
Chapter One

SESQUILINEAR FORMS, ASSOCIATED

OPERATORS, AND SEMIGROUPS

1.1 BOUNDED SESQUILINEAR FORMS

Let H be a Hilbert space overK = C or R. We denote by(.; .) the inner
product ofH and by‖.‖ the corresponding norm. Leta be a sesquilinear
form onH, i.e.,a is an application fromH ×H intoK such that for every
α ∈ K andu, v, h ∈ H :

a(αu+ v, h) = αa(u, h)+ a(v, h) and a(u, αv +h) = αa(u, v)+ a(u, h).
(1.1)

Hereα denotes the conjugate number ofα. Of course,α = α if K = R and
in this case the forma is then bilinear. For simplicity, we will not distinguish
the two casesK = R andK = C. We will use the sesquilinear term in both
cases and also write conjugate, real part, imaginary part, and so forth of
elements inK as if we hadK = C. These quantities have their obvious
meaning ifK = R.

DEFINITION 1.1 A sesquilinear forma : H × H → K is continuous if
there exists a constantM such that

|a(u, v)| ≤ M‖u‖‖v‖ for all u, v ∈ H.

Every continuous form can be represented by a unique bounded linear op-
erator. More precisely,

PROPOSITION 1.2 Assume thata : H×H → K is a continuous sesquilin-
ear form. There exists a unique bounded linear operatorT acting onH
such that

a(u, v) = (Tu; v) for all u, v ∈ H.

Proof. Fix u ∈ H and consider the linear continuous functional

φ(v) := a(u, v), v ∈ H.
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By the Riesz representation theorem, there exists a unique vectorTu ∈ H,
such that

φ(v) = (v; Tu) for all v ∈ H.

The fact thatT is a linear and continuous operator onH follows easily from
the linearity and continuity of the forma. The uniqueness ofT is obvious.
2

The bounded operatorT is the operator associated with the forma. One
can study the invertibility ofT (or its adjointT ∗) using the form. More
precisely, the following basic result holds.

L EMMA 1.3 (Lax-Milgram) Leta be a continuous sesquilinear form onH.
Assume thata is coercive, that is, there exists a constantδ > 0 such that

<a(u, u) ≥ δ‖u‖2 for all u ∈ H.

Let φ be a continuous linear functional onH. Then there exists a unique
v ∈ H such that

φ(u) = a(u, v) for all u ∈ H.

Proof. It suffices to prove that the adjoint operatorT ∗ is invertible onH.
Indeed, by the Riesz representation theorem, there exists a uniqueg ∈ H
such that

φ(u) = (u; g) for all u ∈ H,

and hence by writingg = T ∗v for somev ∈ H, it follows that

φ(u) = (u; T ∗v) = (Tu; v) = a(u, v) for all u ∈ H.

Now we prove thatT ∗ is invertible. Letv ∈ H be such thatT ∗v = 0. Thus,

0 = (v; T ∗v) = (Tv; v) = <a(v, v) ≥ δ‖v‖2.

Hencev = 0 and soT ∗ is injective.
It remains to show thatT ∗ has rangeR(T ∗) = H. We first prove that

R(T ∗) is dense. Ifu ∈ H is such that

(u;T ∗v) = 0 for all v ∈ H,

then by takingv = u and using again the coercivity assumption, we obtain
u = 0. Finally, we prove thatR(T ∗) is closed. For this, letvk = T ∗uk be a
sequence which converges tov in H. We have

δ‖uk − uj‖2≤<a(uk − uj , uk − uj)
≤ |(uk − uj ;T ∗uk − T ∗uj)|
≤ ‖uk − uj‖‖vk − vj‖.
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From this, it follows that(uk)k is a Cauchy sequence and hence it converges
in H. If u denotes the limit, thenv = T ∗u by continuity ofT ∗. This proves
thatR(T ∗) is closed. 2

1.2 UNBOUNDED SESQUILINEAR FORMS AND THEIR ASSOCIATED

OPERATORS

1.2.1 Closed and closable forms

In this section, we consider sesquilinear forms which do not act on the whole
spaceH, but only on subspaces ofH. These forms are unbounded sesquilin-
ear forms. They play an important role in the study of elliptic or parabolic
equations (cf. Chapters 4 and 5). We will say, for simplicity, sesquilinear
forms rather than “unbounded sesquilinear forms.”

Let H be as in the previous section and consider a sesquilinear forma
defined on a linear subspaceD(a) of H, called the domain ofa. That is,

a : D(a)×D(a) → K

is a map which satisfies (1.1) foru, v, h ∈ D(a).

DEFINITION 1.4 Let a : D(a) × D(a) → K be a sesquilinear form. We
say that:
1) a is densely defined if

D(a) is dense in H. (1.2)

2) a is accretive if

<a(u, u) ≥ 0 for all u ∈ D(a). (1.3)

3) a is continuous if there exists a non-negative constantM such that

|a(u, v)| ≤ M‖u‖a‖v‖a for all u, v ∈ D(a) (1.4)

where‖u‖a :=
√

<a(u, u) + ‖u‖2.
4) a is closed if

(D(a), ‖.‖a) is a complete space. (1.5)

If a satisfies (1.2)−(1.5), one checks easily that‖.‖a is a norm onD(a).
It is called the norm associated with the forma.

DEFINITION 1.5 Let a be a sesquilinear form onH. The adjoint form ofa
is the sesquilinear forma∗ defined by:

a∗(u, v) := a(v, u) with domain D(a∗) = D(a).
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The symmetric part ofa is defined by

b :=
1
2
(a + a∗), D(b) = D(a).

We say thata is a symmetric form ifa∗ = a, that is,

a(u, v) = a(v, u) for all u, v ∈ D(a).

Let a be a sesquilinear form which satisfies (1.2)−(1.5). ThenD(a) is a
Hilbert space. The inner product is given by

(u; v)a :=
1
2
[a(u, v) + a∗(u, v)] + (u; v) for all u, v ∈ D(a).

The norm‖.‖a is the same as‖.‖b, whereb is the symmetric part ofa.
On a complex Hilbert spaceH, every sesquilinear forma can be written

in terms of symmetric formsb andc as follows:

a = b + ic, D(a) = D(b) = D(c). (1.6)

It suffices indeed to takeb := 1
2(a+a∗) andc := 1

2i(a−a∗). In this way, the
symmetric partb is seen as the real part of the forma andc as the imaginary
part.

In the present chapter we will consider only accretive forms (i.e., forms
that satisfy (1.3)). We could instead consider forms that are merely bounded
from below, that is,

<a(u, u) ≥ −γ(u;u) for all u ∈ D(a)

for some positive constantγ. The general theory of such forms does not
differ much from that of accretive ones. A simple perturbation argument
(which consists of considering the forma + γ, defined by(a + γ)(u, v) :=
a(u, v) + γ(u; v) for u, v ∈ D(a)) allows us to consider only accretive
forms. According to Section 1.2.3 below, ifB denotes the operator asso-
ciated with the accretive forma + γ, thenA = B − γI is the operator
associated witha. HereI denotes the identity operator onH.

If a is a symmetric form, the accretivity property (1.3) means thata is
non-negative, that is,

a(u, u) ≥ 0 for all u ∈ D(a).

Thus, for symmetric forms, we use both terms non-negative or accretive to
refer to the property (1.3).

The condition (1.4) means that the sesquilinear forma is continuous on
the space(D(a), ‖.‖a). The smallest possible constantM for which (1.4)
holds is of some interest (see, e.g., Theorem 1.52).
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PROPOSITION 1.6 Leta : H ×H → K be a closed accretive sesquilinear
form. Then the norms‖.‖ and‖.‖a are equivalent onH.

Proof. We have for everyu ∈ H

‖u‖ ≤ ‖u‖a = [‖u‖2 + <a(u, u)]1/2.

In other words, the identity operatorI : (H, ‖.‖a) → H is continuous.
SinceI is bijective, its inverseI−1 = I is continuous by the closed graph
theorem. Hence, there exists a non-negative constantC such that

‖u‖a ≤ C‖u‖ for all u ∈ H.

This shows that the two norms are equivalent. 2

A stronger assumption than continuity is sectoriality, which we introduce
in the following definition.

DEFINITION 1.7 A sesquilinear forma : D(a) ×D(a) → C, acting on a
complex Hilbert spaceH, is called sectorial if there exists a non-negative
constantC, such that

|=a(u, u)| ≤ C<a(u, u) for all u ∈ D(a). (1.7)

The numerical range ofa is the set

N (a) := {a(u, u), u ∈ D(a) with ‖u‖ = 1}. (1.8)

Clearly,a satisfies (1.7) if and only if the numerical rangeN (a) is contained
in the closed sector{z ∈ C, | arg z| ≤ arctanC}.

PROPOSITION 1.8 Every sectorial form acting on a complex Hilbert space
H is continuous. More precisely, if

|=a(u, u)| ≤ C<a(u, u) for all u ∈ D(a),

whereC ≥ 0 is a constant, then

|a(u, v)| ≤ (1 + C)(<a(u, u))1/2(<a(v, v))1/2 for all u, v ∈ D(a).

Proof. By (1.6) we havea = b+ ic, whereb andc are symmetric forms and
b is non-negative. By the Cauchy-Schwarz inequality,

|b(u, v)| ≤ b(u, u)1/2b(v, v)1/2.

It remains to estimate|c(u, v)|. Changingv into eiψv for someψ, we may
assume without loss of generality thatc(u, v) is real. In this case, we have

c(u, v) =
1
4
[c(u + v, u + v)− c(u− v, u− v)].
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The sectoriality assumption gives

|c(u, v)| ≤ C
4

[b(u + v, u + v) + b(u− v, u− v)]

=
C
2

[b(u, u) + b(v, v)].

Replacingu by
√

εu in the last estimate gives

|c(u, v)| ≤ C
2

[√
εb(u, u) +

1√
ε

b(v, v)
]

.

If b(u, u) 6= 0, we chooseε = b(v,v)
b(u,u) and obtain

|c(u, v)| ≤ Cb(u, u)1/2b(v, v)1/2 = C(<a(u, u))1/2(<a(v, v))1/2.

If b(u, u) = 0, then c(u, v) ≤ C
2 b(v, v). Replacingv by λv for λ > 0

and lettingλ → 0, one obtainsc(u, v) = 0, which gives again the desired
conclusion. 2

A converse to Proposition 1.8 is given by the following simple lemma.

L EMMA 1.9 If a is an accretive and continuous sesquilinear form on a
complex Hilbert spaceH, then1 + a is sectorial. More precisely, ifa satis-
fies (1.4) with some constantM , then

|=[(u;u) + a(u, u)]| ≤ M<[(u; u) + a(u, u)] for all u ∈ D(a)

Proof. The lemma follows immediately from

|=[(u;u) + a(u, u)]| = |=a(u, u)| ≤ |a(u, u)|

and the continuity assumption (1.4). 2

Note that the continuity assumption of the forma is sometimes written in
the following way:

|a(u, v)| ≤ M ′[<a(u, u) + w‖u‖2]1/2[<a(v, v) + w‖v‖2]1/2

for some constantsw andM ′. It is clear that the norms[<a(u, u)+w‖u‖2]1/2

and[<a(u, u)+ ‖u‖2]1/2 are equivalent. For this reason, we have chosen to
write (1.4) and‖.‖a without the extra constantw.

It may happen in some problems that the starting forma satisfies the prop-
erties (1.2)−(1.4) but not (1.5). In this case, one tries to find an extension of
a which is a closed form and acts on a subspace ofH.

DEFINITION 1.10 A densely defined accretive sesquilinear forma is called
closable if there exists a closed accretive formc, acting on a subspaceD(c)
of H, such thatD(a) ⊆ D(c) anda(u, v) = c(u, v) for all u, v ∈ D(a).
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A closed extension, when it exists, is not unique in general.1 Nevertheless,
in that case, one can define the smallest closed extensiona. It is tempting to
definea as follows:

D(a) := {u ∈ H s.t. ∃un ∈ D(a) : un → u (in H) and
a(un − um, un − um) → 0 as n,m →∞}

and

a(u, v) := lim
n→∞

a(un, vn) (1.9)

for u, v ∈ D(a), where(un)n and(vn)n are any sequences of elements of
D(a) which converge respectively tou andv (with respect to the norm of
H) and satisfya(un − um, un − um) → 0 anda(vn − vm, vn − vm) → 0
asn,m →∞.

PROPOSITION 1.11 Let a be a densely defined, accretive, and continu-
ous sesquilinear form. Ifa is closable, thena is well defined and satisfies
(1.2)−(1.5). In addition, every closed extension ofa is also an extension of
a.

Proof. Fix two sequences(un)n and (vn)n of elements ofD(a) which
converge for the norm ofH and satisfya(un − um, un − um) → 0 and
a(vn−vm, vn−vm) → 0 asn,m →∞. In order to see thatlim

n→∞
a(un, vn)

exists, we write using the continuity assumption (1.4):

|a(un, vn)− a(um, vm)|= |a(un − um, vn) + a(um, vn − vm)|
≤M‖un − um‖a‖vn‖a + M‖vn − vm‖a‖um‖a.

Since‖un − um‖a and‖vn − vm‖a → 0 asn,m → ∞, the sequences
(‖un‖a)n and(‖vn‖a)n are bounded. It follows from the previous inequality
thata(un, vn) is a Cauchy sequence, thus it is convergent.

The fact thatlim
n→∞

a(un, vn) is independent of the chosen sequences(un)n

and(vn)n follows by a similar argument. Indeed, if(u′n)n and(v′n)n satisfy
the same properties as(un)n and(vn)n, then

|a(un, vn)− a(u′n, v′n)|= |a(un − u′n, vn) + a(u′n, vn − v′n)|
≤M‖un − u′n‖a‖vn‖a + M‖vn − v′n‖a‖u′n‖a.

Now, if a1 is a closed extension ofa then‖un − u′n‖a = ‖un − u′n‖a1 → 0
asn →∞, since(un)n and(u′n)n converge to the same limit in the Hilbert

1A simple example is given by the forma(u, v) =
R
(0,1)

d
dxu d

dxvdx, D(a) = C∞c (0, 1).
The same expression with domains the Sobolev spacesH1

0 (0, 1) andH1(0, 1) gives two
different closed extensions. See Chapter 4 for more examples.
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space(D(a1), ‖.‖a1). Applying the same argument to‖vn−v′n‖a, we obtain
|a(un, vn)− a(u′n, v′n)| → 0 asn →∞.

By construction,D(a) is dense in(D(a), ‖.‖a) and hence (1.2)−(1.4)
hold for the forma. This density shows also that every closed extension of
a is an extension ofa.

Finally, we show thata is closed. Let(un)n ∈ D(a) be a Cauchy se-
quence for the norm ofa. It converges with respect to the norm ofH to
someu ∈ H. It follows from the definition ofa thatu ∈ D(a). In addition,

a(un − u, un − u) = lim
m

a(un − um, un − um).

Thus,

lim
n

a(un − u, un − u) = 0,

which means that the sequence(un)n is convergent in(D(a), ‖.‖a). This
together with the density ofD(a) in (D(a), ‖.‖a) show thata is a closed
form. 2

DEFINITION 1.12 If the form a is closable, thena defined by (1.9) with
domainD(a) is called the closure of the forma.

Remark. 1) The proof of Proposition 1.11 shows that ifa is any sesquilin-
ear form satisfying (1.2)−(1.4) and(un)n, (vn)n are convergent sequences
in H, such thata(un − um, un − um) anda(vn − vm, vn − vm) → 0 as
n,m →∞, then the limit in the right-hand side of (1.9) exists. In addition,
if a is closed then this limit isa(u, v), whereu andv are the limits inH of
(un)n and(vn)n, respectively.

2) It follows also from the same proof that ifa is a sesquilinear form
satisfying (1.2)−(1.4), then the forma is closed whenever it is well defined
(i.e., the limit in the right-hand side of (1.9) does not depend on the chosen
sequences(un)n and(vn)n).

PROPOSITION 1.13 Let a be a densely defined, accretive, and continuous
sesquilinear form. Thena is closable if and only if it satisfies the following
property:
If (un)n ∈ D(a), un → 0 in H anda(un−um, un−um) → 0 (as n, m →
∞), thena(un, un) → 0 asn →∞.

Proof. Assume thata is closable and leta1 be a closed extension. Ifun →
0 in H and a(un − um, un − um) → 0, then (un)n converges to0 in
(D(a1), ‖.‖a1). The above proposition (or the above Remark 1)) implies
thata(un, un) = a1(un, un) → 0.
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Now we prove the converse. We construct a closed extension by taking
the completion ofD(a) with respect to the norm‖.‖a. That is, we prove that
the forma given by (1.9) with domainD(a) is well defined (by Remark 2)
above,a will be a closed extension ofa). As mentioned in Remark 1) above,
the limit in the right-hand side of (1.9) exists. It remains to prove that the
limit is independent of the chosen sequences(un)n and(vn)n. Let (u′n)n
and (v′n)n be two other sequences satisfyingu′n → u, v′n → v in H and
‖u′n − u′m‖a, ‖v′n − v′m‖a → 0 asn,m →∞. We write again

|a(un, vn)− a(u′n, v′n)|= |a(un − u′n, vn) + a(u′n, vn − v′n)|
≤M‖un − u′n‖a‖vn‖a + M‖vn − v′n‖a‖u′n‖a.

The sequencewn := un − u′n satisfieswn → 0 in H and

‖wn − wm‖a ≤ ‖un − um‖a + ‖u′n − u′m‖a → 0 as n, m →∞.

By assumption, this impliesa(wn, wn) → 0 asn →∞. The same argument
applies tovn − v′n. Hence,|a(un, vn)− a(u′n, v′n)| → 0 asn →∞. 2

Lemma 1.29 below guarantees the closability for a class of sesquilinear
forms. There are several examples of sesquilinear forms which are not clos-
able.

Example 1.2.1 Consider onL2(R) (endowed with the Lebesgue measure
dx) the symmetric form

a(u, v) = u(0)v(0), D(a) = Cc(R), (1.10)

whereCc(R) is the space of continuous and compactly supported functions
onR. Thena is densely defined, symmetric, and non-negative but not clos-
able. Indeed, choose a sequence(un)n ∈ Cc(R) such thatun(0) = 1 for
all n and such thatun → 0 in L2(R). Thus,a(un − um, un − um) = 0 and
un → 0 in L2(R) but a(un, un) = 1 for all n. Proposition 1.13 shows that
a is not closable.

Example 1.2.2 Consider now on the real spaceL2(R) (endowed again
with the Lebesgue measuredx) the form

a(u, v) =
∫

R

du
dx

(x)v(x)dx, D(a) = H1(R). (1.11)

The forma is not closable. Otherwise, the fact thata(u, u) = 0 for all u ∈
H1(R) implies thatD(a) = L2(R) and one deduces from Proposition 1.2
that there exists a bounded linear operatorT onL2(R) such thata(u, v) =
(Tu; v) for all u, v ∈ H1(R). This is not possible sinceTu = du

dx for u ∈
H1(R) andT cannot be extended to a bounded operator onL2(R).
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Example 1.2.2 shows also that the conclusion of Proposition 1.13 cannot
hold if the form is not continuous.

DEFINITION 1.14 Let a be a densely defined accretive sesquilinear form
on H. A linear subspaceD of D(a) is called a core ofa if D is dense in
D(a) endowed with the norm‖.‖a.

Let D be a linear subspace ofD(a). The restriction ofa to D is the form
a|D, defined by

a|D(u, v) = a(u, v), D(a|D) = D.

A relationship between closability and the notion of core is given by the
following.

PROPOSITION 1.15 Let a be a densely defined, accretive, continuous, and
closed sesquilinear form. Denote byD a linear subspace ofD(a). ThenD
is a core ofa if and only if the closure ofa|D is a, i.e.,a|D = a.

Proof. The forma is a closed extension ofa|D, hence it is an extension of
a|D.

Assume thatD is a core ofa and letu ∈ D(a). There exists a sequence
(un) ∈ D such that‖un − u‖a → 0 asn → ∞. Hence,(un) converges
to u in H anda(un − um, un − um) → 0 asn,m → ∞. This shows that
u ∈ D(a|D). Thereforea|D = a.

Conversely, assume thata|D = a and letu ∈ D(a) = D(a|D). It follows
from the definition of the closure that there exists a sequence(un) in D
which converges inH to u and such thata|D(un − um, un − um) → 0 as
n,m → ∞. This means that(un) converges tou with respect to the norm
‖.‖a, which shows thatD is a core ofa. 2

1.2.2 Perturbation of sesquilinear forms

In this section, we study perturbations of forms. The main questions concern
closability and continuity of the sum of two sesquilinear forms.

The suma + b of two sesquilinear formsa andb onH is defined by

[a + b](u, v) := a(u, v) + b(u, v), D(a + b) = D(a) ∩D(b).

THEOREM 1.16 Let a and b be two accretive sesquilinear forms onH.
Then the suma + b is accretive. In addition,
1) If a andb are continuous, then so isa + b.
2) If a andb are closed, then so isa + b.
3) If a andb are closable, then so isa + b.
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Proof. The accretivity of the sum as well as assertion 1) are obvious. As-
sume thata and b are closed. Let(un)n ∈ D(a) ∩ D(b) be a Cauchy
sequence for the norm‖.‖a+b. The inequalities‖.‖a ≤ ‖.‖a+b and‖.‖b ≤
‖.‖a+b imply that (un)n is a Cauchy sequence for the norms‖.‖a and for
‖.‖b. It follows that(un)n converges both in(D(a), ‖.‖a) and(D(b), ‖.‖b).
The limit in both spaces is the same since the convergence in each space
implies the convergence inH. The limit belongs then toD(a) ∩D(b). The
inequality‖.‖a+b ≤ ‖.‖a + ‖.‖b implies that(un)n converges with respect
to the norm‖.‖a+b. Hence,a + b is closed.

If both formsa andb are closable, then the sum of their closuresa + b is
a closed form by assertion 2). Thus,a + b is a closed extension ofa + b.
The latter is then a closable form, its closurea + b is a restriction ofa + b.
2

DEFINITION 1.17 Let a be a densely defined, accretive, continuous, and
closed sesquilinear form onH. A sesquilinear forma′ with domainD(a′) is
a-form bounded ifD(a) ⊆ D(a′) and there exist non-negative constantsα
andβ such that

|a′(u, u)| ≤ α|a(u, u)|+ β‖u‖2 for all u ∈ D(a). (1.12)

The infimum of all possible constantsα for which the inequality holds is
called thea-bound ofa′.

Under closability assumptions on the forms,a′ is a-bounded as soon as
D(a) ⊆ D(a′). More precisely,

PROPOSITION 1.18 Let a and a′ be accretive and continuous forms. As-
sume thata is closed,a′ is closable, andD(a) ⊆ D(a′). Thena′ is a-
bounded.

Proof. Since the forma′ is closable, its restriction toD(a), a′|D(a) : D(a)×
D(a) → K is also closable. Thus,a′|D(a) is a closable form acting on the
Hilbert space(D(a), ‖.‖a). Its closure (as a form on(D(a), ‖.‖a)) is itself.
By Proposition 1.6, there exists a non-negative constantM such that for all
u ∈ D(a)

|a′(u, u)| ≤ M‖u‖2
a = M [‖u‖2 + <a(u, u)].

This proves thata′ is a-bounded. 2

Assume thata is an accretive and continuous sesquilinear form. Denote
by b := 1

2 [a + a∗] the symmetric part ofa. Recall thatb(u, u) = <a(u, u)
for all u ∈ D(a). Using the continuity ofa, we have for allu ∈ D(a)

b(u, u) ≤ |a(u, u)| ≤ M‖u‖2
a = M [‖u‖2 + b(u, u)].
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It follows from this that a forma′ is a-bounded if and only if it isb-bounded.
The next theorem shows that continuity and closability properties carry

over from a forma to a + a′ provided the forma′ is a-bounded with small
bound.

THEOREM 1.19 Leta be an accretive and continuous sesquilinear form on
a complex Hilbert spaceH. Assume thata′ is a sesquilinear form such that
D(a) ⊆ D(a′) and

|a′(u, u)| ≤ α<a(u, u) + β‖u‖2 for all u ∈ D(a), (1.13)

whereα, β are non-negative constants withα < 1. Then the form sumt :=
a+a′+β with domainD(t) = D(a) is accretive and continuous. Moreover,
1) t is closed if and only ifa is closed.
2) t is closable if and only ifa is closable.

Proof. The domain oft is D(a), sinceD(a) ⊆ D(a′). By (1.13) and the
fact thatα < 1, we have foru ∈ D(a),

<t(u, u) = <a(u, u) + <a′(u, u) + β‖u‖2 ≥ (1− α)<a(u, u) ≥ 0.

Thus,t is accretive.
Using the continuity ofa, we obtain by Lemma 1.9 and (1.13)

|=t(u, u)| ≤ |=a(u, u)|+ |=a′(u, u)|
≤α<a(u, u) + β‖u‖2 + M [<a(u, u) + ‖u‖2]

≤ M + α
1− α

<t(u, u) + (M + β)‖u‖2

≤C<[t(u, u) + ‖u‖2]

for some non-negative constantC. Hence, the formt+1 is sectorial. Propo-
sition 1.8 implies thatt is continuous.

The inequalities

<t(u, u) ≥ (1− α)<a(u, u) and <t(u, u) ≤ (1 + α)<a(u, u) + 2β‖u‖2

show that the norms‖.‖a and‖.‖t are equivalent onD(a). From this, as-
sertion 1) follows immediately. To prove assertion 2), let us assume that
a is closable and let(un) ∈ D(a) such thatun → 0 in H and t(un −
um, un − um) → 0 asm,n → ∞. Then,<a(un − um, un − um) → 0 as
m,n → ∞, since the norms‖.‖a and‖.‖t are equivalent. By continuity of
a, it follows thata(un − um, un − um) → 0. Proposition 1.13 asserts that
a(un, un) → 0 asn →∞. As previously, we obtain from this and continu-
ity of t, thatt(un, un) → 0 asn →∞ and we conclude by Proposition 1.13
thatt is closable. The converse holds for the same reasons. 2

The following proposition is extracted from the previous proof.
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PROPOSITION 1.20 Leta anda′ be two accretive and continuous sesquilin-
ear forms on a Hilbert spaceH. Assume thatD(a) = D(a′) and the norms
‖.‖a and‖.‖a′ are equivalent. Then
1) a is closed if and only ifa′ is closed.
2) a is closable if and only ifa′ is closable.

1.2.3 Associated operator

Let a be a densely defined, accretive, continuous, and closed sesquilinear
form onH. One can define in terms ofa an unbounded operatorA, defined
on a linear subspaceD(A) of H as follows:

u ∈ D(a) is in the domainD(A) of A, if and only if there existsv ∈ H
such that the equalitya(u, φ) = (v; φ) holds for allφ ∈ D(a). We then set
Au := v.

We rewrite this as

D(A) = {u ∈ H s.t. ∃v ∈ H : a(u, φ) = (v; φ) ∀φ ∈ D(a)}, Au := v.

Observe also thatD(A) is the set of vectorsu ∈ D(a) for which the map-
pingφ 7→ a(u, φ) is continuous onD(a) with respect to the norm ofH.

DEFINITION 1.21 The linear operatorA, defined above, is called the op-
erator associated with the forma.

There are several important properties of operators which are associated
with sesquilinear forms. We start with the following result.

PROPOSITION 1.22 Denote byA the operator associated with a densely
defined, accretive, continuous, and closed sesquilinear forma. ThenA is
densely defined and for everyλ > 0, the operatorλI +A is invertible (from
D(A) into H) and its inverse(λI +A)−1 is a bounded operator onH (here
I is the identity operator). In addition,

‖λ(λI + A)−1f‖ ≤ ‖f‖ for all λ > 0, f ∈ H.

Proof. Fix λ > 0 and put

‖u‖λ :=
√

<a(u, u) + λ‖u‖2, u ∈ D(a).

The norm‖.‖λ is equivalent to the norm‖.‖a and henceV := (D(a), ‖.‖λ)
is a Hilbert space. It follows from (1.4) that the formλ + a∗ (defined by
(λ + a∗)(u, v) = λ(u; v) + a∗(u, v)) is bounded onV. It is in addition
coercive onV.
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Let f ∈ H and define

φ(v) := (v; f), v ∈ V.

Clearly,φ is a linear continuous functional onV. Thus by Lemma 1.3, there
exists a uniqueu ∈ V such that

φ(v) = a∗(v, u) + λ(v; u) = a(u, v) + λ(v; u) for all v ∈ V.

It follows from this and the definition ofA thatu ∈ D(A) and(λI +A)u =
f. Thus,λI + A has rangeR(λI + A) = H. The accretivity assumption
(1.3) implies easily thatλI + A is injective and hence invertible.

Let nowf ∈ H and letu ∈ D(A) be such that(λI + A)u = f. Taking
the inner product withu, and using

<(Au; u) = <a(u, u) ≥ 0,

it follows that

<(f ;u) ≥ λ‖u‖2.

This implies thatλ‖u‖ ≤ ‖f‖. That is,

‖λ(λI + A)−1f‖ ≤ ‖f‖.

Finally, we show thatD(A) is dense inH. Let v ∈ H be such that

(v;u) = 0 for all u ∈ D(A).

SinceI + A is invertible, there existsψ ∈ D(A) such thatv = (I + A)ψ.
Applying the above equality withu = ψ, we obtain

0 = (v; ψ) = ((I + A)ψ;ψ) = ‖ψ‖2 + (Aψ;ψ).

This together with the fact that<(Aψ; ψ) = <a(ψ,ψ) ≥ 0 implies that
ψ = 0 and hencev = 0. 2

Note that if the sesquilinear forma satisfies (1.2)−(1.5), then the adjoint
form a∗ satisfies the same conditions. One then associates an operator with
a∗. It turns out that this operator is the adjointA∗ of A. Let us recall the
definition of the adjoint for unbounded operators.

DEFINITION 1.23 Let B be a densely defined operator acting inH. The
adjoint ofB is the operatorB∗ defined by

D(B∗) = {u ∈ H s.t. ∃v ∈ H : (Bφ;u) = (φ; v) for all φ ∈ D(B)},
B∗u := v.
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A symmetric operatorB is an operator such thatD(B) ⊆ D(B∗) and
Bu = B∗u for all u ∈ D(B).

The operatorB is self-adjoint ifB∗ = B. This means thatD(B) =
D(B∗) andBu = B∗u for all u ∈ D(B).

PROPOSITION 1.24 The operator associated witha∗ is A∗. In particular,
if a is symmetric thenA is self-adjoint.

Proof. Denote byB the operator associated witha∗ and letu ∈ D(B). By
definition,

a∗(u, φ) = (Bu; φ) for all φ ∈ D(a∗) = D(a).

Hence

(Bu; φ) = a∗(u, φ) = a(φ, u) = (Aφ;u) for all φ ∈ D(A).

This shows thatu ∈ D(A∗) and A∗u = Bu. It remains to prove that
D(A∗) ⊆ D(B). For this, fixv ∈ D(A∗). By Proposition 1.22, there exists
ψ ∈ D(B) such that(I+A∗)v = (I+B)ψ. Hence(I+A∗)v = (I+A∗)ψ.
Thus,

(v − ψ; (I + A)u) = ((I + A∗)(v − ψ); u) = 0 for all u ∈ D(A).

SinceI + A is invertible, this implies thatv = ψ ∈ D(B). 2

We have seen in Proposition 1.22 that the operatorA associated witha
is densely defined inH. It is also densely defined inD(a), endowed with
the norm‖.‖a. This is formulated in the following lemma whose proof is
postponed to Section 1.4.2.

L EMMA 1.25 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form and denote byA its associated operator. ThenD(A) is a
core ofa.

Using this lemma and Proposition 1.15 one concludes that the forma coin-
cides with the closure of the restriction ofa to D(A), that is,a = a|D(A).

DEFINITION 1.26 1) An operatorB : D(B) ⊆ H → H is called sectorial
if there exists a non-negative constantC, such that

|=(Bu;u)| ≤ C<(Bu;u) for all u ∈ D(B). (1.14)

2) The numerical range of an operatorB onH is the set

N (B) := {(Bu; u), u ∈ D(B) with ‖u‖ = 1}.
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Clearly,B satisfies (1.14) if and only if its numerical rangeN (B) is con-
tained in the sector{z ∈ C, | arg z| ≤ arctan C}.

It is also clear that the operator associated with a sectorial form is a sec-
torial operator. The converse is also true. We formulate this in the following
proposition.

PROPOSITION 1.27 Let a be a densely defined, accretive, continuous, and
closed sesquilinear form acting on a complex Hilbert spaceH. Denote by
A the operator associated witha. The following assertions are equivalent:
1) a is a sectorial form.
2) A is a sectorial operator.

The proposition is an immediate consequence of the following lemma.

L EMMA 1.28 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form acting on a complex Hilbert spaceH and denote byA its
associated operator. Then, the numerical rangeN (A) of A is dense in the
numerical rangeN (a) of a.

Proof. Apply Lemma 1.25. 2

L EMMA 1.29 Let A be a densely defined operator on a Hilbert spaceH
such that<(Au; u) ≥ 0 for all u ∈ D(A). Assume that either:
1) H is complex and there exists a constantα ≥ 0, such that the operator
αI + A is sectorial,
or
2) A is a symmetric operator (hereH may be real).
Then the form defined by

a(u, v) := (Au; v) with domain D(a) = D(A)

is closable.

Proof. Assume that 1) is satisfied. Write

a(u, v) = ((αI + A)u; v)− α(u; v).

By Proposition 1.8, the sectorial form(u, v) → ((αI+A)u; v) is continuous
and hencea is continuous, too.

If 2) is satisfied, thena is continuous. This follows from the Cauchy-
Schwarz inequality.

In order to prove thata is closable, we apply Proposition 1.13. Assume
that(un) ∈ D(A) is such thatun → 0 in H anda(un − um, un − um) →
0 (as n,m →∞). By continuity of the form, we have

|a(un, un)| ≤ |a(un − um, un)|+ |a(um, un)|
≤M‖un − um‖a‖un‖a + |(Aum; un)|.
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By assumption,‖un−um‖a → 0 asm,n →∞ and thus‖un‖a is a bounded
sequence. In addition, for eachm, |(Aum; un)| → 0 asn → ∞. These
properties imply thata(un, un) → 0 as n → ∞. This proves thata is
closable. 2

The role of assumptions 1) and 2) in Lemma 1.29 is to guarantee the
continuity of the form

a(u, v) := (Au; v), D(a) = D(A). (1.15)

The proof shows that this form is closable whenever it is continuous. The
assumption of continuity cannot be removed. Also, on a real Hilbert space,
the single assumption that(Au, u) ≥ 0 for all u ∈ D(A), is not enough to
guarantee the closability of the forma. All this can be seen from Example
1.2.2.

When the form defined by (1.15) is closable, the operator associated with
its closure is clearly an extension ofA.

DEFINITION 1.30 The operator associated with the closurea of the form
a defined by (1.15) is called the Friedrichs extension ofA.

PROPOSITION 1.31 Let B : D(B) ⊆ H → H be a closed operator (see
Definition 1.33 below) with dense domainD(B). ThenB∗B defined by

D(B∗B) = {u ∈ D(B), Bu ∈ D(B∗)}, B∗Bu = B∗(Bu)

is a densely defined self-adjoint operator.

Proof. Define the symmetric form

a(u, v) = (Bu; Bv), D(a) = D(B).

SinceB is a closed operator,a is a closed form. Thus, there exists a self-
adjoint (and densely defined) operatorA associated witha. By definition,

D(A) = {u ∈ D(a), ∃v ∈ H : a(u, φ) = (v;φ) ∀φ ∈ D(a)}, Au = v.

Thus,

D(A)= {u ∈ D(B), ∃v ∈ H : (Bu; Bφ) = (v; φ) ∀φ ∈ D(B)}
= {u ∈ D(B), Bu ∈ D(B∗)},

andAu = B∗(Bu). This shows thatA = B∗B and proves the proposition.
2

We finish this section with the following lemma, which is related to the re-
sults of the previous section. Its proof requires certain results of the present
section.
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L EMMA 1.32 Leta be a densely defined, accretive, continuous, and closed
form on a Hilbert spaceH. Assume that(un)n is a bounded sequence in
(D(a), ‖.‖a) which converges inH to u. Thenu ∈ D(a) and we have
<a(u, u) ≤ lim inf

n
<a(un, un).

Proof. The sequence(un)n is bounded in the Hilbert space(D(a), ‖.‖a),
thus it has a weakly convergent subsequence. Let(unk) be this subsequence
andφ ∈ D(a) be its weak limit. For everyv ∈ D(a),

(unk ; v) + b(unk , v) → (φ; v) + b(φ, v) as nk →∞, (1.16)

whereb denotes the symmetric part ofa. Denote byB the self-adjoint op-
erator associated withb. The above convergence holds forv ∈ D(B) and
hence

(unk ; (I + B)v) → (φ; (I + B)v).

Now the fact thatunk converges tou in H implies that

(u; (I + B)v) = (φ; (I + B)v) for all v ∈ D(B).

By Proposition 1.22,I + B is invertible and henceu = φ ∈ D(a).
Taking v = u in (1.16), yieldsb(u, u) = limk b(unk , u). This and the

Cauchy-Schwarz inequality implyb(u, u) ≤ lim inf b(unk , unk). It follows
that b(u, u) ≤ lim inf b(un, un) since we can replace(un)n in the above
arguments by any subsequence. 2

Remark. We have used in the proof only that some subsequence of(un)
converges weakly tou. Therefore, the conclusion of the lemma holds un-
der the weaker assumption that(un) is a bounded sequence in(D(a), ‖.‖a)
which converges weakly inH to u.

1.3 SEMIGROUPS AND UNBOUNDED OPERATORS

1.3.1 Closed and closable operators

Throughout this section,E denotes a Banach space (overK = R orC) with
norm‖.‖. By L(E), we denote the space of all bounded linear operators on
E.

DEFINITION 1.33 An operatorB : D(B) ⊆ E → E is called a closed
operator if the graph

G(B) := {(u; Bu), u ∈ D(B)}

is closed inE × E.
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This definition can be rephrased as follows:

If (xn)n ∈ D(B) is such thatxn → x andBxn → y in E (asn → ∞),
thenx ∈ D(B) andy = Bx.

Note also thatB is a closed operator if and only ifD(B) endowed with the
graph norm‖.‖+ ‖B.‖ is a complete space.

DEFINITION 1.34 LetB : D(B) ⊆ E → E be an operator onE. A scalar
λ ∈ K is in the resolvent set ofB if λI − B is invertible (fromD(B) into
E) and its inverse(λI −B)−1 is a bounded operator onE. For suchλ, the
operator(λI −B)−1 is the resolvent ofB at λ.
The set

ρ(B) := {λ ∈ K, λI −B is invertible and (λI −B)−1 ∈ L(E)}

is called the resolvent set ofB.
The complement ofρ(B) in K

σ(B) := K \ ρ(B)

is called the spectrum ofB.

PROPOSITION 1.35 1) Assume thatB is a closed operator on a Banach
spaceE. Then a scalarλ is in ρ(B) if and only ifλI−B is invertible (from
D(B) into E).
2) If the resolvent setρ(B) is not empty, thenB is a closed operator.

Proof. In order to prove the first assertion we have to prove that(λI−B)−1

is a continuous operator for everyλ such thatλI − B is invertible. Let
(yn)n be a sequence inE which converges toy and such that(λI−B)−1yn
converges toz. Setxn := (λI − B)−1yn. We havexn ∈ D(B) for eachn
and(λI−B)xn converges toy. SinceB is a closed operator, it follows that
z ∈ D(B) andy = (λI − B)z, that is,z = (λI − B)−1y. We conclude
now by the closed graph theorem that(λI −B)−1 is continuous onE.

Assume thatλ ∈ ρ(B) for someλ. Let (xn) be a sequence inD(B)
such thatxn → x andBxn → y in E. Thus,(λI − B)xn → λx − y and
by continuity of(λI − B)−1, we havexn → (λI − B)−1(λx − y). Thus,
x = (λI − B)−1(λx − y). This implies thatx ∈ D(B) andBx = y. This
shows thatB is a closed operator. 2

DEFINITION 1.36 An operatorB on a Banach spaceE is closable if there
exists a closed operatorC : D(C) ⊆ E → E such thatD(B) ⊆ D(C) and
Bu = Cu for all u ∈ D(B). In other words,B has a closed extensionC.
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Assume thatB is a closable operator on a Banach spaceE. One can
define the smallest closed extensionB of B as follows:

D(B) = {u ∈ E s.t. ∃un ∈ D(B) : lim
n

un = u, lim
n,m

[Bun −Bum] = 0},
(1.17)

and ifu and(un)n are as in (1.17) we set

Bu := lim
n

Bun, (1.18)

where the limits are taken with respect to the norm ofE.
One shows easily thatB is a closed operator and every closed extension

of B is also an extension ofB.
If B is an operator such thatB, defined by (1.17) and (1.18), is well

defined (i.e.,Bu = limn Bun does not depend on the choice of the sequence
(un)), thenB is a closed extension ofB. Consequently,B is closable if and
only if B is a well defined operator.

Let nowu ∈ D(B) and letun ∈ D(B), vn ∈ D(B) be two sequences
which converge tou and such thatBun −Bum → 0 andBvn −Bvm → 0
asn,m →∞. Thus,Bun andBvn converge to somew andw′ in E. Now,
B is well defined if and only ifw = w′. Thus, we have proved the following
characterization of closable operators.

PROPOSITION 1.37 A linear operatorB on E is closable if and only if it
satisfies the following property:
if (un) ∈ D(B) is any sequence such thatun → 0 andBun → v (in E),
thenv = 0.

DEFINITION 1.38 Assume thatB is a closable operator on a Banach space
E. The operatorB defined by (1.17) and (1.18) is called the closure ofB.

DEFINITION 1.39 Let B be an operator with domainD(B) on a Banach
spaceE. A linear subspace ofD(B) is called a core ofB if it is dense in
D(B), endowed with the graph norm‖.‖+ ‖B.‖.

Let B act on a Banach spaceE andD a linear subspace ofD(B). The
restriction ofB to D is the operator

B|Du := Bu for u ∈ D = D(B|D).

The next result follows easily from the previous definitions.

PROPOSITION 1.40 LetB be a closed operator on a Banach spaceE and
D a linear subspace ofD(B). Then,D is a core ofB if and only if the
closure ofB|D is B, i.e.,B|D = B.
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1.3.2 A rapid course on semigroup theory

In this subsection, we give some definitions and recall several important re-
sults and properties of semigroups. Semigroup theory is a well documented
subject and we shall not give a detailed study. For more details and proofs of
the classical results given below see, e.g., Arendt et al. [ABHN01], Davies
[Dav80], Goldstein [Gol85], Engel and Nagel [EnNa99], Kato [Kat80],
Nagel et al. [Nag86], Pazy [Paz83], Yosida [Yos65].

DEFINITION 1.41 1) A semigroup on a Banach spaceE is a family of
bounded linear operators(T (t))t≥0 acting onE such that

T (0) = I and T (t + s) = T (t)T (s) for all t, s ≥ 0.

2) A semigroup(T (t))t≥0 is called a contraction semigroup (or a contrac-
tive semigroup) ifT (t) is a contraction operator onE for eacht ≥ 0.
3) We say that a semigroup(T (t))t≥0 is strongly continuous if for every
u ∈ E, we have

lim
t↓0

T (t)u = u.

Note that the property in 3) is precisely the strong continuity att0 = 0.
From this and the semigroup property it follows that(T (t))t≥0 is strongly
continuous at eacht0 ∈ [0,∞).

DEFINITION 1.42 Let(T (t))t≥0 be a strongly continuous semigroup onE.
The generator of(T (t))t≥0 is the operatorB defined by

D(B) := {u ∈ E, lim
t↓0

1
t
(T (t)u− u) exists},

Bu := lim
t↓0

1
t
(T (t)u− u) for all u ∈ D(B).

The theory of strongly continuous semigroups was developed in order to
study existence and uniqueness of solutions to the evolution equations (or
the Cauchy problem)

(CP )
{

d
dtu(t) = Bu(t), t ≥ 0,
u(0) = f,

whereu : [0,∞) → E satisfiesu(t) ∈ D(B) for all t > 0 is the searched
for solution.

If B is the generator of the strongly continuous semigroup(T (t))t≥0,
then for everyf ∈ D(B), (CP) has a unique solution. The latter is given by
u(t) = T (t)f.

The following is a central theorem in semigroup theory.
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THEOREM 1.43 (Hille-Yosida) LetB be a densely defined operator onE.
The following assertions are equivalent:
i) B is the generator of a strongly continuous semigroup.
ii) There exists a constantw such that(w,∞) ⊆ ρ(B) and

sup
λ>w,n∈N

‖(λ− w)n(λI −B)−n‖L(E) < ∞.

If the operatorB is bounded onE, then it generates a strongly continuous
semigroup. In addition, this semigroup is given by

etB =
∑

k≥0

tkBk

k!
.

By analogy to this case, we will denote by(etB)t≥0 the strongly continuous
semigroup generated by the operatorB, even whenB is not bounded.2

The resolvent of the generatorB coincides with the Laplace transform of
the semigroup, that is,

(λI −B)−1 =
∫ ∞

0
e−λtetBdt for all λ > w.

Conversely, the semigroup can be written in terms of the resolvent. This is
given by the exponential formula

etBu = lim
n

(I − t
n

B)−nu for all u ∈ E.

DEFINITION 1.44 Letψ ∈ (0, π
2 ] and denote byΣ(ψ) the open sector

Σ(ψ) := {z ∈ C, z 6= 0 and| arg z| < ψ}.

A strongly continuous semigroup(T (t))t≥0 acting onE is called a bounded
holomorphic semigroup on the sectorΣ(ψ) if (T (t))t≥0 admits a holomor-
phic extension(T (z))z∈Σ(ψ) such that for eachθ ∈ (0, ψ), (T (z))z∈Σ(θ) is
uniformly bounded and strongly continuous at0.

If the boundedness assumption on smaller sectors is not required, we say
that (T (t))t≥0 is a holomorphic semigroup onΣ(ψ). Finally, by a holomor-
phic semigroup we mean a semigroup that is holomorphic on some sector
of angle> 0.

Note that a holomorphic semigroup on the sectorΣ(ψ) satisfies

T (z + z′) = T (z)T (z′) for all z, z′ ∈ Σ(ψ).

2This notation makes sense for self-adjoint operators by the functional calculus.
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This is a consequence of holomorphy and the corresponding property forz
andz′ ≥ 0.

Holomorphic semigroups play an important role in the theory of evolution
equations and functional calculi. In particular, if the semigroup generated
by B is holomorphic, then

(CP )
{

d
dtu(t) = Bu(t), t > 0,
u(0) = f

have a unique solution for every initial dataf ∈ E.
The following theorem characterizes generators of bounded holomorphic

semigroups (for a proof see, e.g., [ABHN01], Theorem 3.7.11, [Nag86],
Theorem 1.12 Chap. A II, or [EnNa99], Theorem 4.5 Chap. II).

THEOREM 1.45 LetB be a densely defined operator on a complex Banach
spaceE. ThenB generates a semigroup which is bounded holomorphic on
Σ(ψ) if and only ifΣ(ψ + π

2 ) ⊆ ρ(B) and for everyθ ∈ (0, ψ), one has

sup
λ∈Σ(θ+π

2 )
‖λ(λI −B)−1‖L(E) < ∞.

Assume thatB generates a semigroup(T (t))t≥0 which is bounded holo-
morphic onΣ(ψ) for someψ > 0. An application of the Cauchy formula
shows that there exists a constantM such that

‖BT (t)u‖ ≤ M
t
‖u‖ for all u ∈ E and t > 0. (1.19)

The holomorphy of the semigroup(T (t))t≥0 on the sectorΣ(ψ) also implies
that for everyθ ∈ (−ψ,ψ), (T (eiθt))t≥0 is a strongly continuous semigroup
onE whose generator iseiθB. These results and more information on holo-
morphic semigroups can be found in the books mentioned at the beginning
of this section.

1.3.3 Accretive operators on Hilbert spaces

Denote again byH a Hilbert space with inner product(.; .) and norm‖.‖.
Let A be an operator onH, with domainD(A).

DEFINITION 1.46 We say thatA is an accretive operator if

<(Au;u) ≥ 0 for all u ∈ D(A).

An operatorA is m-accretive (or maximal accretive) if it is accretive and
1 ∈ ρ(−A).
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It is clear that the operator associated with an accretive form is an accretive
operator. If the sesquilinear form is densely defined, accretive, continu-
ous, and closed, then its associated operator is m-accretive (see Proposition
1.22).

Note also that ifA is an accretive operator that satisfies the assumptions of
Lemma 1.29, its Friedrichs extension is an m-accretive operator. In particu-
lar, every densely defined symmetric accretive operator has an m-accretive
symmetric extension. Therefore, every densely defined symmetric accretive
operator has a self-adjoint extension.

L EMMA 1.47 Let A be a densely defined accretive operator onH. Then
A is closable, its closureA is accretive, and for everyλ ∈ K, the range
R(λI + A) is dense inR(λI + A).

Proof. Let (un)n ∈ D(A) be a sequence such thatun converges to0 and
Aun converges tov in H. Takew ∈ D(A) and apply the accretivity as-
sumption to obtain

0≤<(A(un + w); un + w)
=<(Aun; un) + <(Aun; w) + <(Aw; un) + <(Aw; w).

Letting n → ∞, we obtain<(v; w) + <(Aw;w) ≥ 0. We apply this with
λw in place ofw for λ > 0 and letλ → 0 to obtain<(v;w) ≥ 0. The
same inequality applied to−w allows us to conclude that<(v; w) = 0 and
hence(v; w) = 0. Since this holds for allw ∈ D(A), which is dense inH,
it follows thatv = 0. We conclude by Proposition 1.37 thatA is closable.

The accretivity ofA as well as the density ofR(λ + A) in R(λ + A)
follows easily from the definition ofA and simple approximation arguments.
2

L EMMA 1.48 LetA be a densely defined operator onH.
1) Assume thatA is closed and accretive. ThenI + A is injective and has
closed range. In particular,A is m-accretive if and only ifI + A has dense
range.
2) If A is m-accretive, then(0,∞) ⊆ ρ(−A) andλ(λI + A)−1 is a con-
traction operator onH for everyλ > 0.
3) Assume thatA is accretive and denote byA its closure (cf. Lemma 1.47).
ThenA is m-accretive if and only if there existsλ > 0 such thatλI + A has
dense range.

Proof. 1) Let u ∈ D(A) be such thatu + Au = 0. The accretivity ofA
implies that

(u; u) ≤ <(u + Au; u) = 0
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and henceu = 0. This shows thatI + A is injective.
In order to show thatI + A has closed range, we let(un)n ∈ D(A) be

such that the sequenceun + Aun converges tov ∈ H. Since(un;un) ≤
<(un + Aun; un) it follows thatun is a bounded sequence. Writing

(un − um; un − um)≤<(un − um; un − um + Aun −Aum)
≤‖un − um‖‖un + Aun − um −Aum‖,

we see that(un)n is a Cauchy sequence. Ifu denotes the limit of(un)n, then
Aun converges tov − u. The fact thatA is closed implies thatu ∈ D(A)
andv = u + Au ∈ R(I + A).

By Proposition 1.35,1 ∈ ρ(−A) if and only if I +A is invertible. Hence,
A is m-accretive if and only ifI + A has dense range.

2) Assume thatA is m-accretive and letλ > 0. By Proposition 1.35,A is
a closed operator. Thus, by the same proposition,λ ∈ ρ(−A) if and only if
λI + A is invertible. Applying assertion 1) to the accretive operatorλ−1A,
we see that it is enough to prove thatλI + A has dense range. Letf ∈ H
be such that

(f ; λu + Au) = 0 for all u ∈ D(A).

SinceA is m-accretive we can findv ∈ D(A) such thatf = v + Av.
Applying the previous equality withu = v, givesv = 0 and hencef = 0.
Thus,R(λI + A) is dense.

Now fix f ∈ H and letu ∈ D(A) be such thatf = λu + Au. We write

‖f‖2 =<(λu + Au; λu + Au)
≥λ2‖u‖2 + 2λ<(Au; u)
≥λ2‖u‖2.

This implies thatλ(λI + A)−1 is a contraction operator onH.
3) By assertion 2), ifA is m-accretive thenλI +A is invertible forλ > 0.

By Lemma 1.47, the rangeR(λ + A) is dense inR(λI + A) = H.
Conversely, assume thatλI + A has dense range for someλ > 0. This

implies thatI + λ−1A has dense range. Thus, by 1),λ−1A is m-accretive.
Assertion 2) implies now thatαI + λ−1A is invertible for allα > 0. This
implies in particular thatI + A is invertible and henceA is m-accretive.2

The following result is a particular case of the well-known Lumer-Phillips
theorem for generators of contraction semigroups.

THEOREM 1.49 Let A be a densely defined operator onH. The following
assertions are equivalent:
1) The operatorA is closable and−A is the generator of a strongly contin-
uous contraction semigroup onH.
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2) A is m-accretive.
3) A is accretive and there existsλ > 0 such thatλI + A has dense range.

Proof. The fact that 2) and 3) are equivalent is already stated in Lemma
1.48.

Assume now that 2) holds. By Lemma 1.48,(0,∞) ⊆ ρ(−A) andλ(λI+
A)−1 is a contraction operator onH. The Hille-Yosida theorem implies that
−A generates a strongly continuous semigroup(e−tA)t≥0 onH. Moreover,
for everyu ∈ D(A), we have

d
dt
‖e−tAu‖2 = −2<(Ae−tAu; e−tAu) ≤ 0.

Hence,‖e−tAu‖2 ≤ ‖u‖2 for all t ≥ 0. From this and the density ofD(A),
it follows that e−tA is a contraction operator onH for everyt ≥ 0. This
shows assertion 1).

Conversely, assume thatA is closable and−A generates a strongly con-
tinuous contraction semigroup(e−tA)t≥0. Hence, fort ≥ 0

<(u− e−tAu; u) ≥ 0 for all u ∈ H.

Applying this tou ∈ D(A) yields

<(Au; u) = lim
t↓0

1
t
<(u− e−tAu;u) ≥ 0,

which shows thatA is accretive. Since−A is the generator of a strongly
continuous contraction semigroup,(0,∞) ⊆ ρ(−A). ThusA is m-accretive.
2

Let A be a densely defined accretive operator onH and denote byA its
closure. The operatorA is accretive, too. The next theorem gives a sufficient
condition under which the operatorA is m-accretive.

THEOREM 1.50 LetA be an accretive operator onH. Assume thatS is an
m-accretive operator satisfying the following two conditions:
1) D(S) ⊆ D(A).
2) There exists a constanta ∈ R such that

<(Au; Su) ≥ −a(u;Su) for all u ∈ D(S).

Then the closureA of A is m-accretive andD(S) is a core ofA.

Proof. Of course, we can assumea ≥ 0. Considering nowA + aI instead
of A and applying assertion 3) of Lemma 1.48, we see that we can assume
a = 0.
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Let Bn := A(I + 1
nS)−1 for n ≥ 1. For eachn, the operatorBn is

bounded onH (apply assumption 1) and the closed graph theorem). In
addition,

<
(

Au;
(

I +
1
n

S
)

u
)

= <(Au; u)+
1
n
<(Au; Su) ≥ 0 for all u ∈ D(S).

This implies thatBn is accretive. On the other hand, the resolvent set of the
bounded operatorBn is not empty; thus by assertion 3) of Lemma 1.48 we
can conclude thatBn is m-accretive. From the formula

I + A +
1
n

S = (I + Bn)
(

I +
1
n

S
)

it follows that the operatorI + A + 1
nS with domainD(S) is invertible.

Hence for everyf ∈ H and everyn, there existsun ∈ D(S) such that

un + Aun +
1
n

Sun = f. (1.20)

We claim that

‖un‖ ≤ ‖f‖ and
∥

∥

∥

∥

1
n

Sun

∥

∥

∥

∥

≤ 2‖f‖. (1.21)

The first inequality follows form the accretivity ofA + 1
nS, since

(un; un)≤<
(

un + Aun +
1
n

Sun; un

)

=<(f ; un)
≤‖f‖‖un‖.

The second inequality follows from the first one and the following estimates

‖ 1
n

Sun‖2≤<
(

Aun +
1
n

Sun;
1
n

Sun

)

=<
(

f − un;
1
n

Sun

)

≤ (‖f‖+ ‖un‖)
∥

∥

∥

∥

1
n

Sun

∥

∥

∥

∥

.

Now we prove thatA is m-accretive. By Lemma 1.48, it suffices to prove
thatI + A has dense range. Actually, we will show that the operatorI + A
with domainD(S) has dense range. Letf ∈ H be such that

(f ; u + Au) = 0 for all u ∈ D(S). (1.22)
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Let (un)n ∈ D(S) be a sequence satisfying (1.20). By (1.22) we have

(f ; f) =
(

un + Aun +
1
n

Sun; f
)

=
(

1
n

Sun; f
)

. (1.23)

On the other hand, sinceS is m-accretive, it follows that the adjoint oper-
ator S∗ is densely defined.3 Consider a sequence(fk)k ∈ D(S∗) which
converges tof in H. We have

∣

∣

∣

∣

(

1
n

Sun; f
)

−
(

1
n

Sun; fk

)∣

∣

∣

∣

≤
∥

∥

∥

∥

1
n

Sun

∥

∥

∥

∥

‖f − fk‖

≤ 2‖f‖‖f − fk‖.

It follows that |( 1
nSun; f) − ( 1

nSun; fk)| converges to0 ask → ∞, uni-
formly with respect ton. Thus, using the fact that

∣

∣

∣

∣

(

1
n

Sun; fk

)∣

∣

∣

∣

=
1
n
|(un; S∗fk)| ≤

1
n
‖f‖‖S∗fk‖

(which follows from (1.21)), we obtain
(

1
n

Sun; f
)

→ 0 as n →∞.

We conclude from (1.23) thatf = 0. Thus, we have proved that the closure
B of the restriction ofA to D(S) is m-accretive. SinceI +A is an extension
of I + B, it follows that(I + A)D(A) = H. Thus,A is m-accretive.

Finally, it remains to prove the equalityB = A and conclude thatD(S)
is a core ofA. If u ∈ D(A), there existsv ∈ D(B) such that

u + Au = v + Bv = v + Av.

It follows from the fact thatI + A is injective thatu = v ∈ D(B). 2

Remark. Let S andA be two operators acting in a Banach spaceX, with
norm‖.‖. We assume thatS is closed,A is closable andD(S) ⊆ D(A).
Then there exist two constantsa andb such that

‖Au‖ ≤ a‖Su‖+ b‖u‖ for all u ∈ D(S).

In order to prove this, we first observe thatD(S), endowed with the graph
norm ‖.‖ + ‖S.‖, is a Banach space and the restrictionAS of A to D(S)

3It is easily seen thatI + S∗ is invertible with inverse(I + S∗)−1 = ((I + S)−1)∗.
Now, if u ∈ H is such that(u; v) = 0 for all v ∈ D(S∗), we writeu = (I + S)φ for
someφ ∈ D(S) and obtain(φ; (I + S∗)v) = 0. Since this is true for allv ∈ D(S∗) and
R(I + S∗) = H, we obtainφ = 0 and thenu = 0.
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can be seen as an operator defined fromD(S) into X. Let (xn, ASxn) be a
sequence in the graphG(AS) of AS . Assume that(xn, ASxn) converges in
the Banach spaceD(S)×X to (x, y) (hereD(S) is endowed with its graph
norm). If A denotes the closure ofA, thenx ∈ D(A) andy = Ax. But x ∈
D(S) and hencey = ASx. Consequently,G(AS) is closed inD(S) × X.
We conclude by the closed graph theorem thatAS is a continuous operator
from (D(S), ‖.‖+ ‖S.‖) into X, and this implies the desired inequality.

On the basis of this remark, we can add to the conclusions of Theorem
1.50 that every core ofS is a core ofA.

1.4 SEMIGROUPS ASSOCIATED WITH SESQUILINEAR FORMS

1.4.1 The semigroup on the Hilbert spaceH.

In this section we use the same notation as in Section 1.2. Leta be a densely
defined, accretive, continuous, and closed sesquilinear form on a Hilbert
spaceH (see (1.2)−(1.5)). Denote byA the operator associated witha.
Clearly,A is an accretive operator sincea is an accretive form. As a conse-
quence of Proposition 1.22 and Theorem 1.49, we have

PROPOSITION 1.51 The operator−A is the generator of a strongly con-
tinuous contraction semigroup onH.

In the next result, we show that the semigroup generated by−A is holo-
morphic. More precisely,

THEOREM 1.52 Suppose thatH is a complex Hilbert space. Denote by
(e−tA)t≥0 the semigroup generated by−A onH. Then(e−tA)t≥0 is a holo-
morphic semigroup on the sectorΣ(π

2 − arctanM) whereM is the con-
stant in the continuity assumption (1.4). In addition, for everyε ∈ (0, 1],
e−εze−zA is a contraction operator onH for all z ∈ Σ(π

2 − arctan M
ε ) =

Σ(arctan ε
M ).

Proof. The continuity assumption (1.4) implies that for everyε ∈ (0, 1]

|=(Au;u)| ≤M [<(Au;u) + (u; u)]

≤ M
ε

[<(Au;u) + ε(u; u)] for all u ∈ D(A).

Thus, if we setB := εI + A, the above inequality shows thatB is sectorial
and

|=(Bu;u)| ≤ M
ε
<(Bu;u) for all u ∈ D(B).
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By Theorem 1.53 or Theorem 1.54 below, we conclude that−B is the gen-
erator of a semigroup which is holomorphic on the sectorΣ(π

2−arctan M
ε ).

In addition,e−zB is a contraction operator forz ∈ Σ(π
2 −arctan M

ε ). Since
e−tB = e−εte−tA for t > 0, we obtain the theorem. 2

Observe that if one could write (1.4) as

|a(u, v)| ≤ M ′[<a(u, u) + w‖u‖2]1/2[<a(v, v) + w‖v‖2]1/2

with a constantM ′ < M (at the cost of enlarging the constantw), then it fol-
lows that(e−tA)t≥0 is holomorphic on the larger sectorΣ(π

2 − arctanM ′).
In addition,e−wze−zA is a contraction operator onH for everyz in that
sector.

Recall that every densely defined accretive operatorB is closable (see
Lemma 1.47). We denote byB its closure.

THEOREM 1.53 LetB be a densely defined operator on a complex Hilbert
spaceH. Assume that bothB and B∗ are sectorial, that is, there exists a
non-negative constantC such that for everyu ∈ D(B) andv ∈ D(B∗),

|=(Bu; u)| ≤ C<(Bu;u) and |=(B∗v; v)| ≤ C<(B∗v; v). (1.24)

Then−B generates a strongly continuous semigroup(e−tB)t≥0 onH. This

semigroup is holomorphic on the sectorΣ(π
2 − arctan C) and e−zB is a

contraction operator onH for everyz ∈ Σ(π
2 − arctanC).

Proof. Using the definition ofB, we see that the first inequality in (1.24)
extends to allu ∈ D(B). On the other hand, it follows from the definition
of the adjoint operator thatB∗ is an extension of(B)∗. Thus, (1.24) holds
for all v ∈ D((B)∗).

Now let u ∈ D(B) be such that‖u‖ = 1 and letλ ∈ C. Denote by dist
the usual distance inC. We have

‖(λI −B)u‖≥ |(λu−Bu; u)|
= |λ− (Bu; u)|
≥ dist(λ, Σ(arctanC)).

Hence, we have

‖(λI −B)u‖ ≥ dist(λ,Σ(arctan C))‖u‖ for all u ∈ D(B). (1.25)

It follows that for λ /∈ Σ(arctan C) (where the latter denotes the closed
sector), the operatorλI−B is injective. Moreover,λI−B has closed range
R(λI −B) for all λ /∈ Σ(arctan C). To see this, letvk = λuk −Buk be a
convergent sequence with limitv ∈ H and apply (1.25) to obtain that(uk)k
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is a Cauchy sequence. Letu be the limit of(uk)k. The fact that the operator
B is closed implies thatu ∈ D(B) andv = (λI −B)u ∈ R(λI −B).

Let us show thatR(λI − B) is dense forλ /∈ Σ(arctanC). If g ∈ H is
such that

(g;λu−Bu) = 0 for all u ∈ D(B),

theng ∈ D((B)∗) andλg − (B)∗g = 0. But λ and the adjoint(B)∗ satisfy
the same properties asλ andB. In particular,λI − (B)∗ is injective. This
implies thatg = 0 and thusR(λI −B) is dense. It follows that(λI −B) is
invertible for allλ /∈ Σ(arctanC). In addition, (1.25) gives

‖(λI −B)−1u‖ ≤ 1
dist(λ,Σ(arctan C))

‖u‖ for all u ∈ H. (1.26)

Fix nowθ ∈ (arctanC, π). We have for everyλ /∈ Σ(θ),

sin(θ − arctan C) ≤ dist(λ,Σ(arctanC))
|λ|

.

It follows from this and (1.26) that for allu ∈ H andλ /∈ Σ(θ),

‖λ(λI −B)−1u‖ ≤ 1
sin(θ − arctanC)

‖u‖.

Theorem 1.45 allows us to conclude that−B generates a bounded holomor-
phic semigroup on the sectorΣ(π

2 − arctanC).
It remains to show thate−zB is a contraction operator for everyz ∈

Σ(π
2 − arctan C). Fix θ ∈ (0, π

2 − arctanC) and consider the semigroup

(e−teiθB)t≥0. For everyu ∈ H andt > 0

d
dt
‖e−teiθBu‖2

=−2<(eiθBe−teiθBu; e−teiθBu)

=−[<(Be−teiθBu; e−teiθBu) cos θ −=(Be−teiθBu; e−teiθBu) sin θ]

≤−
(

cos θ
C

− sin θ
)

|=(Be−teiθBu; e−teiθBu)|.

Sinceθ ∈ (0, π
2 − arctan C), it follows that cos θ

C − sin θ ≥ 0. This shows

that‖e−teiθBu‖2 is non-increasing (as a function oft). Thus,

‖e−teiθBu‖ ≤ ‖u‖ for all t > 0

and this finishes the proof. 2
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The sectoriality assumption of the adjoint operatorB∗ was only used to
prove thatλI−B has dense range. If we assume that there existsλ0 ∈ ρ(B)
with dist(λ0, Σ(arctanC)) > 0, then the theorem holds without assum-
ing sectoriality ofB∗. In order to prove this, we only have to show that
λ ∈ ρ(B) for all λ such that dist(λ, Σ(arctan C)) > 0 and argue as in the
previous proof. Fix nowλ such that dist(λ, Σ(arctanC)) > 0 and write

λI −B =λ0I −B + λI − λ0I
=(λ0I −B)[I + (λ− λ0)(λ0I −B)−1].

Using (1.26) forλ0, we see thatλI − B is invertible for allλ such that
|λ − λ0| < dist(λ0, Σ(arctan C)). Repeating this procedure, we obtain
λ ∈ ρ(B) for all λ such that dist(λ,Σ(arctan C)) > 0. The estimate (1.26)
holds for suchλ since it is only based on the sectoriality ofB. Finally, recall
thatB is a closed operator whenever its resolvent setρ(B) is not empty (see
Proposition 1.35). Thus, we have proved the following

THEOREM 1.54 LetB be a densely defined operator on a complex Hilbert
spaceH. Assume thatB is sectorial, that is,

|=(Bu;u)| ≤ C<(Bu;u) for all u ∈ D(B), (1.27)

whereC ≥ 0 is a constant. Assume also that there existsλ0 ∈ ρ(B)
with dist(λ0, Σ(arctanC)) > 0. Then−B generates a strongly continuous
semigroup which is holomorphic on the sectorΣ(π

2 − arctanC) and such
thate−zB is a contraction operator onH for everyz ∈ Σ(π

2 − arctanC).

Remark. The study of the holomorphy of the semigroup associated with a
form a requires that the Hilbert spaceH is complex. In the case whereH is
real, one uses the following complexification procedure.

Let HC := H + iH and define the form

ã(u + iv, g + ih) := a(u, g) + a(v, h) + i[a(v, g)− a(u, h)] (1.28)

for all u, v, g, h ∈ D(a). The domain of the form̃a is given byD(a) +
iD(a).

One checks easily that the assumptions (1.2)−(1.5) carry over froma to
ã. The semigroup associated withã is given by

T (t)(u + iv) := e−tAu + ie−tAv.

This is the complexification of the semigroup(e−tA)t≥0. The semigroup
(T (t))t≥0 is holomorphic onHC. From this, one obtains several interesting
consequences for the semigroup(e−tA)t≥0 on H. In particular,e−tAH ⊆
D(A) ⊆ D(a) for all t > 0.
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1.4.2 Extrapolation to the (anti-) dual spaceD(a)′

As previously, we denote bya a densely defined, accretive, continuous, and
closed sesquilinear form on a Hilbert spaceH and byA the operator asso-
ciated witha. The semigroup(e−tA)t≥0 is defined onH and enjoys several
interesting properties. In this section, we extend this semigroup to a larger
space and prove similar properties for the extension. Our interest in do-
ing this lies in the fact that it is sometimes more flexible to work with the
semigroup on the larger space. For example, the functiont → e−tAu has a
derivative inH at t = 0 only whenu ∈ D(A), whereas in the larger space
the derivative may exist foru /∈ D(A). This gives a new point of view on
the semigroup(e−tA)t≥0 itself, and will allow us to prove other properties
of this semigroup and its generator.

Denote byD(a)′ the anti-dual space ofD(a), that is, the space of contin-
uous functionalsφ such that

φ(u + v) = φ(u) + φ(v), φ(αu) = αφ(u) for all α ∈ K, u, v ∈ D(a).

WhenH is real,D(a)′ is of course the dual space ofD(a).
IdentifyingH ′ with H yields

D(a) ⊂ H ⊂ D(a)′ (1.29)

with continuous and dense imbedding. The dualization betweenD(a)′ and
D(a) is denoted by< ., . > (i.e.,< φ, u > denotes the value ofφ at u for
u ∈ D(a) andφ ∈ D(a)′). We note that ifφ ∈ H andu ∈ D(a), then
< φ, u >= (φ; u), the inner product inH.

Fix u ∈ D(a) and consider the functional

φ(v) := a(u, v), v ∈ D(a).

It follows from the continuity assumption (1.4) thatφ is continuous onD(a),
and henceφ ∈ D(a)′. Thus, it can be represented asφ(v) = < Au, v >,
whereAu ∈ D(a)′ depends onu. Using the fact thata is sesquilinear, we
see thatA is a linear operator which mapsD(a) into D(a)′. In addition,
using again the continuity assumption (1.4), we have

‖Au‖D(a)′ = sup
‖v‖a≤1

| < Au, v > |

= sup
‖v‖a≤1

|a(u, v)|

≤M‖u‖a.

Thus,A is a continuous operator fromD(a) (endowed with the norm‖.‖a)
into D(a)′. The operatorA can also be seen as an unbounded operator on
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D(a)′, with domainD(A) = D(a), and such that

a(u, v) = < Au, v > for all u, v ∈ D(a). (1.30)

Now let A be the operator associated witha (defined in Section 1.2.3).
Using the fact thatD(a) is dense inH and the definition ofA, we see that
A is precisely the part ofA in H. That is,

D(A) = {u ∈ D(A);Au ∈ H} and Au = Au for u ∈ D(A).

The following result shows that(e−tA)t≥0 extends fromH to the larger
spaceD(a)′.

THEOREM 1.55 Let a be a densely defined, accretive, continuous, and
closed sesquilinear form on a Hilbert spaceH. Then the operator−A,
with domainD(A) = D(a), generates a strongly continuous semigroup
(e−tA)t≥0 onD(a)′. Moreover,

e−tAf = e−tAf for every f ∈ H and t ≥ 0. (1.31)

If H is complex, the semigroup(e−tA)t≥0 is holomorphic (onD(a)′) on the
sectorΣ(π

2 − arctanM), whereM is the constant in (1.4).

Proof. We first assume that the Hilbert spaceH is complex. Givenu ∈
D(a), let φ = (λ + 1 +A)u. Clearly,

< φ, u > =λ(u; u) + (u; u)+ < Au, u >
=λ(u; u) + (u; u) + a(u, u).

Hence,

‖u‖2
a ≤ ‖φ‖D(a)′‖u‖a + |λ|‖u‖2. (1.32)

On the other hand, by Lemma 1.9 we have for everyu ∈ D(a) with u 6= 0,

a
(

u
‖u‖

,
u
‖u‖

)

+
(

u
‖u‖

;
u
‖u‖

)

∈ Σ(arctanM).

Thus,

‖u‖a‖φ‖D(a)′ = ‖u‖a‖(λ + 1 +A)u‖D(a)′

≥ | < (I + λI +A)u, u > |

= |λ + a
(

u
‖u‖

,
u
‖u‖

)

+
(

u
‖u‖

;
u
‖u‖

)

|‖u‖2

≥ dist(λ,−Σ(arctan M))‖u‖2.
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We have proved that

‖u‖a‖φ‖D(a)′ ≥ dist(λ,−Σ(arctan M))‖u‖2. (1.33)

Fix θ ∈ (arctan M, π). We have, as in the proof of Theorem 1.53,

dist(λ,−Σ(arctan M)) ≥ |λ| sin(θ − arctanM)

for all λ /∈ −Σ(θ). Inserting this in (1.33) gives

‖u‖a‖φ‖D(a)′ ≥ c|λ|‖u‖2 for all λ /∈ −Σ(θ), (1.34)

wherec is a positive constant. The last estimate together with (1.32) gives
for all λ /∈ −Σ(θ)

‖u‖a ≤
(

1 +
1
c

)

‖φ‖D(a)′ = C‖(λI + I +A)u‖D(a)′ . (1.35)

The estimate (1.35) shows thatλI + I + A is invertible onD(a)′ for all
λ /∈ −Σ(θ). Indeed, it is clear thatλI + I + A is injective. It has dense
range becauseH is dense inD(a)′ and

(λI + I +A)D(a) ⊇ (λI + I + A)D(A) = H,

where the last equality follows from the fact thatλ ∈ ρ(−A) (see Theorems
1.52 and 1.45). Finally, if(λI + I + A)un is a convergent sequence in
D(a)′, then we obtain from (1.35) that(un) is a Cauchy sequence inD(a).
It is then convergent inD(a). From the continuity ofA, as an operator from
D(a) into D(a)′, we obtain that thatλI + I + A has closed range. Thus
λI + I +A is invertible inD(a)′ for λ /∈ −Σ(θ).

Now letv ∈ D(a). We have

|λ|| < u, v > |= | < φ, v > −(u; v)− a(u, v)|
≤ ‖φ‖D(a)′‖v‖a + (M + 1)‖u‖a‖v‖a.

Taking the supremum over‖v‖a ≤ 1 and using (1.35), we obtain

|λ|‖u‖D(a)′ ≤‖φ‖D(a)′ + (M + 1)‖u‖a

≤‖φ‖D(a)′ + (M + 1)C‖φ‖D(a)′

= C ′‖(λI + I +A)u‖D(a)′ .

We have proved thatλI + I +A is invertible onD(a)′ for λ /∈ −Σ(θ) and

sup
λ/∈−Σ(θ)

‖λ(λI + I +A)−1‖L(D(a)′) < ∞.
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Theorem 1.45 ensures that−(A + I) generates onD(a)′ a semigroup
which is bounded holomorphic on the sectorΣ(π

2 − arctanM).
Now we prove (1.31). Letf ∈ H andu(t) := e−tAf − e−tAf. From the

embeddingH ⊂ D(a)′, it follows that d
dte

−tAf exists (at eacht > 0) in
D(a)′ and equals−Ae−tAf = −Ae−tAf. This gives

d
dt

u(t) = −Au(t), t > 0.

Thus,u(t) = e−tAu(0) = 0 and the desired equality holds.
We have proved the theorem in the case whereH is complex. Now, if

H is real, we use the complexification argument described in the Remark at
the end of the previous section. One obtains then a holomorphic semigroup
(T (t))t≥0 on (D(a) + iD(a))′ whose generator is (minus) the operator as-
sociated with the form defined in (1.28)). Ifφ ∈ D(a)′, then it can be
written as the limit (inD(a)′) of a sequence(un) ∈ H and henceT (t)φ
is the limit of T (t)un = e−tAun ∈ H. Consequently,T (t)φ ∈ D(a)′ for
everyt ≥ 0. Therefore,T (t)D(a)′ ⊆ D(a)′ for all t ≥ 0. Thus, the restric-
tion of (T (t))t≥0 to D(a)′ is then a strongly continuous semigroup whose
generator is−A. 2

It is shown in this proof that ifH is complex, the semigroup satisfies

sup
z∈Σ(ψ)

‖e−ze−zA‖L(D(a)′) < ∞

for all 0 ≤ ψ < π
2 − arctanM. For the same reasons as in Theorem 1.52,

we have

sup
z∈Σ(ψ)

‖e−εze−zA‖L(D(a)′) < ∞

for all 0 ≤ ψ < π
2 − arctan M

ε and allε ∈ (0, 1].
If the forma is sectorial, i.e.,

|=a(u, u)|| ≤ M<a(u, u) for all u ∈ D(a), (1.36)

then

sup
z∈Σ(ψ)

‖e−zA‖L(D(a)′) < ∞

for all 0 ≤ ψ < π
2 − arctanM. The proof is the same as the previous one,

replacing (1.4) by (1.36). That is, we can replaceI +A byA in the previous
proof.
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Note also that these estimates hold in(D(a), ‖.‖a). More precisely, for
everyε ∈ (0, 1],

sup
z∈Σ(ψ)

‖e−εze−zA‖L(D(a)) < ∞ (1.37)

for all 0 ≤ ψ < π
2 − arctan M

ε . Indeed, letu ∈ D(a) and write

‖e−zAu‖2
a =< < e−zAAu, e−zAu > +‖e−zAu‖2

≤‖e−zAAu‖D(a)′‖e−zAu‖a + ‖e−zAu‖2.

Hence,

‖e−zAu‖2
a ≤ ‖e−zAAu‖2

D(a)′ + 2‖e−zAu‖2. (1.38)

It follows from Theorem 1.52 and the above observations that both terms
‖e−zεe−zA‖D(a)′ and‖e−zεe−zA‖L(H) are uniformly bounded onΣ(ψ) for
0 ≤ ψ < π

2−arctan M
ε . Using this and the fact thatA is a bounded operator

from D(a) into D(a)′, we see that (1.37) follows from (1.38).
Again, if we assume the stronger condition (1.36), we obtain

sup
z∈Σ(ψ)

‖e−zA‖L(D(a)) < ∞. (1.39)

Proof of Lemma 1.25.First, e−tAH ⊆ D(A) for all t > 0. Indeed, ifH is
complex the semigroup generated by−A is holomorphic onH (cf. Theo-
rem 1.52) and this implies trivially the above inclusion. Now ifH is real, we
use again the complexification argument to obtain a holomorphic semigroup
(e−t(A+iA))t≥0 on H + iH, from which we obtaine−tAH ⊆ D(A) for
t > 0. We prove that everyu ∈ D(a) can be approximated in(D(a), ‖.‖a)
by e−tAu. We have

‖e−tAu− u‖2
a =< < e−tAAu−Au, e−tAu− u > +‖e−tAu− u‖2

≤‖e−tAAu−Au‖D(a)′‖e−tAu− u‖a + ‖e−tAu− u‖2.

Hence

‖e−tAu− u‖2
a ≤ ‖e−tAAu−Au‖2

D(a)′ + 2‖e−tAu− u‖2.

The strong continuity of(e−tA)t≥0 onD(a)′ and of(e−tA)t≥0 onH imply

‖e−tAu− u‖a → 0 as t → 0.

This proves the lemma. 2

It is seen in this proof thate−tAH ⊆ D(A) ⊆ D(a) for t > 0 and that the
restriction of(e−tA)t≥0 is a strongly continuous semigroup on(D(a), ‖.‖a).
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If the Hilbert spaceH is complex, then Theorem 1.55 and the same argu-
ments as in the above proof show that

‖e−zAu− u‖a → 0 as z → 0, z ∈ Σ(ψ)

for everyu ∈ D(a) and everyψ ∈ [0, π
2 − arctanM).

If for each t ≥ 0, T (t) denotes the restriction ofe−tA to D(a), then
(T (t))t≥0 is a strongly continuous semigroup on(D(a), ‖.‖a). It is also
holomorphic on the sectorΣ(π

2 −arctanM) when the spaceH is complex.
If −B denotes the generator ofT (t)t≥0, thenB is the part ofA in D(a),
that is,

D(B) = {u ∈ D(A), Au ∈ D(a)}, Bu = Au for all u ∈ D(B).

1.5 CORRESPONDENCE BETWEEN FORMS, OPERATORS, AND SEMI-

GROUPS

Let a be a sesquilinear form onH which satisfies the standard assump-
tions (1.2)−(1.5). One associates witha an operatorA and a semigroup
(e−tA)t≥0. In this section we show that there is a unique correspondence
between sesquilinear forms and a class of operators and semigroups.

The first result shows thata can be described completely by its associated
semigroup(e−tA)t≥0.

L EMMA 1.56 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form. Letu ∈ H. Thenu ∈ D(a) if and only if

sup
t>0

1
t
<(u− e−tAu; u) < ∞.

In addition, for everyu, v ∈ D(a)

a(u, v) = lim
t↓0

1
t
(u− e−tAu; v).

Proof. Let u, v ∈ D(a). By Theorem 1.55 we have

1
t
(u− e−tAu; v) =

1
t

< u− e−tAu, v > .

Sinceu ∈ D(a) = D(A), we have

1
t

< u− e−tAu, v >→< Au, v >= a(u, v) as t → 0.
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This proves the last assertion of the lemma. In particular,

1
t
(u− e−tAu; u) → a(u, u) for all u ∈ D(a).

Assume now thatu ∈ H is such thatsupt>0
1
t<(u−e−tAu; u) < ∞. For

λ > 0, we write for simplicity(λI + A)−1 = R(λ). We have

<a(λR(λ)u; λR(λ)u)=<λ(AR(λ)u;λR(λ)u)
=<λ(u− λR(λ)u;λR(λ)u)
≤<λ(u− λR(λ)u; u)

=<
∫ ∞

0
λ2e−λt(u− e−tAu; u)dt

≤ sup
t>0

1
t
<(u− e−tAu; u)

∫ ∞

0
tλ2e−λtdt

=sup
t>0

1
t
<(u− e−tAu; u)

∫ ∞

0
se−sds.

It follows now thatλR(λ)u is bounded uniformly with respect toλ in
(D(a), ‖.‖a) (recall thatλR(λ) is a contraction operator onH by Propo-
sition 1.22). In addition,λR(λ) converges strongly to the identity operator
in H asλ → +∞ (this can be seen by again using Proposition 1.22 and
‖u − λR(λ)u‖ = ‖R(λ)Au‖ ≤ λ−1‖Au‖ for u ∈ D(A). The desired
convergence then follows by the density ofD(A) in H). By Lemma 1.32,
we deduce thatu ∈ D(a). 2

A natural question is how to recognize in Hilbert spaces those operators or
semigroups that are associated with sesquilinear forms. In the next results,
we describe such operators and semigroups.

If A is the operator associated with a densely defined, accretive, contin-
uous, and closed sesquilinear forma, thenI + A is sectorial (cf. Lemma
1.9) andA is m-accretive (cf. Proposition 1.22). The next result shows that
these properties characterize operators that are associated with sesquilinear
forms.

THEOREM 1.57 Let A be an m-accretive operator on a complex Hilbert
spaceH. Assume thatI+A is sectorial. Then there exists a unique sesquilin-
ear forma which is densely defined, accretive, continuous, and closed and
such thatA is the operator associated witha.

Proof. Define the form

b(u, v) := (Au; v), D(b) = D(A).
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By Lemma 1.29, the formb is closable. LetA1 be the operator associated
with the closurea := b of b.4 By assumption,I + A is invertible. By
Proposition 1.22,I + A1 is invertible, too. Thus,I + A1 is an extension
of I + A and both operators are invertible. This implies thatA = A1 and
henceA is the operator associated with the forma.

The uniqueness ofa follows from Lemma 1.25. 2

If we assume in the previous theorem thatA is sectorial, then the associ-
ated forma is sectorial. This follows from the above proof, since thenb is
sectorial and this also holds for the closurea = b.

Note also that ifA is self-adjoint, thena is a symmetric form.

Theorem 1.53 asserts that the semigroup generated by (minus) the oper-
ator associated with a sesquilinear form is holomorphic ande−ze−zA is a
contraction operator for everyz in some sector. Here we give a converse to
that result.

THEOREM 1.58 Let(T (t))t≥0 be a contraction semigroup acting on a com-
plex Hilbert spaceH. Assume that this semigroup is holomorphic on the sec-
tor Σ(ψ) (for someψ ∈ (0, π

2 )) and such that for everyz ∈ Σ(ψ), e−zT (z)
is a contraction operator onH. Then the generator of(T (t))t≥0 is (minus)
the operator associated with a densely defined, accretive, continuous, and
closed sesquilinear form.

Proof. Denote by−A the generator of the contraction semigroup(T (t))t≥0.
The operatorA is accretive by Theorem 1.49. Now fixθ ∈ (0, ψ). The semi-
group(T (teiθ)e−teiθ

)t≥0 is contractive onH and its generator is−eiθ(I +
A). Thus,eiθ(I+A) is accretive and hence<(eiθ(I+A)u;u) ≥ 0 for every
u ∈ D(A). This gives=(Au;u) ≤ 1

tan θ<((I + A)u;u). For similar rea-
sons,<(e−iθ(I +A)u; u) ≥ 0 and thus−=(Au; u) ≤ 1

tan θ<((I +A)u; u).
It follows thatI+A is a sectorial operator. The proof is finished by applying
Theorem 1.57. 2

Remark. If we assume thate−αzT (z) is a contraction operator for every
z ∈ Σ(ψ), then we obtain an operatorA such thatαI + A is sectorial. In
particular, ifT (z) is a contraction for allz ∈ Σ(ψ), thenA is sectorial.

Applying Lemma 1.56, we can reformulate the above theorem as follows.

THEOREM 1.59 Let(T (t))t≥0 be a contraction semigroup acting on a com-
plex Hilbert spaceH. Assume that this semigroup is holomorphic on the sec-
tor Σ(ψ) (for someψ ∈ (0, π

2 )) and such that for everyz ∈ Σ(ψ), e−zT (z)

4A1 is the Friedrich extension ofA.
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is a contraction operator onH. Then the form given by

a(u, v) := lim
t↓0

1
t
(u− T (t)u; v),

D(a) :=
{

u ∈ H, sup
t>0

1
t
<(u− e−tAu;u) < ∞

}

,

is densely defined, accretive, continuous, and closed and(T (t))t≥0 is its
associated semigroup.

Notes
The material of this chapter is known. See Davies [Dav80], Kato [Kat80], Lions
[Lio61], Reed-Simon [ReSi80] or Tanabe [Tan79]. Our presentation is however
different and some proofs are simplified by using semigroups from the beginning.
One of the aims of this chapter is to give a systematic account of the interplay be-
tween forms, operators, and semigroups.

Sections 1.1 and 1.2.Bounded sesquilinear forms on Hilbert spaces can be found
in many textbooks on Functional Analysis. For the Lax-Milgram lemma see, e.g.,
Brezis [Bre92], Lions [Lio61], Yosida [Yos65].

An exhaustive study of sectorial forms can be found in [Kat80]. In [ReSi80]
closed sectorial forms are called strictly accretive. Note also that the notion of a
sectorial form in [ReSi80] is slightly different from ours. Operators associated with
forms are called regularly accretive in [Tan79].

Proposition 1.13 is sometimes considered as the definition of a closable form.
Example 1.2.1 of a symmetric form which is not closable is borrowed from [Kat80].
At this point, we mention the following remarkable result proved by Simon [Sim78]
(see also Reed-Simon [ReSi80]).

Theorem. Let a be a symmetric non-negative form on a Hilbert spaceH. Then,
there exists a largest closable symmetric formar that is smaller thana.

In this theorem, a symmetric formb is said to be smaller thana if D(a) ⊆ D(b)
andb(u, u) ≤ a(u, u) for all u ∈ D(a).

Proposition 1.18 and related results can also be found in [Kat80]. Theorem 1.19
is often called the KLMN theorem. The version given here can be found in [Kat80]
(where it is formulated for sectorial forms). This theorem was proved in various
versions by Kato [Kat55], Lions [Lio61], Lax-Milgram [LaMi54]. See also Nelson
[Nel64] and Reed-Simon [ReSi75].

Section 1.3. Semigroup theory and its various applications is a well documented
subject; hence we make only brief comments and give some more references. The
fundamental Hille-Yosida generation theorem was proved in 1948 and became the
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starting point of the subsequent theory of semigroups. Because of applications to
equations of different types and because of interactions with other fields of analysis
and probability, the theory has seen important developments. Several textbooks on
semigroups are now available. Systematic treatments of semigroups as well as ap-
plications to many equations can be found in Arendt et al. [ABHN01], Clement
et al. [CHADP87], Davies [Dav80], Engel-Nagel [EnNa99], Fattorini [Fat83],
Goldstein [Gol85], Hille-Phillips [HiPh57], Kato [Kat80], Nagel et al. [Nag86],
Pazy [Paz83], Robinson [Rob96], Yosida [Yos65]. For holomorphic semigroups
and applications to parabolic problems, see Amann [Ama95] and Lunardi [Lun95].
Applications to Volterra equations are given in Engel-Nagel [EnNa99] and Prüss
[Prü93].

We gave the definition of accretive operators only in the Hilbert space case. The
reason why we considered only operators on Hilbert spaces is to make connection
with operators that are associated with accretive forms. The definition makes sense
for operators acting on Banach spaces. This was introduced by Phillips [Phi59]
(he used the terminology of dissipative operator; which means that−A is accre-
tive). A linear operatorA acting on a Banach spaceE is called accretive (or−A is
dissipative) if< < Au, u∗ >≥ 0 for all u ∈ D(A) and someu∗ in the subdiffer-
ential of the norm‖.‖E of E atx. That is,u∗ is in the dual spaceE′ and such that
‖u∗‖E′ ≤ 1 and< u, u∗ >= ‖u‖E , where< ., . > denotes the pairing betweenE
andE′.

Theorem 1.49 is the Hilbert space version of the well-known Lumer-Phillips
theorem proved in [LuPh61]. The latter holds for accretive operators on any Banach
space. Note also that similar theorems hold for nonlinear accretive operators, see
Bénilan-Crandall-Pazy [BCP90].

Theorem 1.50 is due to Kato and is taken from Okazawa [Oka80], where Banach
space versions are also given.

Sections 1.4 and 1.5. Related results to Theorems 1.53 and 1.54 can be found in
Goldstein [Gol85] and Kato [Kat80]. Theorem 1.55 can be found in a different
form in Tanabe [Tan79], but here we give a more precise angle of holomorphy in
D(a)′. Lemma 1.56 is an extension to the nonsymmetric case of a well-known re-
sult for symmetric forms (in the latter case, it is usually proved by using the spectral
theorem for self-adjoint operators). The ”if” part of this lemma is shown in Albev-
erio, R̈ockner, and Stannat [ARS95] and the ”only if” part in Ouhabaz [Ouh92a]
(see also [Ouh96]). Finally, Theorems 1.57 and 1.58 are implicit in [Kat80] and
[Tan79].




