
Chapter One

Introduction

Let K be a global field (for example, the field Q of rational numbers). To every
connected semisimple algebraic group G over K, one can associate a locally
compact group G(A), called the group of adelic points of G. The group G(A)
comes equipped with a canonical left-invariant measure μTam, called Tamagawa
measure, and a discrete subgroup G(K) ⊆ G(A). The Tamagawa measure of
the quotient G(K)\G(A) is a nonzero real number τ(G), called the Tamagawa
number of the group G. A celebrated conjecture of Weil asserts that if the
algebraic group G is simply connected, then the Tamagawa number τ(G) is equal
to 1. In the case where K is a number field, Weil’s conjecture was established
by Kottwitz (building on earlier work of Langlands and Lai). Our goal in this
book (and its sequel) is to show that Weil’s conjecture holds also in the case
where K is a function field. We begin in this chapter by reviewing the statement
of Weil’s conjecture, discussing several reformulations that are available in the
case of a function field, and outlining the overall strategy of our proof.

The theory of Tamagawa numbers begins with the arithmetic theory of
quadratic forms. Let q = q(x1, . . . , xn) and q′ = q′(x1, . . . , xn) be positive-
definite quadratic forms (that is, homogeneous polynomials of degree 2) with
integer coefficients. We say that q and q′ are equivalent if there is a linear change
of coordinates which converts q into q′, and that q and q′ are of the same genus if
they are equivalent moduloN , for every positive integer N . Equivalent quadratic
forms are always of the same genus, but the converse need not be true. How-
ever, one can show that for a fixed nondegenerate quadratic form q, there are
only finitely many equivalence classes of quadratic forms of the same genus.
Even better, one can say exactly how many there are, counted with multiplic-
ity: this is the subject of the famous mass formula of Smith-Minkowski-Siegel
(Theorem 1.1.3.5), which we review in § 1.1.

To an integral quadratic form q as above, one can associate an algebraic group
SOq over the field Q of rational numbers (which is connected and semisimple
provided that q is nondegenerate). Tamagawa observed that the group of adelic
points SOq(A) can be equipped with a canonical left-invariant measure μTam,
and that the Smith-Minkowski-Siegel mass formula is equivalent to the assertion
that the Tamagawa number τ(SOq) = μTam(SOq(Q)\SOq(A)) is equal to 2.
In [38], Weil gave a direct verification of the equality τ(SOq) = 2 (thereby
reproving the mass formula) and computed Tamagawa numbers in many other
examples, observing in each case that simply connected groups had Tamagawa
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number equal to 1. This phenomenon became known as Weil’s conjecture (Con-
jecture 1.2.6.4), which we review in § 1.2.

In this book, we will studyWeil’s conjecture over function fields: that is, fields
K which arise as rational functions on an algebraic curve X over a finite field
Fq. In § 1.3, we reformulate Weil’s conjecture as a mass formula, which counts
the number of principal G-bundles over the algebraic curve X (see Conjec-
ture 1.3.3.7). An essential feature of the function field setting is that the objects
that we want to count (in this case, principal G-bundles) admit a “geometric”
parametrization: they can be identified with Fq-valued points of an algebraic
stack BunG(X). In § 1.4, we use this observation to reformulate Weil’s conjec-
ture yet again: it essentially reduces to a statement about the �-adic cohomology
of BunG(X) (Theorem 1.4.4.1), reflecting the heuristic idea that it should admit
a “continuous Künneth decomposition”

H∗(BunG(X)) �
⊗
x∈X

H∗(BunG({x})). (1.1)

Our goal in this book is to give a precise formulation of (1.1), and to show
that it implies Weil’s conjecture (the proof of (1.1) will appear in a sequel to
this book). In § 1.5, we explain the basic ideas in the simpler setting where X
is an algebraic curve over the field C of complex numbers, where we have the
full apparatus of algebraic topology at our disposal. In this case, we formulate
a version of (1.1) (see Theorem 1.5.4.10) and show that it is essentially equiv-
alent to a classical result of Atiyah and Bott ([2]), which describes the struc-
ture of the rational cohomology ring H∗(BunG(X);Q) (see Theorem 1.5.2.3).
We close in § 1.6 by giving a more detailed outline of the remainder of this
book.

1.1 THE MASS FORMULA

We begin this chapter by reviewing the theory of quadratic forms and the mass
formula of Smith-Minkowski-Siegel (Theorem 1.1.3.5).

1.1.1 Quadratic Forms

We begin by introducing some terminology.

Definition 1.1.1.1 Let R be a commutative ring and let n ≥ 0 be a nonneg-
ative integer. A quadratic form in n variables over R is a polynomial

q(x1, . . . , xn) ∈ R[x1, . . . , xn]
which is homogeneous of degree 2.

Given a pair of quadratic forms q and q′ (over the same commutative ring R
and in the same number of variables), we will say that q and q′ are isomorphic
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if there is a linear change of coordinates which transforms q into q′. We can
formulate this more precisely as follows:

Definition 1.1.1.2 LetR be a commutative ring, and let q = q(x1, . . . , xn) and
q′ = q′(x1, . . . , xn) be quadratic forms in n variables over R. An isomorphism
from q to q′ is an invertible matrix A = (Ai,j) ∈ GLn(R) satisfying the identity

q(x1, . . . , xn) = q′(
n∑
i=1

A1,ixi,

n∑
i=1

A2,ixi, · · · ,
n∑
i=1

An,ixi).

We will say that q and q′ are isomorphic if there exists an isomorphism from q
to q′.

Remark 1.1.1.3 (The Orthogonal Group) Let R be a commutative ring
and let q be a quadratic form in n variables over R. The collection of isomor-
phisms from q to itself forms a subgroup Oq(R) ⊆ GLn(R). We will refer to
Oq(R) as the orthogonal group of the quadratic form q.

Example 1.1.1.4 Let R be the field of real numbers and let q : Rn →
R be the standard positive-definite quadratic form, given by q(x1, . . . , xn) =
x21 + · · · + x2n. Then Oq(R) can be identified with the usual orthogonal group
O(n). In particular, Oq(R) is a compact Lie group of dimension (n2 − n)/2.
Remark 1.1.1.5 The theory of quadratic forms admits a “coordinate-free”
formulation. Let R be a commutative ring and let M be an R-module. We will
say that a function q : M → R is a quadratic form if it satisfies the following
pair of identities:

(a) The symmetric function

b :M ×M → R b(x, y) = q(x+ y)− q(x)− q(y)
is bilinear: that is, it satisfies the identities b(x + x′, y) = b(x, y) + b(x′, y)
and b(λx, y) = λb(x, y) for λ ∈ R.

(b) For λ ∈ R and x ∈M , we have q(λx) = λ2q(x).

In the special case M = Rn, a function q : M → R satisfies conditions (a) and
(b) if and only if it is given by a quadratic form in the sense of Definition 1.1.1.1:
that is, if and only if q(x1, . . . , xn) =

∑
1≤i≤j≤n ci,jxixj for some scalars ci,j ∈ R.

Moreover, the scalars ci,j are uniquely determined by q: we have an identity

ci,j =

{
q(ei) if i = j

q(ei + ej)− q(ei)− q(ej) if i �= j,

where e1, . . . , en denotes the standard basis for M = Rn.

Remark 1.1.1.6 (Quadratic Forms and Symmetric Bilinear Forms)
Let R be a commutative ring and let M be an R-module. A symmetric bilinear
form on M is a function b :M ×M → R satisfying the identities
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b(x, y) = b(y, x) b(x+ x′, y) = b(x, y) + b(x′, y) b(λx, y) = λb(x, y) for λ ∈ R.
Every quadratic form q : M → R determines a symmetric bilinear form b :
M ×M → R, given by the formula b(x, y) = q(x+ y)− q(x)− q(y). Note that
q and b are related by the formula b(x, x) = 2q(x).

If R is a commutative ring in which 2 is invertible (for example, a field of
characteristic different from 2), then the construction q �→ b is bijective: that is,
there is essentially no difference between quadratic forms and symmetric bilinear
forms.

If R = Z is the ring of integers (or, more generally, any commutative ring in
which 2 is not a zero-divisor), then the construction q �→ b is injective. However,
it is not surjective: a symmetric bilinear form b :M ×M → R can be obtained
from a quadratic form onM if and only if it is even: that is, if and only if b(x, x)
is divisible by 2, for each x ∈M .

1.1.2 Classification of Quadratic Forms

The most fundamental problem in the theory of quadratic forms can be formu-
lated as follows:

Question 1.1.2.1 Let R be a commutative ring. Can one classify quadratic
forms over R up to isomorphism?

The answer to Question 1.1.2.1 depends dramatically on the commutative
ring R. As a starting point, let us assume that R = κ is a field of characteristic
different from 2. In that case, every quadratic form q over R can be diagonalized:
that is, q is isomorphic to a quadratic form given by

q′(x1, . . . , xn) = λ1x
2
1 + λ2x

2
2 + · · ·+ λnx

2
n

for some coefficients λi ∈ R. These coefficients are not uniquely determined: for
example, we are free to multiply each λi by the square of an element of R×,
without changing the isomorphism class of the quadratic form q′. If the field R
contains many squares, we can say more:

Example 1.1.2.2 (Quadratic Forms over C) Let R = C be the field of
complex numbers (or, more generally, any algebraically closed field of charac-
teristic different from 2). Then every quadratic form over R is isomorphic to a
quadratic form given by

q(x1, . . . , xn) = x21 + · · ·+ x2r

for some 0 ≤ r ≤ n. Moreover, the integer r is uniquely determined: it is an
isomorphism-invariant called the rank of the quadratic form q.

Example 1.1.2.3 (Quadratic Forms over the Real Numbers) Let R =
R be the field of real numbers. Then every quadratic form over R is isomorphic
to a quadratic form given by the formula
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q(x1, . . . , xn) = x21 + · · ·+ x2a − x2a+1 − x2a+2 − · · · − x2a+b
for some pair of nonnegative integers a and b satisfying a+ b ≤ n. Moreover, a
theorem of Sylvester implies that the integers a and b are uniquely determined.
The difference a− b is an isomorphism-invariant of q, called the signature of q.
We say that a quadratic form is positive-definite if it has signature n: that is, if
it is isomorphic to the standard Euclidean form q(x1, . . . , xn) = x21 + · · · + x2n.
Equivalently, a quadratic form q is positive-definite if it satisfies q(v) > 0 for
every nonzero vector v ∈ Rn.

Example 1.1.2.4 (Quadratic Forms over p-adic Fields) Let R = Qp

be the field of p-adic rational numbers, for some prime number p. If q =
q(x1, . . . , xn) is a nondegenerate quadratic form over R, then one can show
that q is determined up to isomorphism by its discriminant (an element of the
finite group Q×

p /Q
×2
p ) and its Hasse invariant (an element of the group {±1}).

In particular, if p is odd and n 
 0, then there are exactly eight isomorphism
classes of quadratic forms in n-variables over Qp. When p = 2, there are sixteen
isomorphism classes. See [30] for more details.

To address Question 1.1.2.1 for other fields, it is convenient to introduce
some terminology.

Notation 1.1.2.5 (Extension of Scalars) Let R be a commutative ring
and let q =

∑
1≤i≤j≤n ci,jxixj be a quadratic form in n variables over R. If

φ : R → S is a homomorphism of commutative rings, we let qS denote the
quadratic form over S given by qS(x1, . . . , xn) =

∑
1≤i≤j≤n φ(ci,j)xixj . In this

case, we will denote the orthogonal group OqS (S) simply by Oq(S).

Let q and q′ be quadratic forms (in the same number of variables) over a
commutative ring R. If q and q′ are isomorphic, then they remain isomorphic
after extending scalars along any ring homomorphism φ : R → S. In the case
where R = Q is the field of rational numbers, we have the following converse:

Theorem 1.1.2.6 (The Hasse Principle) Let q and q′ be quadratic forms
over the field Q of rational numbers. Then q and q′ are isomorphic if and only
if the following conditions are satisfied:

(a) The quadratic forms qR and q′R are isomorphic.
(b) For every prime number p, the quadratic forms qQp

and q′Qp
are isomorphic.

Remark 1.1.2.7 Theorem 1.1.2.6 is known as the Hasse-Minkowski theorem:
it is originally due to Minkowski, and was later generalized to arbitrary number
fields by Hasse.

Remark 1.1.2.8 Theorem 1.1.2.6 asserts that the canonical map

{Quadratic forms over Q}/ ∼→
∏
K

{Quadratic forms over K}/ ∼
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is injective, where K ranges over the collection of all completions of Q. It is
possible to explicitly describe the image of this map (using the fact that the
theory of quadratic forms over real and p-adic fields are well-understood; see
Examples 1.1.2.3 and 1.1.2.4). We refer the reader to [30] for a detailed and
readable account.

1.1.3 The Smith-Minkowski-Siegel Mass Formula

The Hasse-Minkowski theorem can be regarded as a “local-to-global” principle
for quadratic forms over the rational numbers: it asserts that a pair of quadratic
forms q and q′ are “globally” isomorphic (that is, isomorphic over the field Q)
if and only if they are “locally” isomorphic (that is, they become isomorphic
after extending scalars to each completion of Q). We now consider the extent
to which this principle holds for integral quadratic forms.

Definition 1.1.3.1 Let q and q′ be quadratic forms over Z. We will say that
q and q′ have the same genus if the following conditions are satisfied:

(a) The quadratic forms qR and q′R are isomorphic.
(b) For every positive integer N , the quadratic forms qZ/NZ and q′Z/NZ are

isomorphic.

Remark 1.1.3.2 Let q be a quadratic form over Z. We will say that q is
positive-definite if the real quadratic form qR is positive-definite (see Exam-
ple 1.1.2.3). Equivalently, q is positive-definite if and only if q(x1, . . . , xn) > 0
for every nonzero element (x1, . . . , xn) ∈ Zn.

Note that if q is a positive-definite quadratic form over Z and q′ is another
quadratic form over Z in the same number of variables, then qR and q′R are
isomorphic if and only if q′ is also positive-definite. For simplicity, we will restrict
our attention to positive-definite quadratic forms in what follows.

Remark 1.1.3.3 Let Λ = Zn be a free abelian group of rank n and let q :
Λ → Z be a quadratic form. Then the associated bilinear form b(x, y) = q(x +
y) − q(x) − q(y) determines a group homomorphism ρ : Λ → Λ∨, where Λ∨ =
HomZ(Λ,Z) denotes the dual of Λ. If q is positive-definite, then the map ρ is
injective. It follows that the quotient Λ∨/Λ = coker(ρ) is a finite abelian group.

Remark 1.1.3.4 Let Λ = Zn be a free abelian group and let q : Λ → Z
be a positive-definite quadratic form. Then, for every integer d, the set Λ≤d =
{λ ∈ Λ : q(λ) ≤ d} is finite. It follows that the orthogonal group Oq(Z) is finite.
(Alternatively, one can prove this by observing that Oq(Z) is a discrete subgroup
of the compact Lie group Oq(R)).

If two positive-definite quadratic forms q and q′ are isomorphic, then they
have the same genus. The converse is generally false. However, it is true that
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each genus contains only finitely many quadratic forms, up to isomorphism.
Moreover, one has the following:

Theorem 1.1.3.5 (Smith-Minkowski-Siegel Mass Formula) Let Λ = Zn

be a free abelian group of rank n ≥ 2 and let q : Λ → Z be a positive-definite
quadratic form. Then∑

q′

1

|Oq′(Z)| =
2|Λ∨/Λ|(n+1)/2∏n
m=1 Vol(S

m−1)

∏
p

cp,

where the sum on the left hand side is taken over all isomorphism classes of

quadratic forms q′ in the genus of q, Vol(Sm−1) = 2πm/2

Γ(m/2) denotes the vol-

ume of the standard (m − 1)-sphere, and the product on the right ranges over

all prime numbers p, with individual factors cp satisfying cp = 2pkn(n−1)/2

|Oq(Z/pkZ)| for

k 
 0.

A version of Theorem 1.1.3.5 appears first in the work of Smith ([33]). It
was rediscovered fifteen years later by Minkowski ([26]); Siegel later corrected
an error in Minkowski’s formulation ([32]) and extended the result.

Example 1.1.3.6 Let K be an imaginary quadratic field, let Λ = OK be the
ring of integers of K, and let q : Λ→ Z be the norm map. Then we can regard
q as a positive definite quadratic form (in two variables). In this case, the mass
formula of Theorem 1.1.3.5 reduces to the class number formula for the field K.

Remark 1.1.3.7 In the statement of Theorem 1.1.3.5, if p is a prime number

which does not divide |Λ∨/Λ|, then the formula cp =
2pkn(n−1)/2

|Oq(Z/pkZ)| is valid for all

positive integers k (not only for sufficiently large values of k); in particular, we

can take k = 1 to obtain cp =
2pn(n−1)/2

|Oq(Z/pZ)| .

1.1.4 The Unimodular Case

To appreciate the content of Theorem 1.1.3.5, it is convenient to consider the
simplest case (which is already quite nontrivial).

Definition 1.1.4.1 Let Λ = Zn be a free abelian group of finite rank and let
q : Λ→ Z be a quadratic form. We will say that q is unimodular if the quotient
group Λ∨/Λ is trivial.

Remark 1.1.4.2 Let Λ = Zn be a free abelian group of finite rank and let
q : Λ → Z be a quadratic form. Then q is unimodular if and only if it remains
nondegenerate after extension of scalars to Z/pZ, for every prime number p. In
particular, if q and q′ are positive-definite quadratic forms of the same genus,
then q is unimodular if and only if q′ is unimodular. In fact, the converse also
holds: any two unimodular quadratic forms (in the same number of variables)
are of the same genus.
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Remark 1.1.4.3 Unimodularity is a very strong condition on a quadratic form
q : Λ → Z. For example, the existence of a quadratic form q : Λ → Z which is
both unimodular and positive-definite guarantees that the rank of Λ is divisible
by 8.

In the unimodular case, the mass formula of Theorem 1.1.3.5 admits several
simplifications:

• The positive-definite unimodular quadratic forms comprise a single genus, so
the left hand side of the mass formula is simply a sum over isomorphism
classes of unimodular quadratic forms.
• The term |Λ∨/Λ| can be neglected (by virtue of unimodularity).
• Because there are no primes which divide |Λ∨/Λ|, the Euler factors cp appear-
ing in the mass formula are easy to evaluate (Remark 1.1.3.7).

Taking these observations into account, we obtain the following:

Theorem 1.1.4.4 (Mass Formula: Unimodular Case) Let n be an integer
which is a positive multiple of 8. Then∑

q

1

|Oq(Z)| =
2ζ(2)ζ(4) · · · ζ(n− 4)ζ(n− 2)ζ(n/2)

Vol(S0)Vol(S1) · · ·Vol(Sn−1)

=
Bn/4

n

∏
1≤j<n/2

Bj
4j
.

Here ζ denotes the Riemann zeta function, Bj denotes the jth Bernoulli number,
and the sum is taken over all isomorphism classes of positive-definite, unimod-
ular quadratic forms q in n variables.

Example 1.1.4.5 Let n = 8. The right hand side of Theorem 1.1.4.4 evaluates
to 1/696729600. The integer 696729600 = 21435527 is the order of the Weyl
group of the exceptional Lie group E8, which is also the automorphism group
of the root lattice Λ of E8. Consequently, the fraction 1/696729600 also appears
as one of the summands on the left hand side of the mass formula. It follows
from Theorem 1.1.4.4 that no other terms appear on the left hand side: that is,
there is a unique positive-definite unimodular quadratic form in eight variables
(up to isomorphism), given by the the E8-lattice Λ.

Remark 1.1.4.6 Theorem 1.1.4.4 allows us to count the number of positive-
definite unimodular quadratic forms in a given number of variables, where each
quadratic form q is counted with multiplicity 1

|Oq(Z)| . Each of the groups Oq(Z)

has at least two elements (since Oq(Z) contains the group 〈±1〉), so that the left
hand side of Theorem 1.1.4.4 is at most C

2 , where C is the number of isomor-
phism classes of positive-definite unimodular quadratic forms in n variables. In
particular, Theorem 1.1.4.4 gives an inequality
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C ≥ 4ζ(2)ζ(4) · · · ζ(n− 4)ζ(n− 2)ζ(n/2)

Vol(S0)Vol(S1) · · ·Vol(Sn−1)
.

The right hand side of this inequality grows very quickly with n. For example,
when n = 32, we can deduce the existence of more than eighty million pairwise
nonisomorphic (positive-definite) unimodular quadratic forms in n variables.

1.2 ADELIC FORMULATION OF THE MASS FORMULA

In this section, we sketch a reformulation of the Smith-Minkowski-Siegel mass
formula, following ideas of Tamagawa and Weil.

1.2.1 The Adelic Group Oq(A)

Throughout this section, we fix a positive-definite quadratic form q = q(x1, . . . , xn)
over the integers Z. Let us attempt to classify quadratic forms q′ of the same
genus. As a first step, it will be convenient to reformulate Definition 1.1.3.1 in
the language of adeles.

Notation 1.2.1.1 For each prime number p, we let Zp = lim←−Z/pkZ denote the

ring of p-adic integers. We let Ẑ =
∏
p Zp � lim←−N>0

Z/NZ denote the profinite

completion of Z. We let Af denote the tensor product Ẑ ⊗Q, which we refer

to as the ring of finite adeles. We will generally abuse notation by identifying Ẑ
and Q with their images in Af . Let A denote the Cartesian product Af ×R.
We refer to A as the ring of adeles.

Proposition 1.2.1.2 Let q′ = q′(x1, . . . , xn) be a quadratic form over Z. Then
q and q′ have the same genus if and only if they become isomorphic after extend-
ing scalars to the product ring Ẑ×R.

Proof. Suppose that q and q′ have the same genus; we will show that q and q′

become isomorphic after extension of scalars to Ẑ×R (the converse is immediate
and left to the reader). Since qR and q′R are isomorphic, it will suffice to show

that qẐ and q′
Ẑ
are isomorphic. Using the product decomposition Ẑ � ∏

p Zp,

we are reduced to showing that qZp
and q′Zp

are isomorphic for each prime
number p.

For eachm > 0, our assumption that q and q′ have the same genus guarantees
that we can choose a matrix Am ∈ GLn(Z/p

mZ) such that q = q′ ◦Am. Choose
a matrix Am ∈ GLn(Zp) which reduces to Am modulo pm (note that the natural
map GLn(Zp) → GLn(Z/p

mZ) is surjective, since the invertibility of a matrix
over Zp can be checked after reduction modulo p). Note that the inverse limit
topology on GLn(Zp) is compact, so the sequence {Am}m>0 has a subsequence
which converges to some limit A ∈ GLn(Zp). By continuity, we have q = q′ ◦A,
so that the quadratic forms qZp

and q′Zp
are isomorphic.
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Corollary 1.2.1.3 Let q′ = q′(x1, . . . , xn) be a quadratic form over Z which
is of the same genus as q. Then the rational quadratic forms qQ and q′Q are
isomorphic.

Proof. By virtue of the Hasse principle (Theorem 1.1.2.6), it will suffice to show
that the quadratic forms q and q′ become isomorphic after extension of scalars
to R and to Qp, for each prime number p. In the first case, this is immedi-
ate; in the second, it follows from Proposition 1.2.1.2 (since there exists a ring

homomorphism Ẑ→ Qp).

Construction 1.2.1.4 Let q′ be a quadratic form over Z in the same genus
as q. Then:

• By virtue of Proposition 1.2.1.2, the quadratic forms q and q′ become iso-
morphic after extension of scalars to Ẑ×R. That is, we can choose a matrix
A ∈ GLn(Ẑ×R) satisfying q = q′ ◦A.

• By virtue of Corollary 1.2.1.3, the quadratic forms q and q′ become isomorphic
after extension of scalars to Q. That is, we can choose a matrix B ∈ GLn(Q)
satisfying q = q′ ◦B.

Let us abuse notation by identifying GLn(Ẑ×R) and GLn(Q) with their images
in GLn(A). Then we can consider the product B−1A ∈ GLn(A). We let [q′]
denote the image of B−1A in the double quotient

Oq(Q)\Oq(A)/Oq(Ẑ×R).

Note that A is well-defined up to right multiplication by elements of the orthog-
onal group Oq(Ẑ×R) and that B is well-defined up to right multiplication by
elements of the orthogonal group Oq(Q). It follows that the double coset [q′]
does not depend on the choice of matrices A and B.

Proposition 1.2.1.5 Construction 1.2.1.4 determines a bijection

{Quadratic forms in the genus of q}/isomorphism→ Oq(Q)\Oq(A)/Oq(Ẑ×R).

Proof. Let us sketch the inverse bijection (which is actually easier to define,
since it does not depend on the Hasse-Minkowski theorem). For each element
γ ∈ Oq(A), consider the intersection

Λ(γ) = Qn ∩γ((Ẑ×R)n) ⊆ An .

Then Λ(γ) is a free abelian group of rank n. Moreover, the quadratic form

qA : An → A carries Qn to Q and carries γ((Ẑ × R)n) into Ẑ × R (since it
is invariant under γ), and therefore restricts to a quadratic form qγ : Λ(γ) →
Q∩(Ẑ×R) = Z.

Choose an isomorphism Zn → Λ(γ), which we can extend to an element
α ∈ GLn(A). The condition that α(Zn) = Λ(γ) guarantees that α ∈ GLn(Q)

and γ−1◦α ∈ GLn(Ẑ×R). It follows that we can take A = α−1◦γ and B = α−1
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in Construction 1.2.1.3, so that [qγ ] is the double coset of B
−1A = γ. This shows

that γ �→ qγ determines a right inverse to Construction 1.2.1.3; we leave it to
the reader to verify that it is also a left inverse.

Let γ be an element of Oq(A) and let qγ : Λ(γ) → Z be as in the proof
of Proposition 1.2.1.5. Then the finite group Oqγ (Z) can be identified with the
subgroup of Oq(A) which preserves the lattice Λ(γ), or equivalently with the

intersection γ−1 Oq(Q)γ ∩Oq(Ẑ×R). Combining this observation with Propo-
sition 1.2.1.5, we obtain the following approximation to Theorem 1.1.3.5:

Proposition 1.2.1.6 Let q = q(x1, . . . , xn) be a positive-definite quadratic
form in n ≥ 2 variables over Z. Then∑

q′

1

|Oq′(Z)| =
∑
γ

1

|γ−1 Oq(Q)γ ∩Oq(Ẑ×R)| .

Here the sum on the left hand side ranges over isomorphism classes of quadratic
forms in the genus of q, while the sum on the right hand side ranges over a set
of representatives for the double quotient Oq(Q)\Oq(A)/Oq(Ẑ×R).

Warning 1.2.1.7 It is not a priori obvious that the sums appearing in Propo-
sition 1.2.1.6 are convergent. However, it is clear that the left hand side converges
if and only if the right hand side converges, since the summands can be identified
term-by-term.

1.2.2 Adelic Volumes

Let us now regard Af as a topological commutative ring, where the sets {N Ẑ ⊆
Af}N>0 form a neighborhood basis of the identity. We regard the ring of adeles
A = Af ×R as equipped with the product topology (where R is endowed with
the usual Euclidean topology). Then:

(a) The commutative ring A is locally compact.
(b) There is a unique ring homomorphismQ→ A, which embedsQ as a discrete

subring of A.
(c) The commutative ring A contains the product Ẑ⊗R as an open subring.

Now suppose that q = q(x1, . . . , xn) is a positive-definite quadratic form over
Z. The topology on A induces a topology on the general linear group GLn(A),
which contains the orthogonal group Oq(A) as a closed subgroup. We then have
the following analogues of (a), (b), and (c):

(a′) The orthogonal group Oq(A) inherits the structure of a locally compact
topological group.

(b′) The canonical map Oq(Q)→ Oq(A) embeds Oq(Q) as a discrete subgroup
of Oq(A).
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(c′) The canonical map Oq(Ẑ × R) → Oq(A) embeds Oq(Ẑ × R) � Oq(Ẑ) ×
Oq(R) as an open subgroup of Oq(A). Moreover, the group Oq(Ẑ × R)

is also compact: the topological group Oq(Ẑ) is profinite, and Oq(R) is a
compact Lie group of dimension n(n − 1)/2 (by virtue of our assumption
that q is positive-definite)

Let μ denote a left-invariant measure on the locally compact group Oq(A)
(the theory of Haar measure guarantees that such a measure exists and is unique
up to multiplication by a positive scalar). One can show that μ is also right-
invariant: that is, the group Oq(A) is unimodular. It follows that μ induces
a measure on the quotient Oq(Q)\Oq(A), which is invariant under the right

action of Oq(Ẑ ×R). We will abuse notation by denoting this measure also by
μ. Write Oq(Q)\Oq(A) as a union of orbits

⋃
x∈X Ox for the action of the group

Oq(Ẑ×R), where X denotes the set of double cosets Oq(Q)\Oq(A)/Oq(Ẑ×R).
If x ∈ X is a double coset represented by an element γ ∈ Oq(A), then we can

identify the orbit Ox with the quotient of Oq(Ẑ × R) by the finite subgroup

Oq(Ẑ×R) ∩ γ−1 Oq(Q)γ. We therefore obtain an equality∑
γ

1

|γ−1 Oq(Q)γ ∩Oq(Ẑ×R)|
=

∑
x∈X

μ(Ox)

μ(Oq(Ẑ×R))
(1.2)

=
μ(Oq(Q)\Oq(A))

μ(Oq(Ẑ×R))
. (1.3)

Combining (1.3) with Proposition 1.2.1.6, we obtain another approximation
to Theorem 1.1.3.5:

Proposition 1.2.2.1 Let q = q(x1, . . . , xn) be a positive-definite quadratic
form in n ≥ 2 variables over Z, and let μ be a left-invariant measure on the
locally compact group Oq(A). Then∑

q′

1

|Oq′(Z)| =
μ(Oq(Q)\Oq(A))

μ(Oq(Ẑ×R))
,

where the sum on the left hand side is taken over isomorphism classes of quadratic
forms q′ in the genus of q.

In what follows, it will be convenient to consider a further reformulation of
Proposition 1.2.2.1 in terms of special orthogonal groups.

Definition 1.2.2.2 Let q be a quadratic form over Z. For every commutative
ring R, we let SOq(R) = {A ∈ SLn(R) : q = q ◦ A}. We will refer to SOq(R) as
the special orthogonal group of q over R.

Warning 1.2.2.3 The group SOq(R) of Definition 1.2.2.2 can behave strangely
when 2 is a zero-divisor in R. For example, if R is a field of characteristic 2 and
the quadratic form qR is nondegenerate, we have SOq(R) = Oq(R). In what
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follows, this will not concern us: we will consider the groups SOq(R) only in the
case where R is torsion-free.

Let G = {x ∈ A× : x2 = 1} denote the group of square-roots of unity in A,
which we can identify with the Cartesian product

∏
v〈±1〉, where v ranges over

all the completions of Q. The group Oq(A) fits into a short exact sequence

0→ SOq(A)→ Oq(A)
det−−→ G→ 0.

Suppose we are given left-invariant measures μ′ and μ′′ on SOq(A) and G,
respectively. We can then use μ′ and μ′′ to build a left-invariant measure μ on
Oq(A), given by the formula

μ(U) =

∫
x∈G

μ′(SOq(A) ∩ x−1U)dμ′′,

where x denotes any element of Oq(A) lying over x. An elementary calculation
then gives an equality

μ(Oq(Q)\Oq(A)) = μ′(SOq(Q)\SOq(A))μ′′(〈±1〉\G)

=
μ′(SOq(Q)\SOq(A))μ′′(G)

2
.

We also have a short exact sequence

0→ SOq(Ẑ×R)→ Oq(Ẑ×R)
det−−→ H → 0,

where H ⊆ G is the image of det |Oq(Ẑ×R). This yields an identity

μ(Oq(Ẑ×R)) = μ′(SOq(Ẑ×R))μ′′(H)

=
μ′(SOq(Ẑ×R))μ′′(G)

|G/H| .

Replacing μ by μ′ in our notation, we obtain the following:

Proposition 1.2.2.4 Let q = q(x1, . . . , xn) be a positive-definite quadratic
form in n ≥ 2 variables over Z, and let μ be a left-invariant measure on the
locally compact group SOq(A). Then∑

q′

1

|Oq′(Z)| = 2k−1μ(SOq(Q)\SOq(A))

μ(SOq(Ẑ×R))
,

where the sum on the left hand side is taken over isomorphism classes of quadratic
forms q′ in the genus of q, and k is the number of primes p for which SOq(Zp) =
Oq(Zp).

Warning 1.2.2.5 In the statement of Proposition 1.2.2.4, it is not a priori
obvious that either the right hand side or the left hand side is finite. However,
the above reasoning shows that if one side is infinite, then so is the other.
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1.2.3 Digression: Local Fields

In the statement of Proposition 1.2.2.4, the left-invariant measure μ on SOq(A)
is not unique. However, it is unique up to scalar multiplication, so the quotient

μ(SOq(Q)\SOq(A))

μ(SOq(Ẑ×R))

is independent of the choice of μ. However, one can do better than this: Tama-
gawa observed that the group SOq(A) admits a canonical left-invariant measure,
which can be used to evaluate the numerator and denominator independently.
The construction of this measure (which we review in § 1.2.5) will require some
general observations about algebraic varieties over local fields, which we recall
for the reader’s convenience.

Notation 1.2.3.1 Let K be a local field. Then the additive group (K,+) is
locally compact, and therefore admits a translation-invariant measure μK , which
is unique up to multiplication by a positive real number. In what follows, we
will normalize μK as follows:

• If K is isomorphic to the field R of real numbers, we take μK to be the
standard Lebesgue measure.
• If K is isomorphic to the field C of complex numbers, then we take μK to
be twice the usual Lebesgue measure (to understand the motivation for this
convention, see Example 1.2.3.7 below).
• Suppose that K is a nonarchimedean local field: that is, K is the fraction field
of a discrete valuation ring OK having finite residue field. In this case, we take
μK to be the unique translation-invariant measure satisfying μK(OK) = 1.

For every nonzero element x ∈ K, we can define a new translation-invariant
measure onK by the construction U �→ μK(xU). It follows that there is a unique
positive real number |x|K satisfying μK(xU) = |x|KμK(U) for every measurable
subset U ⊆ K. The construction x �→ |x|K determines a group homomorphism
| • |K : K× → R>0. By convention, we extend the definition to all elements of
K by the formula |0|K = 0.

Example 1.2.3.2 If K = R is the field of real numbers, then the function
x �→ |x|K is the usual absolute value function R �→ R≥0. If K = C is the field of
complex numbers, then the function x �→ |x|K is the square of the usual absolute
value function C �→ R≥0.

Example 1.2.3.3 If K is a nonarchimedean local field and x ∈ OK , then
|x|K = |OK /(x)|−1 (with the convention that the right hand side vanishes
when x = 0, so that OK /(x) � OK is infinite). Equivalently, if the residue field
of OK is a finite field Fq with q elements and π ∈ OK is a uniformizer, then
every nonzero element x ∈ K can be written as a product uπk, where u is an
invertible element of OK . In this case, we have |x|K = |uπk|K = q−k.
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In the special case where K = Qp is the field of p-adic rational numbers, we
will denote the absolute value | • |K by x �→ |x|p.
Warning 1.2.3.4 If K � R or K is a nonarchimedean local field, then the
function x �→ |x|K is a norm on the field K: that is, it satisfies the triangle
inequality |x+ y|K ≤ |x|K + |y|K . This is not true in the case K = C (however,
it is not far from being true: the function x �→ |x|C is the square of the usual
Euclidean norm).

Construction 1.2.3.5 (The Measure Associated to a Differential Form)
Let K be a local field, let X be a smooth algebraic variety of dimension n over
K, and let ω be an (algebraic) differential form of degree n on X. Let X(K)
denote the set of K-valued points of X, which we regard as a locally compact
topological space. For each point x ∈ X(K), we can choose a Zariski-open subset
U ⊆ X which contains x and a system of local coordinates

f = (f1, . . . , fn) : U → An,

having the property that the differential form df1 ∧ df2 ∧ · · · ∧ dfn is nowhere-
vanishing on U . It follows that we can write ω|U = gdf1∧· · ·∧dfn for some regular

function g on U , and that f induces a local homeomorphism of topological space
U(K) → An(K) = Kn. Let μnK denote the standard measure on Kn (given by

the nth power of the measure described in Notation 1.2.3.1), let f∗μnK denote

the pullback of μnK to the topological space U(K), and define μUω = |g|K f∗μnK .
Then μUω is a Borel measure on the topological space U(K). It is not difficult
to see that μUω depends only on the open set U ⊆ X, and not on the system

of coordinates f : U → An. Moreover, if V is an open subset of U , we have
μVω = μUω |V (X). It follows that there is a unique measure μω on the topological
spaceX(K) satisfying μω|U(X) = μUω for every Zariski-open subset U ⊆ X which

admits a system of coordinates f : U → Ad. We will refer to μω as the measure
associated to ω.

Example 1.2.3.6 Let K be the field R of real numbers. If X is a smooth
algebraic variety of dimension n over K, then X(K) is a smooth manifold of
dimension n. Moreover, an algebraic differential form of degree n on X deter-
mines a smooth differential form of degree n on X(K), and μω the measure
obtained by integrating (the absolute value of) ω.

Example 1.2.3.7 Let K be the field C of complex numbers. If X is a smooth
algebraic variety of dimension n over K, then X(K) is a smooth manifold
of dimension 2n. Moreover, an algebraic differential form ω on X determines
a smooth C-valued differential form of degree n on X(K), which (by slight
abuse of notation) we will also denote by ω. Then the measure μω of Con-
struction 1.2.3.5 is obtained by integrating (the absolute value of) the R-valued
(2n)-form

√−1nω ∧ ω. Note that this identification depends on our convention
that μK is twice the usual Lebesgue measure on C (see Notation 1.2.3.1).
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Example 1.2.3.8 Let K be a nonarchimedean local field and let X be a
smooth algebraic variety of dimension n over K. Suppose that X is the generic
fiber of a scheme X which is smooth of dimension n over the ring of integers OK .
Let ω be a nowhere-vanishing n-form on X, and let ω = ω|X be the associated
algebraic differential form onX. ThenX(OK) is a compact open subset ofX(K),
and the measure μω of Construction 1.2.3.5 satisfies the equality μω(X(OK)) =
|X(κ)|
|κ|n , where κ denotes the residue field of OK (see Variant 1.2.3.10 below).

Remark 1.2.3.9 (Rescaling) In the situation of Construction 1.2.3.5, sup-
pose that we are given a scalar λ ∈ K. Then μλω = |λ|Kμω, where |λ|K is
defined as in Notation 1.2.3.1.

In § 1.2.5, it will be convenient to consider a slight generalization of Exam-
ple 1.2.3.8, where the integral model X is not assumed to be smooth.

Variant 1.2.3.10 Let K be a nonarchimedean local field and let X be a
smooth algebraic variety of dimension n over K. Suppose that X is the generic
fiber of a OK-scheme X which fits into a pullback diagram

X ��

��

Spec(OK)

��
Y

f �� Z,

where Y and Z are smooth OK-schemes of dimension dY and dZ = dY −n, and
f restricts to a smooth morphism of generic fibers f : Y → Z. Let ωY and ωZ be
nowhere-vanishing algebraic differential forms of degree dY and dZ on Y and Z,
respectively. Using the canonical isomorphism ΩdYY |X � ΩnX ⊗ (f∗ΩdZZ )|X , we
see that the ratio ω = ωY

f∗ωZ
|X can be regarded as an algebraic differential form

on X. Let π denote a uniformizer for the discrete valuation ring OK . Then we
have an equality

μω(X(OK)) =
|X(OK /π

k)|
|OK /πk|n (1.4)

for all sufficiently large integers k; in particular, we can write

μω(X(OK)) = lim
k→∞

|X(OK /π
k)|

|OK /πk|n .

In the special case Z = Spec(OK), X = Y and the equality (1.4) holds for all
k > 0; taking k = 1, we recover the formula of Example 1.2.3.8.

1.2.4 Tamagawa Measure

In this section, we let K denote a global field: either a finite algebraic exten-
sion of Q, or the function field of an algebraic curve defined over a finite field.
Let MK denote the set of places of K: that is, (equivalence classes of) nontrivial
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absolute values onK. For each v ∈MK , we letKv denote the local field obtained
by completing K with respect to the absolute value v. We let AK denote the
subset of the product

∏
v∈MK

Kv consisting of those elements (xv)v∈MK
hav-

ing the property that for almost every element v ∈ MK , the local field Kv is
nonarchimedean and xv belongs to the ring of integers OKv

. We refer to AK as
the ring of adeles of K. We regard AK as a locally compact commutative ring,
which contains the field K as a discrete subring.

Remark 1.2.4.1 In the special case K = Q, the ring of adeles AK can be
identified with the product A = (Ẑ⊗Q)×R of Notation 1.2.1.1. More generally,
if K is a finite extension of Q, then we have a canonical isomorphism AK �
K ⊗Q A.

Now suppose that G is a linear algebraic group defined over K. Then we can
regard the set G(AK) of AK-valued points of G as a locally compact topological
group. Tamagawa observed that, in many cases, the group G(AK) admits a
canonical Haar measure.

Construction 1.2.4.2 (Informal) LetG be a linear algebraic group of dimen-
sion n over K, and let Ω denote the collection of left-invariant differential
forms of degree n on G (so that Ω is a 1-dimensional vector space over K).
Choose a nonzero element ω ∈ Ω. For every place v ∈ MK , the differen-
tial form ω determines a (left-invariant) measure μω,v on the locally compact
group G(Kv) (see Construction 1.2.3.5). The unnormalized Tamagawa measure
is the product measure μun

Tam =
∏
v∈MK

μω,v on the group G(AK) =
∏res
v∈MK

G(Kv).

Let us formulate Construction 1.2.4.2 more precisely. Let S be a nonempty
finite subset of MK which contains every archimedean place of K, let OS =
{x ∈ K|(∀v /∈ S)[x ∈ OKv

]} be the ring of S-integers, and suppose that G is
a smooth group scheme over OS with generic fiber G. Then we can regard the
Cartesian product

AS
K =

∏
v∈MK

⎧⎨⎩Kv if v ∈ S
OKv

if v /∈ S
as an open subring of AK . Set H =

∏
v∈MK−S G(OKv

), so that H is a compact

topological group and we can regard H ×∏
v∈S G(Kv) as an open subgroup of

G(AK). We will say that G admits a Tamagawa measure if the infinite product∏
v∈MK−S

μω,v(G(O(Kv)))

converges absolutely to a nonzero real number. In this case, the compact group
H admits a unique left-invariant measure μH which satisfies the normalization
condition μH(H) =

∏
v∈MK−S μω,v(G(O(Kv))). In this case, we let μun

Tam denote
the unique left-invariant measure whose restriction toH×∏v∈S G(Kv) coincides
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with the product measure μH ×
∏
v∈S μω,v. It is not difficult to see that this

definition does not depend on the chosen subset S ⊆ MK , or on the choice
of integral model G for the algebraic group G (note that any two choices of
integral model become isomorphic after passing to a suitable enlargement of S).
Moreover, the measure μun

Tam also does not depend on the differential form ω:
this follows from Remark 1.2.3.9 together with the product formula∏

v∈MK

|λ|K = 1

for λ ∈ K×.

Remark 1.2.4.3 (Well-Definedness of Tamagawa Measure) Let G be
as above. Enlarging the subset S ⊆ MK if necessary, we can arrange that the
group scheme G is smooth over OS , and that ω extends to a nowhere-vanishing
differential form of degree n on G. Using Example 1.2.3.8, we see that the
well-definedness of the Tamagawa measure μun

Tam is equivalent to the absolute
convergence of the infinite product∏

v∈MK−S

|G(κ(v))|
|κ(v)|n ,

where κ(v) denotes the residue field of the local ring OKv
for v /∈ S.

Example 1.2.4.4 Let G = Ga be the additive group. Then we can canonically
extend G to a group scheme G over OS , given by the additive group over OS .
Then each factor appearing in the infinite product∏

v∈MK−S

|G(κ(v))|
|κ(v)|n

is equal to 1, so that G admits a Tamagawa measure.

Example 1.2.4.5 Let G = Gm be the multiplicative group. Then we can
canonically extend G to a group scheme G over OS , given by the multiplicative
group over OS . Then the infinite product appearing in Remark 1.2.4.3 is given by∏

v∈MK−S

|κ(v)| − 1

|κ(v)| ,

which does not converge. Consequently, the group G does not admit a Tamagawa
measure.

Example 1.2.4.6 Let G be nontrivial finite group, which we regard as a
0-dimensional algebraic group over K. Then we can extend G canonically to
a constant group scheme over OS . In the infinite product of Remark 1.2.4.3,
each factor can be identified with the order of G. Consequently, G does not
admit a Tamagawa measure.
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Remark 1.2.4.7 One can show that a linear algebraic group G admits a
Tamagawa measure if and only if G is connected and every character G→ Gm

is trivial. More informally, G admits a Tamagawa measure if and only if it
avoids the behaviors described in Examples 1.2.4.5 and 1.2.4.6. In particular,
every connected semisimple algebraic group G admits a Tamagawa measure. We
refer the reader to [38] for details (we will supply a proof in the function field
case later in this book). Moreover, in the semisimple case, Tamagawa measure
is also right-invariant (since the left-invariant differential form ω appearing in
Construction 1.2.4.2 is also right-invariant).

Remark 1.2.4.8 It is possible to extend the notion of Tamagawa measure to
arbitrary linear algebraic groups by modifying Definition 1.2.4.2 to avoid the
problems described in Examples 1.2.4.5 and 1.2.4.6. We refer the reader to [27]
for details.

Notation 1.2.4.9 Let G be a linear algebraic group over K which admits
a Tamagawa measure. The diagonal map K ↪→ AK induces a homomorphism
G(K)→ G(AK), which embeds G(K) as a discrete subgroup of G(AK). Since
the unnormalized Tamagawa measure μun

Tam is left-invariant, it descends canon-
ically to a measure on the collection of left cosets G(K)\G(AK). We will abuse
notation by denoting this measure also by μun

Tam. We let τun(G) denote the mea-
sure μun

Tam(G(K)\G(AK)). We refer to τun(G) as the unnormalized Tamagawa
number of G.

Example 1.2.4.10 Let K be a number field and let G = Ga be the additive
group. Then τun(G) =

√|ΔK |, where ΔK is the discriminant of K.

Example 1.2.4.11 LetK be the function field of an algebraic curve X defined
over a finite field Fq, and let G = Ga be the additive group. Then μun

Tam is the
unique translation-invariant measure on G(AK) = AK having the property that
the compact open subgroup A◦

K =
∏
v∈MK

OKv
⊆ AK has measure 1. Note that

we have an exact sequence of locally compact groups

0→ H0(X;OX)→ G(A◦
K)→ G(K)\G(AK)→ H1(X;OX)→ 0,

where the outer terms are finite-dimension vector spaces over the finite field
Fq. It follows that the unnormalized Tamagawa number τun(G) is given by
|H1(X;OX)|
|H0(X;OX)| = qg−1, where g is the genus of X.

In what follows, it is useful to consider the following slight modification of
Construction 1.2.4.2:

Definition 1.2.4.12 Let G be a linear algebraic group of dimension n over
a global field K which admits a Tamagawa measure. Then Tamagawa measure
is the left-invariant measure μTam on the locally compact group G(A) given by
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the formula

μTam =
μun
Tam

τun(Ga)n
,

where μun
Tam is the unnormalized Tamagawa measure of Construction 1.2.4.2.

We will generally abuse notation by not distinguishing between μTam and the
induced measure on the coset space G(K)\G(AK).

The Tamagawa number τ(G) is defined by the formula

τ(G) = μTam(G(K)\G(AK)) =
τun(G)

τun(Ga)n
.

Example 1.2.4.13 Let G = Ga be the additive group. Then the Tamagawa
number τ(G) is equal to 1.

Example 1.2.4.14 In the case K = Q, the normalized and unnormalized
versions of Tamagawa measure coincide.

Remark 1.2.4.15 One advantage of working with the normalized Tamagawa
measure of Definition 1.2.4.12 (as opposed to the unnormalized Tamagawa mea-
sure of Construction 1.2.4.2) is that it in some sense depends only on the group
G(AK), and not on the choice of global field K. More precisely, suppose that
K is a finite extension of a global field K0 ⊆ K, and let G be a linear algebraic
group over K which admits a Tamagawa measure. Then the Weil restriction
G0 = ResKK0

G is a linear algebraic group over K0 which admits a Tamagawa
measure, equipped with a canonical isomorphism α : G(AK) � G0(AK0

). This
isomorphism is measure-preserving if we regard both G(AK) and G0(AK0

) as
equipped with the Tamagawa measure of Definition 1.2.4.12. This is not true for
the unnormalized Tamagawa measure: for example, if K0 is the field of rational
numbers and G = Ga is the additive group, then we have τun(G) =

√|ΔK | and
τun(G0) = 1.

Warning 1.2.4.16 In the setting of Definition 1.2.4.12, it is not obvious that
the Tamagawa number τ(G) is finite: a priori, the quotient space G(K)\G(AK)
could have infinite measure (note that this phenomenon does not occur when
G = Ga by virtue of Examples 1.2.4.10 and 1.2.4.11), and the Tamagawa num-
ber τ(G) is well-defined as an element of R>0 ∪{∞}. The finiteness of τ(G) is
established in [6] when K is a number field and in [9] when K is a function field
(when G is semisimple, this was proved earlier by Harder).

1.2.5 The Mass Formula and Tamagawa Numbers

Let us now return to the setting of § 1.2.1. Let Λ = Zn be a free abelian group
of rank n ≥ 2 and let q : Λ → Z be a positive-definite quadratic form. When
restricted to Q-algebras, the construction R �→ SOq(R) is representable by an
algebraic group SOq over the field Q of rational numbers. One can show that the
group SOq admits a Tamagawa measure μTam (in fact, the algebraic group SOq is
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connected and semisimple if n ≥ 3). We can therefore restate Proposition 1.2.2.4
as follows:

Proposition 1.2.5.1 Let q = q(x1, . . . , xn) be a positive-definite quadratic
form in n ≥ 2 variables over Z. Then∑

q′

1

|Oq′(Z)| = 2k−1 τ(SOq)

μTam(SOq(Ẑ×R))
,

where the sum on the left hand side is taken over isomorphism classes of
quadratic forms q′ in the genus of q, k is the number of primes p for which
SOq(Zp) = Oq(Zp), and τ(SOq) denotes the Tamagawa number of the algebraic
group SOq.

Using Proposition 1.2.5.1, we can restate the Smith-Minkowski-Siegel mass
formula as an equality

2k−1 τ(SOq)

μTam(SOq(Ẑ×R))
=

2|Λ∨/Λ|(n+1)/2∏n
m=1 Vol(S

m−1)

∏
p

cp,

where the factors cp are defined as in Theorem 1.1.3.5. In fact, we can say
more: the numerator and denominator of the left hand side can be evaluated
independently. Theorem 1.1.3.5 is an immediate consequence of the following
pair of assertions:

Theorem 1.2.5.2 Let Λ = Zn be a free abelian group of rank n ≥ 2 and let
q : Λ→ Z be a positive-definite quadratic form. Then

μTam(SOq(Ẑ×R)) =
2k−1

∏n
m=1 Vol(S

m−1)

|Λ∨/Λ|(n+1)/2
∏
p cp

,

where k is the number of primes p for which SOq(Zp) = Oq(Zp), and the factors
cp are defined as in Theorem 1.1.3.5.

Theorem 1.2.5.3 (Mass Formula, Tamagawa-Weil Version) Let q be a
positive-definite quadratic form in n ≥ 2 variables over Z. Then the Tamagawa
number τ(SOq) is equal to 2.

The “abstract” mass formula of Theorem 1.2.5.3 has several advantages over
the “concrete” mass formula of Theorem 1.1.3.5:

• The equality μTam(SOq(Q)\SOq(A)) = 2 continues to hold for nondegenerate
quadratic forms q which are not positive-definite, except in the degenerate
case where n = 2 and q is isotropic (in the latter case, the algebraic group
SOq is isomorphic to the multiplicative group Gm, so the Tamagawa number
τ(SOq) is not defined).

• Theorem 1.2.5.3 is really a statement about quadratic forms over Q: note that
the measure μTam(SOq(Q)\SOq(A)) depends only on the rational quadratic
form qQ, and does not change if we rescale qQ by a nonzero rational number.
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This invariance is not easily visible in the formulation of Theorem 1.1.3.5,
where both sides of the mass formula depend on the choice of an integral
quadratic form.

The content of the mass formula is contained primarily in Theorem 1.2.5.3;
Theorem 1.2.5.2 is essentially a routine calculation.

Proof Sketch of Theorem 1.2.5.2. Let g denote the Lie algebra of the algebraic
group SOq and let b : Λ×Λ→ Z denote the symmetric bilinear form associated
to q (given by b(x, y) = q(x + y) − q(x) − q(y)). Then there is a canonical

isomorphism of rational vector spaces ρ : Q⊗Z

∧2
(Λ)→ g, given concretely by

the formula ρ(x, y)(z) = b(x, z)y− b(y, z)x. Let Ω be as in Construction 1.2.4.2,
which we can identify with the top exterior power of the dual space g∨. It
follows that the top exterior power of ρ∨ supplies an isomorphism β : Ω →
Q⊗∧n(n−1)/2 ∧2

(Λ). Note that
∧n(n−1)/2 ∧2

(Λ) is a free abelian group of rank
1, and therefore admits a generator e which is unique up to a sign. Set ω =
β−1(e) ∈ Ω. Then ω is well-defined up to a sign, and therefore determines well-
defined measures μω,R on SOq(R) and μω,Qp

on SOq(Qp) for each prime number
p. The definition of Tamagawa measure then yields an identity

μTam(SOq(Ẑ×R)) = (
∏
p

μω,Qp
(SOq(Zp)))μω,R(SOq(R)).

To prove Theorem 1.2.5.2, it will suffice to verify the “local” identities

μω,R(SOq(R)) =

∏n
m=1 Vol(S

m−1)

2|Λ∨/Λ|(n−1)/2
(1.5)

μω,Qp
(SOq(Zp)) =

⎧⎪⎨⎪⎩
2|Λ∨/Λ|p

cp
if SOq(Zp) = Oq(Zp)

|Λ∨/Λ|p
cp

if SOq(Zp) �= Oq(Zp).

(1.6)

Let us first prove (1.5). Let V be a finite-dimensional real vector space
equipped with a positive-definite bilinear form. Let o(V ) denote the Lie alge-
bra of O(V ), which we regard as a subspace of End(V ). Then the construction
o(V ) admits a positive-definite bilinear form b′, given by b′(A,B) = −1

2 Tr(AB).
This symmetric bilinear form determines a bi-invariant Riemannian metric on
the compact Lie group O(V ), so that the volumes Vol(O(V )) and Vol(SO(V ))
are well-defined and depend only on the dimension of V . Take V = R⊗Λ.
Unwinding the definitions, we obtain an identity μR,ω(SOq(R)) = Vol(SO(Rn))√

|D| =

Vol(O(Rn))

2
√
N

, where D is the discriminant of the integral bilinear form b′ ◦ ρ on

the lattice
∧2

(Λ). An elementary calculation gives |D| = |Λ∨/Λ|(n−1), and a
calculation using the fiber sequences O(Rm−1)→ O(Rm)→ Sm−1 yields
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Vol(O(Rm)) = Vol(O(Rm−1))Vol(Sm−1) Vol(O(Rn)) =

n∏
m=1

Vol(Sm−1).

Combining these identities, we obtain (1.5).
We now prove (1.6). The differential form ω extends uniquely to a left-

invariant differential form on the full orthogonal group Oq. Invoking the defi-
nition of the constants cp, we can phrase (1.6) more uniformly as the assertion
that the identity

μω,Qp
(Oq(Zp)) =

|Λ∨/Λ|p|Oq(Z/pk)|
pkn(n−1)/2

holds for k 
 0. Note that the orthogonal group Oq is representable by a scheme
defined over Zp (or even over Z) which fits into a pullback diagram

Oq ��

��

Spec(Zp)

q

��
GLn

f �� Q.

Here Q is the affine space (of dimension (n2 + n)/2) parametrizing quadratic
forms on Λ, and f : GLn → Q is the map given by A �→ q ◦ A. The desired
equality now follows by combining Remark 1.2.3.9 with Variant 1.2.3.10.

1.2.6 Weil’s Conjecture

The appearance of the number 2 in the statement of Theorem 1.2.5.3 results from
the fact that the algebraic group SOq is not simply connected. Let us assume that
q is a nondegenerate quadratic form in at least three variables, so that algebraic
group SOq is semisimple and admits a universal cover Spinq → SOq. We then
have the following more fundamental statement:

Theorem 1.2.6.1 (Mass Formula, Simply Connected Version) Let q =
q(x1, . . . , xn) be a nondegenerate quadratic form in n ≥ 3 variables over Q, and
let Spinq be the universal cover of the semisimple algebraic group SOq. Then the
Tamagawa number τ(Spinq) is equal to 1.

Remark 1.2.6.2 In general, there is a simple relationship between the Tam-
agawa number of a semisimple algebraic group G and the Tamagawa number
of the universal cover G̃; we refer the reader to [28] for details. Using this rela-
tionship, it is not difficult to see that Theorem 1.2.6.1 is equivalent to Theo-
rem 1.2.5.3, provided that q is a quadratic form in at least three variables.

Warning 1.2.6.3 Let q = q(x1, x2) be a nondegenerate quadratic form in two
variables. Then the algebraic group SOq still admits a canonical double cover
Spinq → SOq. However, it is not true that the Tamagawa number τ(Spinq)
is equal to 1. Instead, the group Spinq is isomorphic to SOq, and we have an
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equality of Tamagawa numbers τ(Spinq) = τ(SOq) = 2 (under the assumption
that q is anisotropic; if q is isotropic, then neither τ(Spinq) nor τ(SOq) is well-
defined).

Motivated by Theorem 1.2.6.1, Weil proposed the following:

Conjecture 1.2.6.4 (Weil’s Conjecture) Let K be a global field and let
G be an algebraic group over K which is connected, semisimple, and simply
connected. Then the Tamagawa number τ(G) is equal to 1.

In [38], Weil verified Conjecture 1.2.6.4 in many cases (in particular, he gave a
direct proof of Theorem 1.2.6.1, thereby reproving the Smith-Minkowski-Siegel
mass formula). When K is a number field, Conjecture 1.2.6.4 was proved in
general by Kottwitz in [18] (under the assumption that G satisfies the Hasse
principle, which is now known to be automatic), building on earlier work of
Langlands ([21]) in the case where G is split and Lai ([19]) in the case where G
is quasi-split.

1.3 WEIL’S CONJECTURE FOR FUNCTION FIELDS

In §1.2, we formulated Weil’s conjecture for an arbitrary simply connected
semisimple algebraic group G over a global field K (Conjecture 1.2.6.4). In
the case where K = Q and G = Spinq for a positive-definite quadratic form q,
Weil’s conjecture is essentially a reformulation of the Smith-Minkowski-Siegel
mass formula (Theorem 1.1.3.5). Our goal in this book is to give a proof of Con-
jecture 1.2.6.4 in the case where K is the function field of an algebraic curve X
(defined over a finite field Fq). In this section, we will explain how the function
field case of Weil’s conjecture can also be regarded as a mass formula: more
precisely, it is a (weighted) count for the number of principal G-bundles on X
(see Conjecture 1.3.3.7).

1.3.1 Tamagawa Measure in the Function Field Case

We begin by reviewing some terminology. Throughout this section, we let Fq
denote a finite field with q elements and X an algebraic curve over Fq. We
assume that the algebraic curve X is smooth, projective, and geometrically
connected over Fq (that is, the unit map Fq → Γ(X;OX) is an isomorphism).
We let KX denote the field of rational functions on X: that is, the residue field
of the generic point of X. Then KX is a function field: a global field of positive
characteristic.

In what follows, we will write x ∈ X to mean that x is a closed point of
the curve X. For each x ∈ X, we let κ(x) denote the residue field of X at the
point x. Then κ(x) is a finite extension of the finite field Fq. We let Ox denote
the completion of the local ring of X at the point x: this is a complete discrete
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valuation ring with residue field κ(x), noncanonically isomorphic to a power
series ring κ(x)[[t]]. We let Kx denote the fraction field of Ox.

The collection of local fields {Kx}x∈X can be viewed as the collection of all
completions of KX with respect to nontrivial absolute values: in other words, we
can identify the set of closed points of X with the set of places MKX

considered
in § 1.2.4. Let AX =

∏res
x∈X Kx denote the ring of adeles of the global field KX .

Then AX can be described more precisely as a direct limit lim−→AS
X , where S

ranges over all finite sets of closed points of X and AS
X denotes the Cartesian

product

∏
x∈X

{
Kx if x ∈ S
Ox if x /∈ S.

Here we regard each AS
X as equipped with the product topology, and AX as

equipped with the direct limit topology (so that each AS
X is an open subring

of AX). In particular, the ring of adeles AX contains a compact open subring

A∅
X =

∏
x∈X Ox, which we will refer to as the ring of integral adeles.

Let G0 be a linear algebraic group defined over the function field KX .
For every KX -algebra R, we let G0(R) denote the group of R-valued points
of G0. In particular, we can consider the set G0(AX) of adelic points of G0,
which we regard as a locally compact topological group containing G0(KX) as
a discrete subgroup. If the algebraic group G0 is connected and semisimple,
we let μTam denote the Tamagawa measure on G0(AX) of Definition 1.2.4.12,
and we let τ(G0) = μTam(G0(KX)\G0(AX)) denote the Tamagawa number
of G0.

In order to obtain a concrete interpretation of the Tamagawa number τ(G0),
it will be convenient to choose an integral model of G0: that is, a group scheme π :
G→ X whose generic fiber is isomorphic to G0, where the morphism π is smooth
and affine (such an integral model can always be found: see for example [8] or §7.1
of [7]). Given such a group scheme, we can associate a group G(R) of R-valued
points to every commutative ring R equipped with a map u : Spec(R) → X.
In the case where u factors through the generic point of X, we can regard u as
equipping R with the structure of KX -algebra, and G(R) can be identified with
the set G0(R) of R-valued points of G0. However, a choice of integral model
supplies additional structure:

• For each closed point x ∈ X, we can consider the group G(Ox) of Ox-valued
points of G: this is a compact open subgroup of the locally compact group
G(Kx) = G0(Kx).
• For each closed point x ∈ X, we can consider the group G(κ(x)) of κ(x)-
valued points of G: this is a finite group which appears as a quotient of
G(Ox) (note that the surjectivity of the map G(Ox)→ G(κ(x)) follows from
the smoothness of G).
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• For every finite set S of closed points of X, we can consider the group G(AS
X)

of AS
X -valued points of G, which is isomorphic to the direct product

∏
x∈X

{
G(Kx) if x ∈ S
G(Ox) if x /∈ S.

Here we can view G(AS
X) as an open subgroup of G(AX) = G0(AX). If

S = ∅, then G(AS
X) is a compact open subgroup of G(AX).

Remark 1.3.1.1 It will often be convenient to assume that the map π : G→
X has connected fibers. This can always be arranged by passing to an open
subgroup G◦ ⊆ G, given by the union of the connected component of the identity
in each fiber of π (note that passage from G to G◦ does not injure our assumption
that the morphism π is affine; the open immersion G◦ ↪→ G is complementary
to a Cartier divisor and is therefore an affine morphism).

Warning 1.3.1.2 Let G0 be a semisimple algebraic group over the function
field KX . It is generally not possible to choose an integral model π : G → X
of G0 which is semisimple as a group scheme over X. It follows from general
nonsense that, for all but finitely many closed points x ∈ X, the fiber Gx =
Spec(κ(x))×X G is a semisimple algebraic group over κ(x). However, we cannot
avoid the phenomenon of bad reduction: the existence of finitely many closed
points x ∈ X where Gx is not semisimple. At these points, one can use Bruhat-
Tits theory to choose parahoric models for the algebraic group G0 (that is, group
schemes over Ox which are not too far from being semisimple). However, we will
not need Bruhat-Tits theory in this book.

A choice of integral model π : G → X for the linear algebraic group G0

allows us to give a very concrete description of the Tamagawa measure μTam

on G(AX) = G0(AX). Let ΩG/X denote the relative cotangent bundle of the
smooth morphism π : G → X. Then ΩG/X is a vector bundle on G of rank
n = dim(G0). We let ΩnG/X denote the top exterior power of ΩG/X , so that

ΩnG/X is a line bundle on G. Let L be the pullback of ΩdG/X along the identity
section e : X → G. Equivalently, we can identify L with the subbundle of
π∗ΩnG/X consisting of left-invariant sections. Let L0 be the generic fiber of L,
which we regard as a 1-dimensional vector space over KX , and choose a nonzero
element ω ∈ L0. For every closed point x ∈ X, we can apply Construction 1.2.3.5
to the differential form ω to obtain a left-invariant measure μω,x on the locally
compact group G(Kx). Using Remark 1.2.3.9 and Example 1.2.3.8, we see that
the measure μω,x is characterized by the identity

μx,ω(G(Ox)) =
|G(κ(x))|
|κ(x)|n+vx(ω) ,

where vx(ω) ∈ Z denotes the order of vanishing of ω at the point x. It fol-
lows that the unnormalized Tamagawa measure μun

Tam of Construction 1.2.4.2 is
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characterized by the formula

μun
Tam(G(A

∅
X)) =

∏
x∈X

|G(κ(x))|
|κ(x)|n+vx(ω) .

Using the identity∏
x∈X
|κ(x)|vx(ω) =

∏
x∈X

qdeg(x)vx(ω) = q
∑

x∈X deg(x)vx(ω) = qdeg(L) = qdeg(ΩG/X)

and the description of τun(Ga) given in Example 1.2.4.11, we obtain the
following:

Proposition 1.3.1.3 Let X be an algebraic curve of genus g over a finite field
Fq and let π : G → X be a smooth affine group scheme whose generic fiber is
connected and semisimple of dimension n. Then the Tamagawa measure μTam

of Definition 1.2.4.12 is the unique left-invariant measure on the group G(AX)
which satisfies the identity

μTam(G(A
∅
X)) = qn(1−g)−deg(ΩG/X)

∏
x∈X

|G(κ(x))|
|κ(x)|n .

Remark 1.3.1.4 For purposes of understanding this book, the reader can
feel free dispense with the analytic constructions of § 1.2.4 and take Proposi-
tion 1.3.1.3 as the definition of the Tamagawa measure μTam. From this point
of view, it is not immediately obvious (but not hard to verify) that the measure
μTam depends only on the generic fiber G0 = Spec(KX) ×X G, and not on the
choice of integral model G→ X.

1.3.2 Principal Bundles

Our next goal is to relate measures on adelic groups and their quotients (in the
function field case) to more concrete counting problems. First, we review some
terminology.

Definition 1.3.2.1 Let X be a scheme and let G be a group scheme over
X. For every X-scheme Y , we let GY = G ×X Y denote the associated group
scheme over Y . By a G-bundle on Y , we will mean a Y -scheme P equipped with
an action

GY ×Y P � G×X P→ P

of GY (in the category of Y -schemes) which is locally trivial in the following
sense: there exists a faithfully flat map U → Y and a GY -equivariant isomor-
phism U ×Y P � U ×Y GY � U ×X G.

Remark 1.3.2.2 In the situation of Definition 1.3.2.1, suppose that we are
given a morphism of X-schemes f : Y ′ → Y . If P is a G-bundle on Y , then the
fiber product Y ′ ×Y P can be regarded as a G-bundle on Y ′. We will refer to
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Y ′ ×Y P as the pullback of P along f , and denote it by f∗ P or by P |Y ′ (we
employ the latter notation primarily in the case where f is an embedding).

Remark 1.3.2.3 Let G be a group scheme over X. Then G represents a
functor hG from the category of X-schemes to the category of groups, and the
functor hG is a sheaf for the flat topology. Every G-bundle P on X represents
a functor hP, which can be regarded as an hG-torsor, locally trivial for the flat
topology. If G is affine, then every hG-torsor arises in this way (since affine
morphisms satisfy effective descent for the flat topology). For this reason, we
will generally use the terminology G-bundle and G-torsor interchangeably when
G is affine (which will be satisfied in all of our applications).

Remark 1.3.2.4 In the special case where G is a smooth over X, any G-
bundle P on an X-scheme Y is smooth as a Y -scheme. It follows that P can be
trivialized over an étale covering U → Y .

Notation 1.3.2.5 Let X be a scheme and let G be an affine group scheme over
X. For every X-scheme Y , we let TorsG(Y ) denote the category whose objects
are G-bundles on Y , and whose morphisms are isomorphisms of G-bundles.

We will need the following gluing principle for G-bundles:

Proposition 1.3.2.6 (Beauville-Laszlo) Let X be a Dedekind scheme (for
example, an algebraic curve), let G be a flat affine group scheme over X, and
let S be a finite set of closed points of X. For each x ∈ S, let Ox denote the
complete local ring of X at x, and let Kx denote the fraction field of Ox. Then
the diagram of categories

TorsG(X) ��

��

TorsG(X − S)

��∏
x∈S TorsG(Spec(Ox)) �� ∏

x∈S TorsG(Spec(Kx))

is a pullback square.

More informally, Proposition 1.3.2.6 asserts that a G-bundle P on X can be
recovered from its restriction to the open subset X − S ⊆ X and its restriction
to a formal neighborhood of each point x ∈ S, provided that we are supplied
with “gluing data” over a punctured formal neighborhood Spec(Kx) of each
point x ∈ X. We now exploit this to produce some examples of G-bundles on
algebraic curves:

Construction 1.3.2.7 (Regluing) Let X be an algebraic curve over a finite
field Fq, let G be a smooth affine group scheme over X, and let γ be an element
of the adelic group G(AX). Then we can identify γ with a collection of elements
{γx ∈ G(Kx)}x∈X , having the property that there exists a finite set S such
that γx ∈ G(Ox) whenever x /∈ S. Using Proposition 1.3.2.6, we can construct a
G-bundle Pγ on X with the following features:
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(a) The bundle Pγ is equipped with a trivialization φ on the open set U = X−S.
(b) The bundle Pγ is equipped with a trivialization ψx over the scheme Spec(Ox)

for each point x ∈ S.
(c) For each x ∈ S, the trivializations of Pγ |Spec(Kx) determined by φ and ψx

differ by the action of γx ∈ G(Kx).

It is not difficult to see that the G-bundle Pγ is canonically independent of the
choice of S, so long as S contains all points x such that γx /∈ G(Ox).

In good cases, all G-bundles on algebraic curves can be obtained by applying
Construction 1.3.2.7. This is a consequence of the following pair of results:

Theorem 1.3.2.8 (Lang) Let κ be a finite field and let G be a connected
algebraic group over κ. Then every G-bundle on Spec(κ) is trivial.

Theorem 1.3.2.9 (Harder) Let X be an algebraic curve over a finite field
Fq, let G be an algebraic group over the fraction field KX , and let P be a
G-bundle over Spec(KX). Assume that G is connected, semisimple, and sim-
ply connected. Then the following conditions are equivalent:

(a) The G-bundle P is trivial.
(b) For every closed point x ∈ X, the fiber product Spec(Kx) ×Spec(KX) P is a

trivial G-bundle on Spec(Kx).

We refer the reader to [20] and [16] for proofs of Theorem 1.3.2.8 and 1.3.2.9,
respectively. Note that Theorem 1.3.2.9 can be regarded as a function field
analogue of the Hasse principle for quadratic forms (Theorem 1.1.2.6).

Proposition 1.3.2.10 Let X be an algebraic curve over a finite field and let
G be a smooth affine group scheme over X. Assume that the fibers of G are
connected and that the generic fiber of G is semisimple and simply connected.
Then every G-bundle on X can be obtained from Construction 1.3.2.7: that is,
it is isomorphic to Pγ for some element γ ∈ G(AX).

Proof. Let P be a G-bundle on X. For each closed point x ∈ X, the G-bundle
P is trivial when restricted to Spec(κ(x)) by virtue of Lang’s theorem (Theo-
rem 1.3.2.8). Since G is smooth over X, the G-bundle P is also smooth over X.
Applying Hensel’s lemma, we see that any trivialization of P over Spec(κ(x))
can be extended to a trivialization of P over Spec(Ox). In particular, P is
trivial when restricted to each Spec(Kx). Applying Harder’s theorem (Theo-
rem 1.3.2.9), we deduce that P is trivial over the generic point Spec(KX) ⊆ X.
Using a direct limit argument, we conclude that P is trivial over some open
subset U ⊆ X. Let S be the set of closed points of X which are not contained in
U . Then P is trivial over U and over each of the local schemes {Spec(Ox)}x∈S .
Using Proposition 1.3.2.6, we conclude that P is isomorphic to Pγ for some

γ ∈ G(AS
X) ⊆ G(AX).
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Proposition 1.3.2.10 asserts that, under reasonable hypotheses, all G-bundles
on X can be obtained by applying the regluing procedure of Construction 1.3.2.7
to an appropriately chosen element γ ∈ G(AX). However, the element γ is not
uniquely determined: it is possible for different elements of G(AX) to give rise to
isomorphic G-bundles on X. Let us now analyze exactly how this might occur.
Suppose we are given elements γ, γ′ ∈ G(AX). Then the G-bundles Pγ and Pγ′

both come equipped with trivializations at the generic point of X. Consequently,
the datum of a G-bundle isomorphism

ρ0 : Spec(KX)×X Pγ � Spec(KX)×X Pγ′

is equivalent to the datum of an element β ∈ G(KX). Unwinding the definitions,
we see that ρ0 can be extended to a G-bundle isomorphism of Pγ with Pγ′ if

and only if the product γ′−1βγ belongs to the subgroup G(A∅
X) ⊆ G(AX)

(moreover, such an extension is automatically unique, since the generic point
of X is dense in X). We therefore obtain the following more precise version of
Proposition 1.3.2.10:

Proposition 1.3.2.11 Let X be an algebraic curve over a finite field and let
G be a smooth affine group scheme over X. Assume that the fibers of G are
connected and that the generic fiber of G is semisimple and simply connected.
Then:

(a) The construction γ �→ Pγ induces a bijection from the double quotient

G(KX)\G(AX)/G(A∅
X)

to the set of isomorphism classes of G-bundles on X.
(b) Let γ be an element of G(AX) and let γ denote its image in G(KX)\G(AX).

Then the automorphism group of the G-bundle Pγ can be identified with the

subgroup of G(A∅
X) which fixes γ.

1.3.3 Weil’s Conjecture as a Mass Formula

We now use Proposition 1.3.2.11 to reformulate Weil’s conjecture as a mass
formula, analogous to Theorem 1.1.3.5. First, we need a bit of terminology.

Definition 1.3.3.1 (The Mass of a Groupoid) Let C be a groupoid (that
is, a category in which all morphisms are isomorphisms). Assume that, for every
object C ∈ C, the automorphism group Aut(C) is finite. We let |C | denote the
sum

∑
C

1
|Aut(C)| , where C ranges over a set of representatives for all isomor-

phism classes in C. We will refer to |C | as the mass of the groupoid C.

Remark 1.3.3.2 In the setting of Definition 1.3.3.1, each term in appearing
in the sum

∑
C

1
|Aut(C)| is ≤ 1. Consequently, if C has only n isomorphism

classes of objects for some nonnegative integer n, then |C | ≤ n. We can regard
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