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RingslandBubringsll

The Notion[bfla Ringl

In 18880—0when he waslonly 26 yearsloldll— DavidHilbert stunnedl
thellmathematical world bylkolving thelinainlbutstanding problem inl
what was thenltalled invariant theory. The question that[Hilbert settledl
hadbecomelknownlhslGordan’s Problem, for it was PaullGordanGvho, 200
yearslearlier,[had shown that binarylforms have a finite basis. Gordan’s [I
proof wasllonglhndlaboriously computational; there seemed(ittlefhopell
offlextending it tolternary forms, and evenlless offigoing beyond. Well
willllnot take theltimelhere tollexplorellany of the details oflGordan’sl
problem or even thethature of invariant theory (and youBhouldn’t be atll
allltoncerned if you don’t have the foggiest idea what binary or ternaryll
forms are orlfivhat albasis is), but[Hilbert — in a single brilliant stroke(—0
proved that there is infact alfinitelbasis forlhll invariants,tholinatterthowll
highlthellegree.l

The structure oflHilbert’s proof is really quite simple and is worthl
looking at (again we will not worry at alllhboutinost of the details). First,l
Hilbert showed that if a ring[R[lhas a certain property[P, then the ring ofll
polynomialsfin a single variablelkOvith coefficients from the ring[R alsoll
has thatlkamelpropertyllP. (Todayllwe wouldkay thatPlis thelpropertyll
that any ideal islfinitely generated, but that is getting welllhhead oflburll
story.) Welwillllise theltonvenientthotation[R[x]0tolkepresent thislkingll
offpbolynomialsinkOvith coefficientsfrom[R,[hndo weltanbummarizell
Hilbert’s first step asll

if a ring[R haslropertyll’, then so does the ring[R[x].

Next,0HilbertOwantedltoOshowlthatlthelringlofllpolynomialsinOwol
variablesklandly with coefficients from the ring[R alsolhaslpropertyP.[
We represent this ring[bffpolynomialsintwo variables by R[x, y].[Thesel
polynomials are just like ordinary polynomials we arellised to suchlhsl
x?4 4 and 2y*— y + 3, except that now welkan have the two variablesl
xlhndlly mixedtogetherlinlhbinglelpolynomial.lAnlkxamplelbflkuchhl
polynomiallsl

3x24 4xy + 2y?4 7x0- 5y + 12,
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where in thisltase theltoefficientslhrelhlllintegers.[Hilbertlbaw that thisl
ringloflpolynomialsR[x, y] in Bwolvariableslxfandly withlcoefficientsl
fromlthelringldROcanObellthoughtlofllaslthelringloflpolynomialslinlal
singleliyariablely with coefficients from the ring of polynomials inlk. For
example, we can write the above polynomial in two ways,[dlepending onll
how we choose to group thelterms:[

3x2 %4 4xy + 2y204 7x0- 5y + 120= 2204 (4x0- 5)y + (3x2+ 7x0+ 12).

On thelleft the polynomial is writtenlhs a polynomial in the ring[R[x, y],0
whereas on therightitis written as a polynomial in onelYariablely wherell
theltoefficients are themselves polynomials inlk.[Ourlhotation for thisl
latter rings{R[x])[y] — or more simply R[x][y] —[mphasizing thefactl
that theltoefficients are now polynomials in the ring[R[x].0

Using this simpleldea,Hilbert concluded that the ring of polynomi-
alslR[x, y] alsolhaslproperty P.[Hislhrgumentlventlikelthis:lkincelthell
ringROhasOpropertyllP,ko doeslthelringlR[x];butlthenkincelthelringll
R[x] haslbroperty P,5o does the ringR[x][y];lhnd,hsOvethaveJust seen,l
thislatter ring is really thelfame as the ring[R [x, y].0

In this way, by addinglbnelariable at a time,[Hilbert showed that thell
polynomiallkinglinfhny finitethumber[bflivariablesthaslpropertylP. For [
example, weltouldthowltonclude that the ringR[x, y, z] haslproperty Pl
since this ring is thelfame as the ring[R[x, y][z] and we have just arguedl
thatlR[x, y]0haspropertyllP.[The key toHilbert’slhrgument, then, s tol
verify his very first step—hamely, that if a ring[R haslpropertyl, then [
so does the polynomial ring with coefficients from[R.[

Now Hilbert did this not by explicitly constructing a basis (as Gordanl[
hadldonelforlithelbinarylcase),lbutliratherl—land0thislisOthelbrilliantl
part of his proofli—[by showing that if there were nollinitelbasis, thenl
allcontradictionlharises.0Therefore,ltherelnustibelhlfinitelbasistafterlall!l
Nowadays, we are flery comfortable with such a prooftbylrontradiction,ll
butHilbertlhadlusedthisitechniquelinthlhewlway:thelhadlprovedthel
existencelbfllomethingvithoutlhctuallyltonstructinglit.Thisexistencel
proofldidinotlimeetlwithluniversal favor in thellmathematicalllclimatell
oflhislday.lInlfact,0Gordan[—0hardlylanlimpartialdobserverl—0Ochosell
thisltimeltollissueloneloflithelmostlimemorablellineslinfallloflmathe-
matics:‘DaslisthichttMathematik.MDaslstTheologie.”OtOwasthotlintill
four yearslater,lwhen[Hilbert waslhble tolluse thelkexistence of alfinitell
basisOtoshowlhowlsuchlalbasislcouldlactuallylbellconstructed,Othatl
Gordanlkonceded: “I haveltonvinced myself that theologylhlso has itsl
advantages.”ll

AtlkhelheartbflHilbert’slproofl—lhndkhelhttendantlcontroversyl—I
lies thelhbstractthotion of a ring, though it would be several yearsdintilll
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HilbertlwouldlactuallylprovideluswithOtheltermUringl(orlZahlringl—0
literally,llnumber ring)whichwellnowluse today.0Thellidea is that, forll
instance,hlthoughlpolynomialsltertainly differlinmany obviousGvaysl
fromlintegers,ltherelarelwayslinOwhichlpolynomialslandlintegersarell
similar: forlexample, youltanlhddbrinultiply integersthnd youltanlalsol
add orlinultiply polynomials. It is the differences between integers andll
polynomialsfthatlimostloflustnoticelfirst,lbutdHilbertlfocusedlinsteadll
onltheirlkimilarities.0So,lthelidealbehindlthelnotionlotlalringlisOthatl
integers, rationals, reals,ltomplexhumbers, polynomials with complexl
coefficients,[hndlrontinuouslfunctions,thsitferenthsthllbfltheselbys-
tems may appear to us, all share certain characteristics. It is these sharedll
underlyinglicharacteristicsiwhichlprovidelithellbasislfor[thelfollowing[l
unifyinglhxioms and ourldefinition of a ring, for it is the abstract notionl
offhlkinglthatlkolklegantly captureslthelkbssencelbfliwvhatltheselfamiliarll
mathematical systems share in theirbehavior.l

The[Definition of a Ringll
Beforellwellactuallylldefinellallring,OletOus(italkOalbitlaboutOwhatlalringll
is.0Quitelsimplyitlisfalsetloflelementsl(typicallylalsetlotlinumberslotl
somelkind,brlperhapslhlet consistinglbflhparticularltypelbflfunction)l
togetherlwithtwolloperationslon[thosellelementsfcalledladditionlandl
multiplication. It is very important to think of a ringfhs alkingle[bbjectll
consistingbfbothlthelunderlyingketlhndtheltwoloperations,lhndotll
just as albet by itself.[Furthermore, theselbperationsivilllheed tolbehavell
thelwaylwellexpectlthem[tolbehave.lForllexample,[liflallandblareltwol
elementslnlhlring,Ovelbxpecthilt b andD + altolbelbqual,brivelbxpectl
al 0 to equal B,brOvelexpecti(al b) to equal B*"+ ab. We have these [
expectationstholmatterwhetherlilandb arehumbers,brlpolynomials,l
ormatrices.l]

Let us look at somel$pecific examples of rings. In each case, note thatll
we present both a set and two operations on that set in order to describell
the ring.ll

Example 10
Certainlylthelkinglelmostdfundamentallexampleloffalringllisfthelringl
basedlbnlthellhumbersl... , -3, -2,-1,0,1,2, 3, ... . Welwillalllthis[
ring thellinglbflintegerslbr,norelimply,thelintegers,[andGvelvillldenotell
thislkring byZ.0ThisOetter for thelintegerslimaylkeem[peculiar to youlhtl
first,(butlitiltomesfromZahl, thelGerman word forhumber,And serves(l
aslallnicellreminderfitolusboflthelhistoryloflthelnotionloflalring.0Thel
ringllZ then consists oflthe setlbf integers together withlkhe ordinaryl
operations[bflidditionhndinultiplication.l
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Example 20

The most natural ring to consider next is the ring based on the numbers[l
that are fractions offintegers, suchlhs %” andl]%.ﬂfhus, welwilllkonsider
thelirationallnumberslor,imorellsimply,lthellrationalslias a ring with the [
ordinaryloperationsloffladditionflandImultiplicationloflfractions.0ThisO
ring isllenoted by Q. (By the way, why do youBupposelinathematicians(

long agollecided on this particular letter to represent the rationals?)ll

Example 30
Similarlylkhelieallnumberslor,limorelkimply,thelrealstogetherwiththel
ordinary operations offhddition andlmultiplication form a ringliwhichl
we denote by R.[

Example 40
ThelcomplexUnumbersOwithltheirlordinaryloperationsloffladditionlandl
multiplication form a ringlivhichliveldenote bylC. Alcomplexlhumber[l
is allnumber of the formul+ bi, where Blandblarelrealllnumberslandl
i?!= —1. The two operations offhddition andInultiplication in this ringll
areltompletely naturall}- forlexample,l

(1+7i)+(20-3i)=3+4il
andll
(10 7i) - (20- 31) = 2 — 2172~ 3i + 14il= 230+ 114,
sincei?’= —1.0
Somewhatlmore formally, theltwolbperationsbflhdditionlandlmul-
tiplicationlofllcomplexOnumberslcanlbeldefinedlaslfollows,0wherell
a,b,c,d e Rl
(al+bi) + (cB+di) = (al+ c) + (b + d) ill
andl

(ab+ bi) - (4 di) = (acl- bd) + (adB+ be)i.

Example 50
ThelsetlbfipolynomialsQvithlintegerltoefficientstogetherviththe ordinary[l
operations offdddition andimultiplication of polynomialsi— that is, youll
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addlandlmultiplypolynomialsfjustas youldidlinthightschooll—U[alsol
form a ring. We denote this ring by Z[x].[5o, forlexample,l

(10 xO x2) 4+ (=2 + 3x0- x3) = —1 + 4xB x*'— x*0
andl

(1 + xBk x2) - (=2 + 3x0- x%) = —2 + x0F x204 2x30— x40 0

Example 60

Thelet of 2[by 2 matricesBvhoselbntrieslhre reallhumbers togetherfvithl
the ordinary operations oflmatrix[hddition andlmultiplication form all
ring. We denote this ring by M. Formally, the twolbperations forlMpg
are definedlhs follows,Wherell1, b, ¢, d, e, f, g, h € R:[]

a b\0O /e f alte b+
(C d)+<g >E<Cﬂ%g djltg

a b e aelt bgll afl+ bh
<c d) (g :j a (ceEHL dgll cffh dha '

This might be a good time to point out that often we are quiteltasualll
aboutmakingldistinctionsfinltitherhotationlbrlanguagelbetweenlbper-
ations on sets that are in fact not at all thellame operation. For instance,ll
in Example 60welise thelbamelbymbol, a plus sign (+), toldenote[bothll
thelloperationlofllmatrixladditionJandltheloperationloflladditionlofll
reallhumbers;linoreover, welhormallyltefer tolbach of theselbperationsl
simply aslfaddition” as we do in this example and in Example 3.0

With theselbix[examples of rings well inhand, welhrefhow ready forll
the formallHefinition of a ring. Ourllefinition will lay down the list ofll
axioms that anylbet with two operations must satisfy in order to attainll
the status offbeinglcalled a ring. As you read thisllist offaxioms, youl
might want tolpause inlfurnlhnd thinklhboutBvhatlbach axiom says inll
theltontextlbflbach oflburlbixlexamples.l

andl

Definition 1.1.04 ringls a set R togethervith two operationslbn R (additionl
andlinultiplication)Buch that:l

1.0addition islhissociative —that is, for all a, b, clle RO

alr (b + ¢) = (aly b) + ¢;[
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2.0addition islkommutativel— that is, forall a, b € Rl
al+ b=b+ a;l

3. R has a zero elementl— that is,there is an elementl0 in Rbuch that,ll
for all allke RO

a0 =g;0
4.0for every alk R,[there is an elementl—a in Ruch thatll
alt (—a) = 0;0
S.0multiplication islissociativel—[that is, for all a, b, clle Rl
a(bc) = (ab)c;0

6.0multiplication is distributive over additionl— that is, for alll
a, b, cle RI

(aBt b)cl= acB+ bl andl a(b + ¢) = abB+ ac.

The previous sixlhixiomsHefine a ring, but we will want toltoncernll
ourselves in this book only with rings that3atisfy two additionalll
axioms. Thus, altommutative ring with identityls a ring Rl
such that:ll

7.0multiplication isltommutative —[that is, for all a, b € RO

abl= ba;ll

8. R has a multiplicative identityll— that is, there is an element[l in RO
such that for all ale RO

all =a.

[t0will belextremely important to remember that throughout the restll
oflthisbooklthelwordlringlwillthlwayslimeanlrommutativelringlwithlanl
identitylklement.Thislkhouldtausetholtonfusion,butlbhouldhlwaysbel
keptlfirmlylin0mind,Isincelithelltheorylofllnoncommutativelringsthasl
quitelaldifferentlcharacterlfromlcommutativelringlitheory.INotellthatll
we havelhlready seenlbnelbxample of alhoncommutative ring, the ringll
of 2by 2 matrices,M;,defined in Example 6, and that the set of evenl
integers, 2Z, forms a commutative ringWwithoutlhnfidentitylélement.l
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Verifying that a given set together with two operations offhddition(l
andlmultiplicationlislinfactthlkingl—thatlls,Othatlitkatisfiesthlleightl
axioms — can be a long andltedious process (see Problem 1.7). Note alsoll
that thelzerolklementlimentioned infAxiom (3)tan takelifferent forms0
depending[bn the ring in question. For the ringslZ,0Q, and R thelkeroll
element is just thelhumber 0. For the ring[C itlis theltomplexhumber[l
0 + 0i which we alsoliisually denote more simply by 0.8imilarly, for thell
ringlbflbolynomials,[Z[x], thelzerolklement is theltonstant polynomialll

0.0ForMgitlisOthelzerodmatrix 88 . YoullshouldImakelsurellthat,[

forlleachlofltheselexampleslofllrings,lyoullcanlidentifyltheladditivell
inverselmentioned inlAxiom (4), as well as thelinultiplicativelidentityll
offAxioml[(8).0

Given that theltight ringlhxioms statedlhbove werellmotivated by ourll
desire to have rings behave algebraically just as weléxpect, it is not at allll
surprising that the following threelfamiliar rules oflhlgebra stilllhold inll
anlarbitrary ring(R:0

1.00al= 0, for all @l R;0
2. (—a)b = —(ab),forallld, b € R;0
3.0a(b — ¢) = abl- acl) for all @, b, clic R .0

Thel verificationll ofll thesell rulesl froml thell axioms[ isl leftl tol youl
(see[Problem 1.2).0

TheDefinitionlbflaSubringll
ItfisOfrequentlylthellcaselthatOwelwishOtolfocuslourlattentionlonal
particularbubset of a ring. Forllexample,lwithin the ringRof(alllreall
numbers wellnay wish tolHeal(wvith thelintegers.Thelpointthere is that(l
thelintegers themselves form a ring,land this ring8haresBvith thellargerl
ringR thelbperationslbflhdditionlhndnultiplication,hsOvelllasthaving(l
the same identity. In such a situation, we say that the subset in question[l
is albubringldf thellarger ring.l

Asllmentioned above, it is would be tedious always to have to checkll
inltomplete detail that a givenbubset of a ring isltself a ring in order toll
know it is a subring. Fortunately, in theltontext we are discussing, therell
isfhlkhortcutwvhichlwelwilllhdoptlhsiburefinitionbflhlkubring.0'henl
I will leave to you in Problem 1.13 thelbne-time-only details of showing[l
that thisbhortcut is inltact equivalent to the notion of alkubring givenll
in the precedinglparagraph.l

Using thislkhortcut, then, in order to verify that a givenlkubset of all
ring islindeed albubring, all thatlheeds to belldone is to check that thell
subsetlkontains thelidentity of thellarger ring, that thelbubset isltlosedl
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underlhddition andnultiplicationl— that is, if you add orlinultiply twoll
elements of thelbubset then you getlhnlklement of thelkubsetl—[hnd,l
finally,lthatlithelsubsetlicontainsfadditivellinversesl—[thatllis,0forleachl
element in the subset, itslthdditive inverse is also in the subset.l

Definition 1.2.04 subset S of a ring R is a subring[bf R if S is closedlinderll

thelhdditionandOmultiplicationlbperationslbfUR, kontainsthdditivelinverses, [l
andlkontains thelfmultiplicative) identity of R.II
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Problemsl
1.10 Show that in a ring thelkerolélement, thelmultiplicativeidentity, andl

1.20

1.30

1.40

1.50

1.6l

additive inverses arelbach uniquel}— that is, there is only onelélement(l
thatbehaveslike 0,lbnly onelelement thatlbehavesllike 1,lind forleachl
elementllilbnly oneltlement thatlbehavesllike(—a.0

Use theltight ringlhxioms to prove the threelfamiliar rules oflhlgebrall
(1)-(3) listed on page 7. (Ofltourse,lb — clisBimply a convenientll
shorthand forb + (—c).)0

Let R be aring,lhnd letlls, b € R. Prove that (—a)(—b) = ab.ll

In this problem welee that the ordinary rules forléxponents we arell
familiarBvith still work perfectly in a ring. Let[R be a ring and let alke R.0
We canlinductively definelpowers of alhs follows:[I

a®=1 and B"=a""'al forll 0.
Uselinductionlbnlh (fixinglin asthecessary) to prove that:[
@) (ab)™= a"p"™80 (ii) a"a"™= a™™0 (iii) (@)= a™™

forlhny non-negative integers m andlh.

Note that we havethot definedli~! since in an arbitrary ring a given
elementlzinay or may not have a multiplicative inverse. For example,[ll
thelblement 2 does not have a multiplicative inverse in the ring Z.0
Therefore, theBymbolli—%should only be written when you are surell
that the elementl# does inlfact have a multiplicative inverse in the ring.l

Let R be a ring such that 1= 0, where O is the zero element and 1 is thell
multiplicative identity in the ring. Show that[R consistsbffjust a singlell
element. (By the way, youlthouldltonvince yourself that,[Eonversely,
thelet RO= {0} where the operations oflaiddition andmultiplication arell
defined by Ot O = 0 and 0 HO = O islhctually a ring by veritying[hll thell
axioms.) This rather trivial, yet not altogetherininteresting, examplell
of aring isltalled thelkero ring.l

We define the set Z x Z to be the set of all ordered pairs oflintegers —[
thatis,lZ. x Z = {(a,b) | a,b € Z}. Show how to make Z x Z into a ring[l
by suitably defining the operations oflhddition andinultiplication.l
What is thelkero element of this ring?[What is thelmultiplicativell
identity?0
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You may want to skip this exercise. It is long andlfedious, but youl
should probably do it anyway, just so that you know youltan goll
through the details of verifying the ringlhxiomsivhenhecessary.lI
Assuming that the set of realthumbersR is a ring,Ehow that thell
complexthumbers form a ring with operations aslefined in Example 4.0

We quitelhaturally denote the set of evenlintegers by 2Z. s 2Z all
subringlbflZ 70

Do the rationals form afubring of the reals?[

Does the set of allthumbers of the formli + bi/3 where & and[b arell
rationallhumbers form a subring of the reals?ll

Do the reals form a subring of theltcomplexthumbers?[l

Does the set of alllhumbers of the formli + bi wherellz and[b arell
integers form a subring of theltomplexhumbers?[

Let S be a subset of a ring[R.Bhow that if(§ is a subring by thell
definitionlbnlpage 7, thenls isOtself a ring.l
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