can writein logs as

&=y, —¢). (1.54)

Next, we consider the interest parity condition in (1.47). Taking a log-linear
approximation around the point where r, = 7, = r and As,, ; = 0 gives

E/As; 1=r — 7+ 6;. (1.55)

This equation says that the expected rate of nominal depreciation equals the interest
differential between U.S. and E.U. nomina bonds plus the foreign exchange risk
premium, §,.

Finally, we derive the log money demand function of U.S. and E.U. households by
taking logs of (1.39) and (1.42) and linearizing the resulting term involving nominal
interest rates:

m; —p, =Kk + Zc, —or,, (1.56)
v

A Y .

m, — p, =k + =¢ —or, (1.57)
v

where k = H{Inx + (1— yo)r + Inyo} and o = 2(exp(r) — =1 > 0. Since na-
tional money supplies are exogenous, we can treat (1.56) and (1.57) as log approxi-
mations to the money market clearing conditions in each country.

An expression for the nomina exchange rate is easily derived from equations
(1.54)—(1.57). First we subtract (1.56) from (1.57) and combinethe result with (1.55),
(1.54), and the definition of the real exchange rate to get

s, = fi +oE,As, 14, (1.58)

where f, denotes exchange-rate fundamentals:

fi=m, —m, + <v—1) g — aé,. (1.59)
Next, we rewrite (1.58) as

s, — fy = DbE, (st+1 - ft+1) +bE,Afi11, (1.60)
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with b = 7= <1 Findly, we solve forward under the assumption that
limy,_ oo b"E, (5414 — fr4) = Otogive

o
si=f+E Y b Afiy. (1.61)
i=1

Equation (1.61) links the equilibrium log spot rate to two components. The first
is the long-run level implied by the current state of fundamentals, f,. The second is
proportional to the discounted present value of expected future changesin fundamen-
tals. This component appears because expected future changes in fundamentals are
reflected in the expected depreciation rate, E; As, ;, which, asis shown in equation
(1.58), directly affects the current spot rate. Note, also, that fundamentals comprise
the relative money supplies and two endogenous variables: the foreign exchange risk
premium, §,, and the real exchange rate, ¢,. The former depends on the covariance
structure of fundamentals, consumption, and prices. In particular, substituting (1.61)
into (1.48) gives

8 =CV,(fit1 veip1t Pryd)

o0
+ Z b'CV, ((EH-I —E)Afiiatis Vet Pt+1) . (1.62)
i=1

The risk premium comprises two elements: The first on the right is the covariance
between the log marginal utility of a dollar in the next period (i.e., —yc¢; 41— p,11)
and fundamentals, f;,,. The second is the covariance between the log marginal
utility and future news concerning thegrowthinfundamentals, (E,, ; — E)Af, 11, =
Er 1A frvari — B Afiyayi

Two points deserve emphasis here: First, the definition of exchange-rate funda-
mental s includes both exogenous and endogenous variables. This can be potentially
confusing until one understands that equations (1.61) and (1.62) provide representa-
tions for the behavior of the nomina exchange rate and the risk premium that apply
across a large class of models. As we shall see, the nominal rate and risk premium
can always be expressed solely in terms of exogenous variablesin a particular equi-
librium, but (1.61) and (1.62) apply much more generally. The second point concerns
equation (1.62). This is not an explicit expression for the risk premium because §,
is also a component of fundamentals. Instead, the equation represents a complex re-
striction that links the value of the current risk premium to the second moments of
futurerisk premia, money supplies, andthereal exchangerate. These second moments
are constant in the equilibria of some models, so the risk premium is also constant
and (1.61) alone governs the dynamics of the nominal exchange rate. More gener-
aly, equations (1.61) and (1.62) are needed to jointly characterize the behavior of the
nominal exchange rate and risk premium in terms of exogenous money supplies and
the endogenous real exchange rate.

The Real-Exchange-Rate Equation

We now consider how the real exchange rate is determined. In an endowment econ-
omy, the terms of trade must adjust to equate the demand for individual traded
goodswith the exogenous supplies. More specifically, equation (1.53) impliesthat the
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market clearing level for thelog U.S. terms of tradeis
2 -1 1 A -
= (x, — x,) — &, (1.63)

[ — -+ —
T T - (e =é) 400(1—2)

wherex, and X, now represent the exogenouslog endowmentsof U.S. and E.U. goods.
Equation (1.63) says that the U.S. terms of trade improve (i.e., 7, fals) when U.S.
consumption risesrelative to E.U. consumption if thereis home biasin consumption,
thatis, when A > 1/2. Intuitively, the presence of home bias meansthat thereisashift
indemand toward U.S. goodsand away from E.U. goodswhen U.S. consumptionrises
relative to E.U. consumption, so the relative price of U.S. goods must rise to clear
markets. The MK schedule in Figure 1.2 shows this relation between 7 and ¢ — ¢
given the endowments of U.S. and E.U. goods, x, and x,, and LOOP deviation, &,.
When there is home bias in consumption, the terms of trade affect the demand
for individua traded goods and cross-country differencesin marginal utility. Recall
that ¢, = (20 — D1, + 2A¢, from (1.52), so adeterioration in the U.S. terms of trade
induces areal depreciation of the dollar when A > 1/2. Combining this equation with
the risk-sharing equation (1.54) gives the following relation between the terms of
trade and relative consumption:
y 2

-1 (¢, —¢) — 2. -1 & (1.64)

T, =

Thus, risk-sharing requiresthat the U.S. termsof tradedeteriorateif U.S. consumption
rises relative to E.U. consumption when there is home bias. The RS schedule in
Figure 1.2 shows the risk-sharing relation between = and ¢ — ¢ in (1.64) for agiven
LOOP deviétion &;.

Figure 1.2 identifies the equilibrium terms of trade and relative consumption by
the coordinates of point A, where the MK and RS schedules intersect. The figure
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alsoillustrates what happens when thereis arise in the endowment of the U.S. good.
Under these circumstances, the MK schedule shifts to MK’ because relative demand
must shift toward the U.S. good via a U.S. terms-of-trade deterioration for a given
pattern of aggregate consumption. As the figure shows, this resultsin arise in both
7 and ¢ — ¢ (the coordinates of point B) because the implied real depreciation of the
dollar must be accompanied by arisein ¢ — ¢ under complete risk-sharing.

The positive relation between the terms of trade and relative endowmentsimplied
by market clearing and complete risk-sharing carries over to the real exchange rate
provided A # 1/2. In particular, combining (1.53), (1.54), and (1.64) gives

YT =

& =¢(x; —X) + ﬁf&, (1.65)

where B y(2. 1)
C AyA(L— ) + (24 — D2

There are two noteworthy features of this equation. First, all the effects of changing
endowments on the real exchange rate come viavariationsin the terms of trade, so ¢
is positivewhen thereishome biasin consumption (i.e., » > 1/2). If thereisno home
bias, the real exchange rate only varies with LOOP deviations so the RS schedule
becomes vertical [see equation (1.64)]. In that case the terms of trade vary with
changesin the endowment, but have no impact on thereal exchange rate. The second
feature concerns the role of risk-aversion. Greater risk-aversion steepens the slope
of the RS schedule, so any variation in the relative endowments or LOOP deviations
has to be accompanied by alarger change in the terms of trade. For thisreason, & is
increasing in the risk-aversion parameter, y.

We can gain further perspective on therol e of risk-sharing by studying the behavior
of aggregate consumption. In particular, if we combine (1.49), (1.50), and (1.51) with
(1.52) and (1.65), we find that

c=9x,+(L-p)X, —c& and ¢ =X +(1—9)x, + &, (1.66)

where
L(2r—1420y(1— 1)) 20(1— 1)
9= > and ¢= > .
@r — D2+ 4yr0(1— 1) 2L — D%+ 4yr0(1— 1)

Equation (1.66) shows that the log of aggregate consumption in each country isa
weighted average of the log endowments across countries plus a term proportional
to the LOOP devidtion, &,. The weighting parameter, ¢, depends on the degree
of home bias and risk-aversion. Recall that LOOP deviations account for al the
changesinthereal exchangeratewhen A = 1/2. Thismeansthat consumption must be
perfectly correlated across countries when markets are complete and &, is a constant.
To achieve this, changes in each endowment must have the same impact on log
consumptionin each country. Hence, asthe preceding definitionimplies, ¢ must equal
1/2 when A = 1/2. When household preferences exhibit home bias in consumption,
the weighting parameter is decreasing in the risk-aversion parameter, y. The reason
isthat variationsin endowments have asmaller effect on theterms of trade when risk-
aversion islow, so domestic demand must absorb most of any change in the supply of
the domestic good. As aresult, aggregate consumption is more related to changesin
the endowment of domestic goods than foreign goods. Under these circumstancesthe
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weighting parameter, ¢, is greater than 1/2. When risk-aversion is high, changesin
endowments have larger effects on the terms of trade, so domestic demand responds
less to changes in the endowment of domestic goods and more to changes in the
endowment of foreign goods. Under these circumstances, the weighting parameter,
o, issmaller, but still larger than 1/2. In fact, the limiting value of ¢ as y approaches
infinity is /2. Thus, home bias in consumption has a negligible effect on the cross-
country pattern of aggregate consumption at high levels of risk-aversion.

A Volatility Bound for the Real Exchange Rate

Complete risk-sharing has important implications for the cross-country correlation
of consumption growth and the relative volatility of the real depreciation rate. To see
why, suppose, for simplicity, that the growth in the endowments of each good are
uncorrelated [i.e., CV(Ax,, Ax,) = 0] and have the same variance. Furthermore, let
usassumethat the LOOP deviation is constant. Under these conditions, (1.66) implies
that the correlation between U.S. and E.U. consumption growth is

29 (1—¢)

CR(Ac,, Al) = L= ¢)
T 24 (1 g)?

(1.67)

The expression on the right is a concave function of ¢ with a maximum of 1 when
¢ = 1/2 and aminimum of zerowhen ¢ = {0, 1}. Sincetheweighting parameter, ¢, is
decreasing in y, greater risk-aversion increases the correl ation between consumption
growth across countries via its impact on ¢. Greater risk aversion aso affects the
variance of the real depreciation rate. In particular, the risk-sharing condition ¢, =
y(c; — ¢;) impliesthat

V(ae) =y? (V(Ac) + V(AE) — 2CV(Acy, AG)).

Under our preceding assumptions, the variance of consumption growth is the same
in both countries, so we can rewrite this expression as

V(Ag,) _

2 _ ~
Vae,) =2y (1 CR(Ac¢,, Ac,)) . (1.68)

Equation (1.68) clearly showsthat ahigher level of risk-aversion raisestherelative
volatility of the real depreciation rate [i.e., the varianceratio, V(Ae,)/V(Ac,)] given
the correlation of consumption growth across countries. However, since higher risk-
aversion a so pushes the correlation toward one, the relative volatility approaches an
upper bound as risk-aversion rises. We can compute this upper bound if we combine
the definition for ¢ with (1.67) and (1.68), and take the limit asy — oo:

2
lim {V(ASZ)}:<M> . (1.69)
y=o0 | V(Ac,) 201 (1— 1)

With benchmark valuesfor A and 6 of 0.85 and 0.74, respectively, the upper bound is
approximately 13.8, so the variance of the real depreciation rate must be less than 14
timesthevariance of consumption growth in astandard model with complete markets.
By contrast, thevarianceof thereal depreciationratefor thedollar isapproximately 18
timesthevariance of U.S. consumption growth. Thisisalarge discrepancy. Moreover,
it cannot be reconciled by changing the correlation between endowments: It is easy
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to check that lim,, _, ., CR(Ac,, A¢,) = 1when CV(Ax,, A%,) # 0. Infact, theonly
way to account for the relative volatility of the real depreciation rate in a model
where the risk-sharing condition in (1.54) holds true is to introduce variations in the
LOOP deviations, &,. The upper bound disappears under these circumstances because
lim,_, ., CR(Ac,, Ac,) < 1 Wecan therefore match the relative volatility of the real
depreciation rate and consumption growth with a high level of risk-aversion.

Exchange-Rate Dynamics

Equations (1.59), (1.61), (1.62), and (1.65) provide acompl ete characterization of the
nominal exchange rate in terms of exogenous variables. In particular, we can write
the equilibrium log spot rate as

si=f+E Y b Afi (1.70)
i=1

where fundamentals are now identified by

A -1 N DPOA—N)_
frzmt_mz+(vv )5 <xt—xt+¥8,)—08t,

2p -1

and §, is determined by (1.62).

To examine the economic implications of (1.70), we begin with a special case.
If o =0and v =y, the money market equilibrium conditions in (1.56) and (1.57)
become log versions of cash-in-advance constraints:

m,—p,=Zk+c, ad m,— p, =K+

Under these circumstances, the model has the same form as Lucas' (1982) neoclas-
sical exchange-rate model. In particular, since the discount parameter, b, now equals
zero, the equilibrium exchange rate in (1.70) becomes

S, =m, —m +<U_1)f (x —X +—4)L0(1_)L)§>
r— t t ¥ t t 2)\‘_1 t .

Here the spot rate depends only on the contemporaneous money supplies, endow-
ments, and the LOOP deviations® In the Lucas model there is no home bias in
consumption so ¢ is equal to zero. Under these circumstances, ¢, = 0, so the spot
rate is solely determined by the relative money supplies: s, = m, — m,.

Wenow devel op someintuition for the exchange-rate behavior implied by equation
(1.70) when b > 0. First, consider the effects of a permanent positive shock to the
U.S. money stock relative to the E.U. money stock, m, — m,. If the real exchange
rate is unaffected because the monetary shock has no effect on endowments or LOOP
deviations, risk-sharing requires that relative consumption across countries remain
constant. As aresult, the shock must be accommodated by either afall in the interest
differential, r, — 7,, or arelative rise in U.S. prices, p, — p;, to clear the money

6. Note that fundamental's do not include the risk premium when o = 0.
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markets. The former adjustment implies an expected future appreciation of the dollar
(i.e., E,As,; <0), but thisisinconsistent with the fact that expected future monetary
growth is not affected by the shock. Consequently, adjustment in the money markets
requiresaone-for onerelativerisein U.S. prices, so the dollar must depreciate by the
same amount to keep the real exchange rate unchanged. Thisisexactly what is shown
in (1.70). The permanent rise in m, — i, has no effect on E,;Af,; fori > 1, so the
spot rate depreciates one-for-one.

Now suppose that the positive shock to m, — m, is expected to be temporary but
again there is no effect on the real exchange rate. In this case, the dollar will be
expected to appreciateinthefuture (asthe effects of the stock dissipate), sotheinterest
differentia, r, — 7,, fallswhentheshock hits. Asaresult, therelativerisein U.S. prices
needed to accommodate the immediate effects of the shock on the money marketsis
smaller and so too is the depreciation of the dollar necessary to maintain the level
of the real exchange rate. In terms of equation (1.70), the temporary risein m, — m,
lowersE,Af,,; fori > 1, so theimmediate impact of an increase in fundamentalsis
partialy offset by afall in the present value term.

Shocks to output and LOOP deviations affect the spot rate via the real exchange
rate in a similar manner. A permanent shock to U.S. output, for example, induces
an immediate real depreciation of the dollar, but does not affect the expected future
rate of real or nominal depreciation. Consequently, the shock increases relative U.S.
consumption, ¢, — ¢, (viarisk-sharing), but leavestheinterest differential unchanged.
Thismeansthat theremust bearelativefall intheU.S. pricelevel, p, — p,, toclear the
money markets. When v isgreater (less) thanone, thefal in p, — p, issmaller (larger)
than the real depreciation of the dollar, so the spot rate depreciates (appreciates).
When v is equal to one, the spot rate remains unchanged because the fall in prices
p; — P, requiredto clear the money markets matchesthereal depreciation of thedollar
necessary to clear goods markets.

Variations in the risk premium, §,, provide a further source of variation in the
sport rate. Equation (1.48) showed that variations in §, must come from changesin
the condition covariance between the log spot rate and the log marginal utility of a
dollar. If a change in the conditional distribution of future shocks to the economy
permanently increases the covariance, there will be no change in the expected future
depreciation rate, so the rise in the risk premium is matched by a fall in the interest
differentia, r, — 7,. Under these circumstances, there must be a relative fall in the
U.S. pricelevel, p, — p,, to clear the money markets and an immediate appreciation
in the spot rate to keep the real exchange rate unchanged. In terms of (1.70), f; falls,
whereas E, A f;,; remains unchanged for i > 1

Finally, we consider how well the model accounts for the statistical features of
exchange rates discussed in Section 1.2. In particular, are the dynamic implications
of (1.70) consistent with: (1) the relative volatility of nominal and real depreciation
rates, (2) the high correlation between real and nominal depreciation rates, and (3)
the lack of serial correlation in real depreciation rates?

These questions are easily addressed once we specify the process for the relative
money supplies, endowments, and the LOOP deviations. For example, suppose that
the money supplies follow

mp=m; 1+, +e ad iy =m;_1+ pw, +eé,
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where ¢, and ¢, arei.i.d. mean-zero shocks with a common variance oez. Further, let
us assume that the LOOP holds for both goods, so g, = 0, and let the endowments of
U.S. and E.U. goods evolve according to

X =¢x_1+A—P)u,+ v, and £ =0 1+ A—P)u, — 3v,.
with ¢ < 1, where v, arei.i.d. mean-zero shocks with variance avz. Note that the v,

shocks change the relative endowments. Under these assumed processes, equations
(1.65) and (1.70) imply that the spot and real exchange rates follow’

. v—1 1-b
As,:e,—et-i-( » )(1—b¢> Ag, and g = ¢e,_1+ Ev,.

From these expressions we find that

(1 15202
¢'(1 Py o

(CRA ,A —i) =
(Agy, Ag; ;) 1+ 4

]

fori > 0, and

SN/ 1- VA
CR(As,, As,) = (” - ) (1_bb¢) /VEA‘E’;,
t

V(Ag) E2072

V(As) o2 (14 ) + (;1)2 (%)252"5.

where

We can therefore account for features (1), (2), and (3) if 02/ 2 issmall, ¢ is closeto
one, and v isvery large.

These calculations show that it is not difficult to replicate the statistical behav-
ior of real and nominal exchange rates in the complete markets model if we are
free to choose the exogenous processes. What they do not show is that the model
can simultaneously account for the behavior of exchange rates and other variables.
Most importantly, the assumed endowment process implies that the variance ratio
V(Ag,)/V(Ac,) isfar smaler than we observe in the data for any values of the risk-
aversion parameter y. Thus, if we choose the variance of the relative endowment
shocks, ovz, to replicate the volatility of thereal depreciation rate, theimplied volatil-
ity of consumption growth under complete risk-sharing is much larger than what we
observein the data.

7. Since the money supplies and endowments follow homoskedastic processes, the second moments
involving al exogenous and endogenous variables are constant. Equation (1.62) showed that the
risk premium must also be constant under these circumstances, so it has no effect on the nominal
depreciation rate, As,.
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1.3.4 Exchange Rates in a Production Economy

We now extend the model to include the production decisions of the firms. This
extension does not change the nominal-exchange-rate equation presented in (1.61)
because the links among the spot rate, money supplies, risk premium, and the real
exchangerate are not affected by firms' decisionmaking. However, these decisionsdo
affect the behavior of theterms of trade, so thisiswhere we concentrate our attention.

In the endowment economy with complete markets, the U.S. terms of trade are
proportional to the relative supplies of U.S. to E.U. traded goods. As a result, vari-
ations in the terms of trade are directly tied to the relative supplies of traded goods,
and so display no intrinsic dynamics (i.e., dynamics generated within the economy).
In a production economy, by contrast, the supplies of traded goods are determined
optimally by firms taking their current capital stock and the state of current and ex-
pected future productivity into account. In an international setting, firms also have
to account for both the current and expected future terms of trade. This means that
current production decisions not only influence the current terms of trade via their
implications for the relative supplies of goods, but are themselves affected by firms
expectations about the future path of the terms of trade. Thisfeedback effect from the
terms of trade to production is ruled out in an endowment economy, but is a source
of intrinsic terms-of -trade dynamics in a production economy.

Firms

Assume that there is a single industry in each country and that both industries are
populated by a continuum of identical firms distributed on the interval [0,1]. A
representative U.S. firm owns all of its capital stock, K,, and produces output, Y,
according to Y, = A, K," with 1> 5 > 0, where A, denotes the exogenous state of
productivity. The output of a representative E.U. firm, f’,, is given by an identical
production function using its own capital, K,, and productivity A,. At the beginning
of each period, firms observe productivity and decide how to allocate their output
between investment and consumption goods. Output alocated to consumption is
supplied competitively to U.S. and E.U. households and the proceeds are used to
finance dividend payments to the owners of the firms equity. Output allocated to
investment adds to the stock of physical capital available for production in the next
period. We also assume that both traded goods can be costlessly transported between
the United States and Europe, so the LOOP appliesto both goods.

Let usfirst focus on the problem facing a representative U.S. firm. The firm’s ob-
jectiveisto chooseinvestment, 1,, so asto maximizeitstotal valueto its shareholders,
that is, households. Let Q, denote the ex-dividend dollar pricein period 7 of U.S. eg-
uity providing aclaimto adollar dividend payment of D, , ; at thestart of period s + 1
The firm’'s problem can now be written as

mIax(Dt + 0,) st
t
Kia=A-0K,+1, and D, =P (AK/-1), (L.72)

whered > 0 isthe depreciation rate of physical capital. Note that the dividends paid
by the firm are equal to the dollar value of goods sold to households, A, K, — I,.
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To complete the description of the firm’s problem, we have to identify how in-
vestment decisions affect the price of U.S. equity, Q,. Thisis easily accomplished
under complete markets because the payout from holding U.S. equity in period
t+1 D, 1+ Q41 Can be replicated by a portfolio of AD securities. In partic-
ular, let Q,(z) denote the price of a portfolio of AD securities with a payoff of
D, 1(z) + Q,41(2) dollars in period # + 1 when the state is z and zero otherwise.
Equation (1.37) tells us that the equilibrium price of an AD security for state z is
equal to B, (z) (C,11(2)/C;) " (P,/ P,;1(2)). Hence, the price of the portfoliois

_ Ci11(2) r P{D;41(z) + Q;41(2)}
0,(2) = Br(2) <—Cz ) ( P ) ) (1.72)

The price of U.S. equity, Q,, is nothing other than the price of a claim to a payout
of D, ,1(z) + Q,;1(2) inall possible states (i.e., for al z € Z). Thus, 0, must equal
> 2 0,(z). Hence, under complete markets, the price of U.S. equity satisfies

_ Ciy1\ 7 [ PADiy1+ Qpp1)
0, = pE, [( C,) ( o )] (L73)

The optimal investment decision for the representative U.S. firm is the solution to
the problem in (1.71) with the restriction that the equity price, Q,, satisfies (1.73).
Solving this problem produces the following first-order condition:

C 7 ‘
1=8E, |:< g-l) exp <Ath_T_1 - Athrl) Rf+1j| , (1.74)

t

where Rf 1 =1-0+nA, 1K zn+_11 denotes the marginal product of U.S. capital.

The problem facing the representative E.U. firm is analogous. Investment, I, is
chosen to maximizethevalue of thefirm, D, + Q,, where Q, isthe ex-dividend dollar
price of E.U. equity and D, are dollar E.U. dividends, subject to

Kii=Q-0K,+1,  D=PMAK -1, (1.75)

and the following restriction on E.U. equity:

A Ct+1 v Pt{[)t+1+ Qt+l}
0, = BE, [( C,> ( P )] (1.76)

The associated first-order condition is

Crt\ 77 )
1= BE, [( g ) exp (Apfgl_ Ap,H) Rf+1j| , (1.77)
t
where R, , =10 + nA, 4K/ denotes the marginal product of E.U. capital.

Two aspects of these characterizations deserve comment. First, it may appear
from equations (1.73) and (1.76) that the price of equity depends only on how U.S.
households value future payoffs, because both equations include the MRS for U.S.
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households and not E.U. households. This impression is incorrect. In Section 1.3.2,
equation (1.43) showed that the nominal MRSfor U.S. and E.U. househol ds measured
in terms of a common currency are equalized internationally when markets are
complete. This means that the dollar value of aclaim to afuture dollar equity payout
isthe samefor both U.S. and E.U. households. Consequently, it makes no difference
whether we express the equity restriction in (1.73) and (1.76) using the MRS for
U.S. households or E.U. households. The optimal investment decisions of firms will
be exactly the same in both cases. By the same token, it also makes no difference
whether the equity issued by any firm is held by U.S. or E.U. households. When
markets are complete, the problem facing each firm does not depend on the identity
of the shareholders.

The second aspect concerns the presence of relative prices in the first-order con-
ditions, (1.74) and (1.77). These equations show that firms choose investment so that
the marginal utility of current consumption equals the discounted expected marginal
utility of additional capital. Importantly, the latter depends on the marginal product
of capital and the change in relative prices. For example, if the relative price of the
U.S. goodrises(i.e., P"S/ P increases), the marginal utility of additional U.S. invest-
ment increases even when the marginal product of U.S. capital remains unchanged.
Consequently, firms' investment decisions respond to variations in both productivity
(which affects the marginal product of capital) and relative prices. As we shall see,
variations in relative prices generate the feedback effects from the terms of trade to
production.

Solving the Model

Although the structure of the mode! is quite straightforward, it is still too complex to
examine analytically (even with the use of approximations). We must therefore study
numerical solutions to the model—an approach that requires taking a stand on the
time series process for productivity.

We adopt the conventional assumption that log productivity in each industry (i.e.,
a,=InA,anda, =In A,) follows

[Zj:[z 2”2:}“[:} (1.78)

with |¢| < 1 whereu, and iz, are mean-zeroi.i.d. productivity shocks. To clarify how
firms' decisionslead to the propagation of productivity shocks between countries, we
assumethat CV (u,, i,) = 0, so productivity in each industry follows an independent
stationary AR(1) process.

A numerical solution to the model requires values for the parameters describing
households’ preferences, firms' technology, and the productivity processes. Here we
face two options: Thefirst isto choose parameter values via an estimation procedure
that compares momentsin the observed data with momentsimplied by the numerical
solution of the model. Although details differ across procedures, implementing this
option is computationally demanding because the model has to be solved for a great
many different sets of parameter values. The second option isto calibrate the model,
that is, to choose parameter values so that the distribution of observed data matches
the distribution of data simulated from the numerical solution of the model. Again,
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the calibration procedures found in the literature differ in their details, but usually
involve the following steps:

1. Choose some measurements from observed data that the model isto explain.

2. Choosefunctional formsand parameter valuesto ensurethat themodel’slong-
run (steady state) propertiesare consistent with the observed data, make sense,
or are consistent with the estimates in other studies.

3. Find the numerical solution to the model and useit to generate time seriesfor
the variables the model isto explain.

4. Compare the simulated time series with the observed data.

Implementing these steps is much less computationally demanding than the estima-
tion procedures because the model is only solved for the particular parameterization
chosen in step 2.

Although the processjust outlined appearsrel atively straightforward, several prob-
lems may undermine the economic relevance of acalibration exercise. For example, it
may not be possibleto pin down valuesfor all the parameters by matching the steady
state of the model against the long-run properties of available data. In these casesthe
preferred approach is to set the values for the unidentified parameters equal to ap-
propriate estimates from microeconomic data. Unfortunately, thisis often easier said
than done because microeconomic studies rarely estimate models that are directly
applicable (see, e.g., Browning, Hansen, and Heckman 1999). Parameter uncertainty
creates further problems. Even when the parameters can be identified from long-run
properties of the observed data and applicable microeconomic studies, precise pa
rameter values are always obscured by some uncertainty. The best way to address
this issue is to examine how the model simulations vary across different parameter
choices. However, such sensitivity analyses are hard to conduct and report in a sys-
tematic and transparent manner for all but the simplest models. Finally, there is the
issue of how to compare the simulated time series with the observed data. In other
words, what metric should be used when comparing moments of the simulated and
observed data? Should the metric take account of how parameter uncertainty affects
moments of the simulated data, or how sampling uncertainty affects momentsin the
observed data, or both?

These issues have received much less attention than they deserve in the many
papersthat use calibration to study international macro models. Indeed, it iscommon
practice to solve models with parameter values that are simply taken from earlier
studies. One pedagogical advantage of this approach is that it alows the reader to
easily compare the dynamic properties of models that share a common set of core
features. Since our aim is to illustrate the properties of a standard moddl, it is the
approach we follow in this chapter. More generally, the downside of this approachis
that the calibrated parameter valuesin theoriginal studies have been chosento address
a specific question (see step 1 above) that may only be loosely related to the focus of
the current study. In short, full-blown calibration requires more than simply choosing
parameter values used by other researchers.

The parameter val ues used to solve the model arereported in Table 1.3. Household
preferences and firms' technol ogies are assumed symmetric across the two countries,
and a single period in the model is interpreted as 1 month. Consistent with many
models, households' discount factor and risk-aversion parameters are set to 0.997



Copyrighted Material

1.3 Macro Exchange-Rate Models 43

TABLE 1.3

Production Economy Parameters

Parameter Symbol Value
Discount factor B 0.997
Risk aversion y 2.000
Consumption share A 0.850
Consumption elasticity 0 0.740
Depreciation rate 0 0.010
Capita share n 0.360
Productivity AR(1) ¢ 0.980

and 2, respectively. Theshare parameter, A, andthe e asticity of substitution, 8, govern
preferences over the consumption of U.S. and E.U. goods. Weset A =0.74 and 6 =
0.85, so the model displays home bias in consumption and imperfect substitutability
between traded goods. These choices are within the wide range of values found in the
literature (see Hnatkovska 2010), but are clear candidates for sensitivity analysesin
afull-blown calibration exercise. Parameters on the production side of the model are
chosen to be consistent with Backus, Kehoe, and Kydland (1994). The capital share
in production, n, is set to 0.36 and the depreciation rate, 0, is set to 0.01. Finally, we
set the autoregressive coefficient in the productivity processes equal to 0.98.

Terms-of-Trade Dynamics

We now examine theimplications of productivity shocks for the behavior of the U.S.
terms of trade when firms make optimal investment decisions. Specifically, our task is
to examine the behavior of the equilibrium terms of trade when productivity follows
the process in (1.78). As a benchmark for what follows, let us first consider the
implication of (1.78) in the special case where production requires no capital (i.e.,
when n = 0). In this case, market clearing in the markets for traded goods requires
X,=A,and X, = A,, where X, and X, are the aggregate demands for U.S. and E.U.
goods derived in (1.34). We are thus back to the endowment version of the model,
with the endowments following the productivity process in (1.78). The behavior of
the terms of trade is determined by combining the goods market-clearing conditions
with (1.78) and the relation between aggregate demand and the terms of tradeimplied
by (1.52) and (1.65). In the absence of LOOP deviations, this gives

%
Ayr0(1—A) + (2h —

T = (f)‘f,,l-i- 1)2(14[ — ﬁt)
Hence, the log terms of trade follow an AR(1) process with the same degree of
persistence as the differential in log productivity across industries, a, — a,. Clearly,
there are no intrinsic terms-of-trade dynamics in this special case.

Let usnow returntothegeneral casewhere1> 5 > 0. Three setsof equationshold
the key to understanding how the terms of trade behave in response to productivity
shocks when firms choose investment optimally. The first set comprises the goods



44

Copyrighted Material

Chapter 1 Macro Models without Frictions

market-clearing conditions,
AK'=Y,=X,+1, and AK'=Y =X, +1,. (1.79)

These expressionsimply that each firm’s choice of investment isequivalent to achoice
of how much current output it will supply to satisfy the aggregate demand for its
product. The second set of equations describes the implication of market clearing for
the dynamics of the capital stock:

Kii=(A—0K, +AK'—X, ad K,1=1-0K,+AK] —X,. (180

These equations express the intertemporal trade-off between current consumption of
each good, (i.e., X, and X,) and the accumulation of capital for future production.

The third set of equations links the expected marginal product of U.S. and E.U.
capital with expected changes in the terms of trade. To derive this link, we first
approximate the first-order conditionsin (1.74) and (1.77) as

YEAc =Byl + E[ApYS) — Apipdl + %, (181a)
and
VEAc 1 =E 7+ E[Ap[Y — Apial + %, (1.81b)
where
% =Ing+ %V, (ApUS — Ap+ rlk+l - yAc,+l>
and

% =Inp+1v, (ApEU —Ap+ 7, - yAc,H) .

Appendix 1.A.2 showsthat these approximations hol d exactly when log consumption,
prices, and the marginal product of capital are jointly normally distributed. Given
the symmetry of the model (in terms of productivity, production functions, and
preferences), thevariancetermsin x, and %, will be equal . Under these circumstances,
(1.81) impliesthat

Erfq—Eff =E[Ap)Y, — ApP ] =E,At, . (1.82)
Thus, when firms follow optimal investment policies, the difference between the
expected log marginal product for U.S. and E.U. capital must equal the expected
deterioration in the log U.S. terms of trade.

To describe the equilibrium dynamics of thetermsof trade, wefirst havetoidentify
how the aggregate consumption of each good varies in response to productivity
shocks. The easiest way to do thisis to conjecture that the log consumption of each
good followsaparticular process and then use the equilibrium conditions of the model
to verify the conjecture. In this case, we conjecture that
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where k denotesthelog capital stock inthe steady state. At this point we do not know
the values of the coefficients, «,, k,, i, and k. However, if we combine the log-
linearized version of (1.80) with (1.81) and the productivity processin (1.78), we can
verify that log consumption follows (1.83) and solve for the values of the coefficients.
With these values in hand, we can combine (1.83) with (1.78) and the linearized
version of (1.80) to describe the equilibrium dynamics of productivity, capital, and
any other variable, including the terms of trade. A full description of this solution
procedure is provided in Appendix 1.A.4.

We are now ready to examine how productivity shocks affect the terms of trade.
Since the dynamics in this model are quite complex, we proceed in three steps:
First, we consider how a U.S. productivity shock affects the behavior of U.S. output
and investment in a closed-economy setting. Second, we study how the shock is
transmitted between firms when U.S. and E.U. goods are perfect substitutes. This
special caserulesout variationsinthetermsof trade. Finally, weincorporate variations
in the terms of trade by examining how the shock affects both firms when their goods
are imperfect substitutes.

A positive productivity shock has two impacts on U.S. firms: it increases current
output, and rai sesthe expected marginal product of capital. Thekey choicefacing each
U.S. firmis how much of the additional output to allocate to investment. Here afirm
facesan intertemporal trade-off. On one hand, thelessoutput it devotesto investment,
themoreit can pay out interms of current dividendsto its shareholders. On the other,
accumul ating more capital viahigher current investment will allow it to produce more
in the future, and hence pay higher future dividends. Since their shareholders value
both current and future dividends, firmswill use some of the additional output to boost
the current dividend and some to boost future dividends via increased investment.
As aresult, the immediate effects of a positive U.S. productivity shock in a closed
economy arean increasein U.S. consumption, dividends, and investment. Thereafter,
the marginal product of U.S. capital declines as capital accumulates and the effects
of the productivity shock die out. As this happens, further investment becomes less
attractive, sotheaccumulation of capital stopsand output beginstofall. Intheabsence
of further shocks, this process continues until the capital stock and productivity return
to their original levels.

To understand how this transmission process differs in an open-economy setting,
let us assume (for the moment) that U.S. and E.U. goods are perfect substitutes for
one another. In this case, goods arbitrage impliesthat P = PV, so the equilibrium
terms of trade always equal one. Asaresult, the expected marginal product of capital
will be equalized acrossindustries [e.g., E,rf, , = E,#*,, from equation (1.82)]. This
implication of firms' optimal investment plans leadsto the international transmission
of productivity shocks. In particular, when a U.S. productivity shock raises the
expected marginal product of U.S. capital, E.U. firms must adjust their investment
plans to raise the expected marginal product of E.U. capital by the same amount.
To do this, E.U. firms reduce investment because the margina product of capital is
a decreasing function of the capital stock. Consequently, the consumption of E.U.-
produced goods immediately increases in response to a positive U.S. productivity
shock. Thereafter, the consumption of E.U. production continuesto rise until theloss



46

Copyrighted Material

Chapter 1 Macro Models without Frictions

1.0
0.8

0.6

-0.2 L . e S L S B S |
0 2 4 6 8 10 12 14 16 18 20

FIGURE 1.3 Impulseresponsesof U.S. productivity («,, solid) and traded goods consump-
tion (x, U.S,, solid squares; x, E.U., triangles).

of E.U. capital and thefalling marginal product of U.S. capital makesE.U. investment
attractive. From this point on, E.U. investment rises and the consumption of E.U.
goods falls back toward its original level.

Now we examinetheinternational transmission of productivity when traded goods
are imperfect substitutes. For this purpose Figure 1.3 plots the impulse responses
of log U.S. productivity, a,, and the log aggregate consumption of U.S. and E.U.
goods, x, and x,, for 20 years following a one-unit productivity shock. These im-
pulse responses are computed from the equilibrium dynamics of the model using the
parameter values reported in Table 1.3.

Figure 1.3 showsthat U.S. consumption rises for approximately 4 yearsfollowing
the productivity shock. Then, after the accumulation of U.S. capital comesto an end
and the effects of the productivity shock diminish, the consumption of U.S. goods
falls back toward its long-run value. The effects on E.U. consumption are quite the
opposite. Consumption fallsfor thefirst 4 yearsbefore gradually returning to itslong-
run level. This pattern is completely different from the response of E.U. consumption
when goods are perfect substitutes. To understand why, we have to consider the role
played by the terms of trade in the international transmission of the U.S. productivity
shock.

Figure 1.4 shows the impulse responses for the log marginal products of capital
and the U.S. terms of trade. The square and triangle plots indicate the response of
the log marginal product for U.S. and E.U. capital, respectively, and the solid plot
depicts the log U.S. terms of trade. For comparison purposes, the figure also shows
the response of the log U.S. terms of trade in the endowment economy (i.e., when
n = 0) asadiamond plot. Aswe can see in the figure, the marginal products of U.S.
and E.U. capital differ significantly in response to the productivity shock. As one
would expect, a positive U.S. productivity shock immediately increases the marginal
product of U.S. capital, *. What is more surprising isthat r* falls below its long-run
level 4 years after the shock, and only beginsto rise again after 10 years. By contrast,
the productivity shock has very little impact on the marginal product of E.U. capital.
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FIGURE 1.4 Impulse responses of the terms of trade (¢, solid), margina product of capital
(rF U.S., squares; #* E.U., triangles), and terms of trade in an endowment economy (r,
diamonds).

The terms of trade provide the key to understanding these dynamics. Figure 1.3
showed that the relative consumption of U.S. versus E.U. goods falls as the effects
of the productivity shock die out. From our analysis of the endowment economy,
we know that this can only happen under complete risk-sharing when there is an
improvement on the U.S. terms of trade (i.e., afal in 7). Consequently, firms must
expect the U.S. terms of trade to continue to improve from some point after the
productivity shock occurs. Figure 1.4 shows that this point occurs approximately 4
years after the shock. Thereafter, the expected marginal product of U.S. capitd is
lower than that of E.U. capital, and the slope of the terms-of-trade plot is negative.
U.S. firms run down their capital stocks more rapidly than E.U. firms during this
period, so the output of U.S. goods returns more quickly to its original level (see
Figure 1.3).

Variations in the terms of trade also play an important role when the productivity
shock hits. Figure 1.4 shows that there is an immediate deterioration in U.S. terms
of trade. This has two effects. First, it changes prices so that household demand will
absorb thegreater supply of U.S. goods not going intoinvestment. Second, it increases
thereal valueof E.U. dividends. Recall that (A, K, — 1,)(PFV/ P,) identifiesthevalue
of E.U. dividends when measured in terms of U.S. household consumption. Since a
deterioration in the U.S. terms of trade raises PFV/ P,, it also increases the real value
of E.U. dividendsfor agiven level of E.U. production and investment. In other words,
apositive U.S. productivity shock benefitsthe holders of E.U. equity viaitsimpact on
thetermsof trade. Thisvaluation effect reducestheincentivefor E.U. firmstoinitially
cut back on investment so the consumption of E.U. goodsrises. Indeed, asU.S. firms
accumulate capital and the consumption of U.S. goods rises, the U.S. terms of trade
continue to deteriorate so that the valuation effect on E.U. firms becomes greater.
Thisalows E.U. firmsto increase investment while their shareholders enjoy arisein
the real value of dividends. As aresult, the deterioration in the U.S. terms of trade
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following the productivity shock isaccompanied by afall in both themarginal product
of E.U. capital and the consumption of E.U. goods (see Figure 1.3).

To summarize, productivity shocks have different dynamic implications for the
behavior of the terms of trade in exchange and production economies. In the former,
the terms of trade change in response to the exogenously varying supplies of traded
goods simply to clear markets. In the latter, variationsin the terms of trade al so affect
the investment decisions of firms via a valuation channel and hence the supplies of
traded goods available for consumption. It is this valuation channel that provides
the feedback from the terms of trade to consumption that is absent in endowment
€conomies.

Exchange-Rate Implications

Theexchange-rateimplications of productivity shocksin the production economy are
straightforward. The equilibrium nominal exchange continues to follow (1.70):

si=f+E Y b Afi, (1.84)
i=1

with fundamentals, f, = m, — i, — o8, + (1) &(x, — £,), but now x, and %, vary
endogenously with the capital stocks and productivity according to (1.83). All the
exchange-rate implications of productivity shocks are therefore captured via their
effects on x; and x,. Moreover, since &(x, — X;) = ¢, = (2» — 1)7,, we can rewrite
fundamentals using the terms of trade as

v-DE -1

v

fr=m,—m, —od + 1
and hencetracetheeffectsof productivity shockson the spot rateviatheir implications
for the terms of trade and fundamentals.

Productivity shocksgenerally induce more persistenceand greater spot ratevolatil-
ity in the production economy than in the endowment economy. The reason for these
differences are easily understood with the aid of Figure 1.4. There we saw that U.S.
productivity shocks lead to a smaller initial deterioration in the U.S. terms of trade
than in the endowment economy, but that the variati ons are nonmonotonic and longer
lasting. This means that a productivity shock has a smaller impact on current fun-
damentals in the production economy, but a larger impact on the present value of
expected future changes in fundamentals. The balance of these effects determines
how the spot rate reacts to a productivity shock. When the discount parameter, b,
is close to one, the spot rate more closely reflects variations in the expected future
growth of fundamentals, when b is close to zero, the spot rate more closely reflects
variationsin current fundamentals. In this model, the discount parameter, b, isequal
too/(1+ o), where o isthe semi-interest elasticity of money demand. Estimatesin
theliterature givevaluesfor o between 20 and 60, whichimpliesthat b isvery closeto
one. Consequently, variationsin the present value term will be animportant source of
spot rate variation when productivity shocks have persistent effects on fundamentals
viatheir impact on the terms of trade.

To illustrate these effects, Figure 1.5 compares the impulse response of funda-
mentals and the spot rate to a U.S. productivity shock in both the endowment and
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FIGURE 1.5 Impulse responses of the spot exchange rate, s, (solid), and fundamentals,
f; (dashed), to a U.S. productivity shock in the production and endowment (with triangles)
€economies.

production economies. The dashed plots show the responses to fundamentals com-
puted from the behavior of the terms of trade with v = 2. The figure shows that the
U.S. productivity shock has a greater initial impact on fundamentals in the endow-
ment economy (depicted with triangles) than in the production economy. Thereafter,
fundamentals fall monotonically in the endowment economy until the effects of the
productivity shock die out. In the production economy, by contrast, fundamentalsrise
for 4 years before slowly falling back to their original level. The difference in these
response patterns simply reflects the different behavior of the terms of trade in the
endowment and production economies that wasiillustrated in Figure 1.4.

Figure 1.5 shows a clear distinction between the effects of the productivity shock
on the spot ratein the endowment and production economies. The solid and solid with
triangles plots show the impul se responses for spot rates computed with b = 40/41,
a value for the discount parameter that is consistent with a mid-range estimate of
o equa to 40. As the figure shows, productivity shocks have a smaller impact on
the spot rate than on fundamentals in the endowment economy. The reason is that
everyone expects fundamentals to fall following the productivity shock, so s, —
fi=E, Y72, b'Af,,; is negative until the effects of the shock disappear. In other
words, expectations concerning the path of future fundamental s dampen the response
of the spot rate. The reverse holds true in the production economy. In this case
productivity shocks have a greater impact on the spot rate than fundamentals for
approximately 2 yearsfollowing the shock. During this period expectationsregarding
the near-term rise in fundamentals dominate longer-term expectations, so s, — f, =
E, 2 b'Af,,; is positive and the spot rate depreciates. Thereafter, the expected
future fall in fundamentals dominatesso s, — f, =, > ;2 b' Af,,; isnegative, and
the spot rate begins to appreciate.

We can now see why it is possible for productivity shocks to induce greater
volatility in the spot rate in a production economy than in an endowment economy.
In the former case, expectations regarding the future path of fundamentals magnify
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the impact of a productivity shock on the spot rate, whereas in the latter expectations
act as a damper. As aresult, when b is close to one, Figure 1.5 shows that there is
alarger initial depreciation of the spot rate in the production economy than in the
endowment economy when a positive U.S. productivity shock arrives, even though
the shock inducesasmaller initial risein fundamentals. Thefigure also clearly shows
how greater persistence in the response of fundamentals in the production economy
is reflected in the response of the spot rate. In this example, the haf-life of the
productivity shock increases from approximately 3.5 yearsto 14 years.

We saw in Section 1.3.3 that it is possible to replicate the statistical features of real
and nominal depreciation ratesin an endowment economy with complete risk-sharing
if we are free to specify the processes for money supplies and the endowments. The
problem was that these specifications implied counterfactual behavior for consump-
tion. In this section, we have seen how productivity shocks affect real and nominal
exchange rates viatheir impact on firms' investment decisions. Since these decisions
establish the supply of goods available for consumption, productivity shocks also de-
termine the behavior of equilibrium consumption. Indeed, this model has exactly the
sameimplicationsfor thejoint behavior of consumption and thereal exchangerate as
the endowment model. Consequently, equation (1.69) still identifies the upper bound
on the varianceratio, V(Aeg,)/V(Ac,), in the absence of LOOP deviations. This up-
per bound hasavalue of 3.5 for the parametersin Table 1.2, compared to the variance
ratio in the data of approximately 18. Thus, although the addition of production in-
creases the volatility of the nominal depreciation rate, it does nothing to address the
counterfactua implication of complete risk-sharing for the relative volatility of the
real depreciation rate and consumption growth.

1.4 Summary

e Variationsin the real exchange rate can reflect changes in the relative prices
of nontraded goods across countries and/or variations in the prices of traded
goods across countries. Empirically, variations in the relative price of trad-
ables at the consumer level account for the lion’s share of real-exchange-rate
volatility over awide range of horizons. These variations in the relative con-
sumer prices are attributable to the presence of distribution costs and LOOP
deviations for pure traded goods.

e Monthly changesin the log spot rate, the log real exchange rate, and the log
terms of trade have similar levels of volatility and are highly correlated with
one another. There is very little autocorrelation in monthly real depreciation
rates. Shocksto thelevel of thereal exchangerate appear to be very persistent,
with estimated half-lives ranging from 3to 5 years.

¢ Thehighvolatility and persistence of real -exchange-rate variations has proved
hard to explain theoretically—a fact often referred to as the PPP Puzzle.
Although stickiness in consumer prices offers a potential explanation, the
degree of price-stickiness in individual traded goods appears insufficient to
account for both the high volatility and the persistence of real rate variations.
The PPP Puzzle may also reflect the distortions induced by the aggregation
of heterogeneous dynamics for individual traded-goods prices. The question





