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Introduction

1.1 THE INFRARED TRIANGLE

These lectures concern a triangular equivalence relation that governs the infrared
(IR) dynamics of all physical theories with massless particles. Each of the three
corners of the triangle, illustrated in figure 1.1, represents an old and central subject
in physics on which hundreds or even thousands (in the case of soft theorems) of
papers have been written. Over the past few years we have learned that these three
seemingly unrelated subjects are actually the same subject, arrived at from very
different starting points and expressed in very different notations.

The first corner is the topic of soft theorems. These originated in quantum
electrodynamics (QED) in 1937 with the work of Bloch and Nordsieck [1], were
significantly developed in 1958 by Low and others [2–6], and were generalized to
gravity in 1965 by Weinberg [7]. Soft theorems characterize universal properties
of Feynman diagrams and scattering amplitudes when a massless external particle
becomes soft, (i.e., its energy is taken to zero). These theorems tell us that a
surprisingly large—in fact, infinite—number of soft particles are produced in any
physical process, but in a highly controlled manner that is central to the consistency
of quantum field theory.

The second corner is the subject of asymptotic symmetries. This is the study
of the nontrivial exact symmetries or conserved charges of any system with
an asymptotic region or boundary. One of the earliest examples appears in the
pioneering work of Bondi, van der Burg, Metzner, and Sachs (BMS) [8, 9],
who sought to recover the Poincaré group of special relativity as the symme-
try group of asymptotically flat spacetimes in general relativity (GR). Instead,
in a spectacular failure of their original program, they discovered the infinite-
dimensional BMS group whose deep implications are still being unravelled today.
In contrast, analogous asymptotic symmetries in QED and nonabelian gauge theory
were discovered only recently [10–14] and are a subject of ongoing research
[15–22].

The third corner of the triangle is the memory effect, investigated in the context
of gravitational physics in 1974 by Zel’dovich and Polnarev [23], and significantly
developed by Christodoulou and others [24–33]. This is a subtle DC effect, in
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FIGURE 1.1. The infrared triangle.

which the passage of gravitational waves produces a permanent shift in the relative
positions of a pair of inertial detectors. Detection of the memory effect has been
proposed at LIGO [34] or via a pulsar timing array [35, 36]. It is an exciting
experimental prospect for the coming decades. Again, the gauge theory analog
appeared only recently [37–40]. This memory corner of the triangle provides an
important physical realization of the more abstractly formulated results of the other
two corners, giving direct observational consequences of the infinite number of
symmetries and conservation laws.

Figure 1.1 also depicts the mathematical equivalence relations connecting the
three corners. Perhaps the simplest is the connection between the soft theorem
and the memory effect [41]. The former is a statement about momentum space
poles in scattering amplitudes, while the latter concerns a DC shift in asymptotic
data between late and early times. These are the same thing, because the Fourier
transform of a pole in frequency space is a step function in time. The step function
in turn can be understood as a domain wall connecting two inequivalent vacua
that are related by an asymptotic symmetry [41]. Hence the memory effect both
physically manifests and directly measures the action of the asymptotic symmetries.
The triangle in Figure 1 is closed by noting that every symmetry has a Ward
identity that equates scattering amplitudes of symmetry-related states.1 These Ward
identities turn out to be nothing but the soft theorems—which relate amplitudes
with and without soft particles—in disguise [10, 11, 42, 43].

It is a testimony to the unity of physics that these three seemingly disparate
avenues of investigation led to the same mathematical structures. We will see in
section 5 that Weinberg’s 1965 soft graviton theorem reproduced the 1962 results
of BMS, but in the wildly different language and notation of Feynman diagrams as

1 Alternately, these identities can be derived as the vanishing of all matrix elements of the associated
charge conservation laws.
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opposed to asymptotic structures at null infinity. We will further see in section 6
that the 1987 Braginsky-Thorne formula for the gravitational memory effect is a
Fourier transform of the Weinberg soft graviton theorem. Of course, Weinberg was
scattering elementary particles, while Braginsky and Thorne were scattering black
holes, but this distinction is irrelevant in the deep infrared!

The bigger picture emerging from the triangle is that deep IR physics is
extremely rich, perhaps richer than previously appreciated. Every time we breathe,
an infinite number of soft photons and gravitons are produced. Quantum field theory
analyses tend to treat this as a technical problem to be overcome by resorting to
carefully constructed inclusive cross sections. IR regulators are often used that
explicitly break the symmetries, and it is difficult to see them emerge as the
regulator is removed.2 GR analyses tend to treat the BMS discovery that the deep
IR limit of GR is not special relativity as a problem to be avoided by the ad
hoc imposition of extra boundary conditions at infinity. In fact, BMS discovered
the classical version of infinite graviton production, an equivalent indication of
the richness of the deep IR. Here we will see that, far from being technicalities,
these IR phenomena are associated with fundamental symmetries of nature whose
fascinating consequences we are just beginning to unravel.

1.2 NEW DEVELOPMENTS

New developments in this area go beyond demonstrating the equivalence of
previously known phenomena. The three-dimensional perspective afforded by the
triangle has led to better conceptual understanding of each old corner, discovery of
new corners, and new research programs searching for and exploring new triangles.
We now mention a few of the many new results that have emerged in the past
few years.

Until recently, one corner of the triangle—asymptotic symmetries—was es-
sentially unknown for any example in four-dimensional Minkowski space. The
best understood case was the BMS action in gravity. BMS showed that infinite-
dimensional subgroups BMS± of the diffeomorphism group act nontrivially at
future and past null infinity I±, transforming one set of Cauchy data to a
physically inequivalent one. The full group BMS+ × BMS−, however, is clearly not
a symmetry of gravitational scattering. For example, it includes elements that boost
the past but not the future. It was widely held (in part due to misconceptions about
asymptotic falloffs cleared up only recently by Christodoulou and Klainerman
[47]) that there is no nontrivial infinite-dimensional symmetry of gravitational

2 BMS3 has been recovered as the large-radius limit of gravity in AdS3 [44–46], but efforts [45] to
recover BMS4 in the large-radius limit of AdS4 have so far not succeeded.
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scattering; see [48] for further discussion. However, the equivalence to the soft
graviton theorem was used in [42] to show that, in a generic physical setting, a
certain antipodal subgroup of BMS+ × BMS− is an exact asymptotic symmetry of
gravitational scattering. This discovery is detailed in section 5.2.

The triangular perspective further led to the conclusion that the vacuum in
GR (as well as in gauge theory) is not unique, as it transforms nontrivially
under the antipodal symmetries.3 In particular, distinct vacua are found to have
different angular momenta [51]. Ignoring the vacuum degeneracy leads to the
false conclusion that angular momentum is not conserved (see figure 2.7)! This
degeneracy resolves the so-called problem of angular momentum in GR. The
electromagnetic analog is discussed in section 2.11, and the gravity version in
section 5.

Another new development from the triangle involves a conjectured extension of
the BMS group involving superrotations, a Virasoro-like symmetry that acts on the
sphere at I [52–55]. Because of certain singularities in the generators, standard
asymptotic symmetry analyses could not establish whether these are bona fide
symmetries. However, the result was established [56, 57] using Feynman diagrams
and proving the equivalent soft theorem, as discussed in section 5.3.

In abelian and nonabelian gauge theories, various soft theorems have long been
known. New symmetries in gauge theory, precise analogs of the antipodal subgroup
of BMS in gravity, have been discovered using the triangular equivalence, as
discussed in sections 2 and 4.

Given one corner of a triangle, others can be systematically determined. Insights
from gravity can be applied to gauge theory and vice versa. One or more triangles
potentially exists for every type of massless particle. Let us now discuss a few of
these triangular variations.

1.3 ECHOING TRIANGLES

The IR triangle in figure 1.1 has many copies, which echo throughout much of
physics, as illustrated in figure 1.2. Here are some examples.

1.3.1 QED, Yang-Mills Theory, Gravity, Massless Particles, ...

The simplest cases of the triangle involve massless particles associated with local
gauge symmetries, such as the photon, which will be our first example. However,
whenever there is a massless particle, one can consider the soft limit of the
scattering amplitude. A full triangle, including symmetry and memory, is often

3 This result was partially anticipated in the prescient work of Ashtekar [49]; see also Balachandran
and Vaidya [50].
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FIGURE 1.2. The infrared triangle echoes throughout disparate areas of physics.

found to emerge, even when no underlying local gauge symmetry exists. A simple
example of this discussed here is the soft photino theorem [58], which lies at
the corner of a triangle including an infinite number of asymptotic fermionic
symmetries. Potentially, a triangle exists for every type of massless particle, many
of which have yet to be studied from this perspective.

1.3.2 Leading, Subleading, Sub-Subleading, ...

Soft theorems are statements about the behavior of an amplitude at zero or low
energy. In an expansion in powers of the soft energy, universal behavior may
appear in the leading as well as the subleading or even sub-subleading orders.
Indeed, Low [2, 4, 59] already discussed a subleading soft theorem in QED. Recent
research derived the symmetry based on Low’s subleading theorem [60–62]. The
associated memory effect remains to be analyzed. In gravity, a new subleading soft
theorem was proven at tree level [56, 63–65] and was shown to imply [57, 66–68]
superrotation symmetry [52–55], a recently conjectured asymptotic symmetry.
The third corner of the triangle, the spin memory effect, was derived in [69]. A
proposal for measuring it using the Einstein Telescope appears in Nichols [70].
A gravitational sub-subleading soft theorem has also been proven [56, 71–77], and
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the associated symmetry has been discussed in [78]. A complete classification
of all possible soft theorems at various orders of the soft expansion has not
appeared, although some discussion of it exists [79, 80]. New soft theorems at
various orders have recently been discovered in nonabelian gauge theories [20,
77, 81, 82], supersymmetric theories [83–85], nonlinear sigma models [86], string
theories [76, 87–93], and in other contexts [94–98].

1.3.3 Double Soft Theorems, ...

Interesting universal structures are known for limits when two or more external
particles are taken to be soft. For example, for soft moduli in N = 8 supergravity,
the structure constants of the hidden E7(7) symmetry algebra appear [99]. In recent
years, double-soft limits have been further examined in gravity [100, 101], gauge
theories [100, 102–105], supersymmetric theories [83, 100, 103, 106], nonlinear
sigma models [86, 104, 107], and string theory [93, 103, 108]. This behavior is
presumably at the corner of yet another unexplored triangle and is perhaps related
to structure constants or central charges of an asymptotic symmetry group.

1.3.4 Classical, quantum, ...

There is a purely classical triangle involving tree-level soft theorems and classical
symmetries. This regime is where these lectures begin. In the simplest cases, the soft
theorem is uncorrected, and the quantum triangle is similar to the classical one. In
general, however, an interesting story involving anomalies may appear [109–117].

1.3.5 Minkowski, D < 4, D > 4, Cosmology, ...

In these lectures, we consider only the physical case of four-dimensional
Minkowski space. However, the triangle also appears in both higher dimensions
[95, 118, 119] and in cosmology, where there are also soft theorems [120–122]
and asymptotic symmetries [123]. The sub-subleading soft graviton theorem has
been explored in arbitrary dimensions [72, 73]. The case of three-dimensional grav-
ity, where there is generally better control, is especially interesting [44, 124–135].
However, since three-dimensional gravitons do not propagate, this case has no soft
theorem. This feature gives the problem a rather different flavor, and I do not review
it in these lectures.

1.3.6 Supersymmetry, N = 1,2, ...

For many reasons it is also of interest to consider supersymmetric theories. The
local N = 1 case has been worked out [136, 137], as has the global one in [58].
New features should appear with soft scalars and R-symmetries for N = 4 Yang-
Mills and N = 8 supergravity. Soft theorems in various supersymmetric theories
have been worked out [84, 109, 116] and sometimes give rise to recursion relations
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[138]. At present, even the asymptotic symmetry group for these interesting
higher-N cases is unknown.

Every one of the combined possibilities mentioned here can potentially result in
a new triangle. So far, each story has its own unique and surprising features, which
need to be worked out case by case. Most have yet to be explored. This subject is
still in its infancy, which makes it a lot of fun to talk about!

1.4 MOTIVATION AND APPLICATIONS

Why is this interesting? What are the motivations and applications? While the
development of this subject heavily borrows some insights from modern string
theory, it directly pertains to the real world. It has interwoven motivations and
applications, which we now discuss.

1.4.1 Connecting Disparate Subjects

Given a concrete mathematical relation between two different subjects, results
in one can be translated into what are often new results in the other. New
methods of calculation, new physical phenomena and insights, and new avenues
of investigation are often suggested. The current context is no exception. Soft
theorems, memory effects, and asymptotic symmetries are three different ways of
characterizing the behavior of the universe around us at very long distance scales.
This equivalence has led to the realization that physics in the deep infrared is much
richer, more subtle, and certainly much less understood than we previously believed.
Notably, looking at IR structure from all three corners of the triangle has led to the
realization that the vacuum in all gauge and gravitational theories is best described
as infinitely degenerate. Prior to the past several years, there was no case in which
all three corners were understood. Now that we know about these triangles, once
we find one corner of one triangle, we can work out the other two. As a result,
numerous surprising discoveries have been made, some of which are covered in
these lectures.

1.4.2 Flat Space Holography

A central motivation for these IR investigations is to understand the holographic
structure of quantum gravity in four-dimensional asymptotically flat spacetimes,
which is a good approximation to the real world. This is how I came to the subject.
A very beautiful story has unfolded over the past 20 years concerning the
holographic structure of quantum gravity in anti–de Sitter space. The story begins
[139] with the identification of the symmetries in anti-de Sitter space with those
of its proposed holographic dual. Following this successful example, the very
first question we should ask in attempting a holographic formulation of flat space
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quantum gravity is: “What are the symmetries?” Up until 3 years ago, the answer to
this question was unknown. At the very least we now know [42] that the symmetry
group is infinite dimensional and includes a certain subgroup of, but not all of, the
BMS group on past and future null infinity. In addition, good evidence [57, 67, 117]
indicates a conjectured Virasoro (or superrotation) symmetry [52–55] that acts on
the sphere at null infinity, referred to as the celestial sphere CS2. The Lorentz group
SL(2,C) acts as the global conformal group on this sphere, and the Virasoro action
enhances the global to the local conformal group. This suggests that the holographic
dual of four-dimensional flat-space quantum gravity might be realized as an exotic
two-dimensional conformal field theory (CFT) on CS2 [12, 140–144].

1.4.3 The Gauge Theory S-Matrix

The study of soft particles and infrared divergences in QED, Yang-Mills theory, and
collider physics is a large and central enterprise in quantum field theory. Notable
recent progress includes the development of soft collinear effective theory (SCET)
[145], in which infinite–dimensional symmetries likely related to those discussed
here make an appearance [146]. SCET has important practical applications for
understanding jet structure and interpreting LHC and other collider events. From
a more formal point of view, it is disturbing that generically no IR finite S-matrix4

exists in gauge theories, even if suitable inclusive cross sections are finite [151].
While this does not pose an obstacle for collider predictions, it is a big elephant
in the room for mathematical quantum field theory. Surely the central object of
study in these theories must somehow be mathematically well defined! Our hope
is that the discovery of new symmetries in the deep IR will enable us to formulate
the soft part of the S-matrix in a more satisfactory way. Moreover, the symmetries
might be exploited to develop more efficient computational methods, perhaps via a
connection with the SCET program.

1.4.4 Miracles in N = 4 Yang-Mills

Scattering amplitudes in N = 4 Yang-Mills have been a very active subject
for more than 10 years e.g., [152–160]. Extensive computations have revealed
miraculous cancellations that reduce very complicated expressions to simple ones.
When many cancellations occur it is natural to suspect that they are required by
an underlying symmetry. It is possible that the new IR symmetries provide an
explanation of those miracles or, even better, a derivation of some of the incredibly
beautiful formulas for scattering amplitudes in N = 4 Yang-Mills theory.

4 In massive abelian gauge theories, the Faddeev-Kulish construction [147] yields some IR finite
amplitudes. An analogous construction for nonabelian gauge theory was given in [148, 149] and
references therein. It was recently revisited for gravity [150] and for QED [22]. However, Faddeev-
Kulish states are not complete: for example, they exclude an incoming position-electron pair with no
incoming radiation. See section 2.15 for further discussion.
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1.4.5 Black Holes

Although I did not start this IR project with black holes in mind, as usual, all
roads lead to black holes [41, 48, 161]. The IR structure has important implications
for the information paradox [162]. This paradox is intertwined with the deep IR
because an infinite number of soft gravitons and soft photons are produced in
the process of black hole formation and evaporation. These soft particles carry
information with a very low energy cost. They must be carefully tracked to follow
the flow of information. Tracking is hard to do without a definition of the S-matrix!
Moreover, their production is highly constrained by an infinite number of exact
quantum conservation laws that correlate them with energetic hard particles and
also with the quantum state of the black hole itself [163]. Thus black holes must
carry an infinite number of conserved charges, described as “soft hair” in a recent
collaboration with Hawking and Perry [48, 161]. The information paradox cannot
be clearly stated [164], let alone solved, without accounting for soft particles. The
implications of soft hair recently have been discussed [128, 164–181], for example.

These lectures both review the old material on soft theorems, asymptotic
symmetries and memory as well as the new connections among them. Unsolved
problems are pointed out along the way. Some exciting developments in the past
year whose proper perspective has not yet been clarified are omitted. These lectures
are not meant to be an exhaustive review; see other sources in the References
[45, 50, 51, 94, 182–192] for interesting related developments.

© Copyright, Princeton University Press. No part of this book may be 
distributed, posted, or reproduced in any form by digital or mechanical 
means without prior written permission of the publisher. 

For general queries, contact webmaster@press.princeton.edu




