
1 First Steps to Infinity 

There is no smallest among the small and no 
largest among the large; But always something 
still smaller and something still larger. 

- Anaxagoras (ca. 500-428 B.C.) 

Infinity has many faces. The layman often perceives it as a kind 
of "number" larger than all numbers. For some primitive tribes 
infinity begins at three, for anything larger is "many" and therefore 
uncountable. The photographer's infinity begins at thirty feet from 
the lens of his camera, while for the astronomer-or should I 
say the cosmologist-the entire universe may not be large enough 
to encompass infinity, for it is not at present known whether our 
universe is "open" or "closed," bounded or unbounded. The 
artist has his own image of the infinite, sometimes conceiving it, 
as van Gogh did, as a vast, unending plane on which his imagina
tion is given free rein, at other times as the endless repetition 
of a single basic motif, as in the abstract designs of the Moors. 
And then there is the philosopher, whose infinity is eternity, divin
ity, or the Almighty Himself. But above all, infinity is the mathema
tician's realm, for it is in mathematics that the concept has its 
deepest roots, where it has been shaped and reshaped innumerable 
times, and where it finally celebrated its greatest triumph. 

Mathematical infinity begins with the Greeks. To be sure, mathe
matics as a science had already reached quite an advanced stage 
long before the Greek era, as is clear from such works as the 
Rhind papyrus, a collection of 84 mathematical problems written 
in hieratic script and dating back to 1650 B.C. 1 But the ancient 

1 The papyrus is named after the Scottish Egyptologist A. Henry Rhind, 
who purchased it in 1858. It is now in the British Museum. See The 
Rhind Mathematical Papyrus by Arnold Buffum Chace, The National Coun
cil of Teachers of Mathematics, Reston, Virginia, 1979. 
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mathematics of the Hindus, the Chinese, the Babylonians, and 
the Egyptians confined itself solely to practical problems of daily 
life, such as the measurement of area, volume, weight, and time. 
In such a system there was no place for as lofty a concept as 
infinity, for nothing in our daily lives has to deal directly with 
the infinite. Infinity had to wait until mathematics would make 
the transition from a strictly practical discipline to an intellectual 
one, where knowledge for its own sake became the main goal. 
This transition took place in Greece around the sixth century B.c., 
and it thus befell the Greeks to be the first to acknowledge the 
existence of infinity as a central issue in mathematics. 

Acknowledge-yes, but not confront! The Greeks came very 
close to accepting the infinite into their mathematical system, and 
they just might have preceded the invention of the calculus by 
some two thousand years, were it not for their lack of a proper 
system of notation. The Greeks were masters of geometry, and 
virtually all of classical geometry-the one we learn in school
was formulated by them. Moreover, it was the Greeks who intro
duced into mathematics the high standards of rigor that have since 
become the trademark of the profession. They insisted that nothing 
should be accepted into the body of mathematical knowledge that 
could not be logically deduced from previously established facts. 
It is this insistence on proof that is unique to mathematics and 
distinguishes it from all other sciences. But while the Greeks ex
celled in geometry and brought it to perfection, their contribution 
to algebra was very meager. Algebra is essentially a language, a 
collection of symbols and a set of rules by which to operate with 
these symbols (just as a spoken language consists of words and 
of rules by which to combine these words into meaningful sen
tences). The Greeks did not possess the algebraic language, and 
consequently were deprived of its main advantages-the generality 
it offers and its ability to express in an abstract way relations be
tween variable quantities. It is this fact, more than anything else, 
which brought about their horror infiniti, their deeply rooted suspi
cion of the infinite. "The infinite was taboo," said Tobias Dantzig 
in his classic work, Number-the Language of Science, "it had to 
be kept out, at any cost; or, failing this, camouflaged by arguments 
ad absurdum and the like." 

Nowhere was this fear of the infinite better manifested than 
in the famous paradoxes of Zeno, a philosopher who lived in 
Elea in the fourth century B.C. His paradoxes, or "arguments," 
as they were called, deal with motion and continuity, and in one 
of them he proposed to show that motion is impossible. His argu
ment seems quite convincing: in order for a runner to move from 
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one point to another, he must first cover half the distance between 
the two points, then half of the remaining distance, then half of 
what remains next, and so on ad infinitum (Fig. 1.1) Since this 
requires an infinite number of steps, Zeno argued, the runner 
would never reach his destination. Of course, Zeno knew full 
well that the runner would reach the end point after a finite lapse 
of time. Yet he did not resolve the paradox; rather, he left it 
for future generations. In this at least he was humble, admitting 
that the infinite was beyond his and his generation's intellectual 
reach. Zeno's paradoxes had to wait another twenty centuries be
fore they would be resolved. 

But while the Greeks were unable to grasp the infinite intellectu
ally, they still made some good use of it. They were the first to 
devise a mathematical method to find the value of that celebrated 
number which we denote today by 7T', the ratio of the circumfer
ence of a circle to its diameter. This number has intrigued laymen 
and scholars alike since the dawn of recorded history. In the Rhind 
Papyrus (ca. 1650 B.C.), we find its value to be (4/3)4, or very 
nearly 3.16049, which is within 0.6% of the exact value. It is 
indeed remarkable that the ancient Egyptians already possessed 
such a degree of accuracy. The Biblical value of 7T', by comparison, 
is exactly 3, as is clear from a verse in 1 Kings vii 23: "and he 
made a molten sea, ten cubits from brim to brim, and his height 
was five cubits; and a line of thirty cubits did encompass him 
round about." Thus the error in the Biblical value is more than 
4.5% of the true value of 7r! 

Now all the ancient estimations of 7T' were essentially empirical-
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they were based on an actual measurement of the circumference 
and diameter of a circle. The Greeks were the first to propose a 
method which would give the value of Tr to any degree of accuracy 
by a mathematical process, rather than by measurement. The inven
tor of this method was Archimedes of Syracuse (ca. 287-212 
B.C.), the great scientist who achieved immortal fame as the discov
erer of the laws of floating bodies and of the mechanical lever. 
His method was based on a simple observation: take a circle and 
circumscribe it by a series of regular polygons of more and more 
sides. (In a regular polygon, all the sides and angles are equal.) 
Each polygon has a perimeter slightly in excess of the circumfer
ence of the circle; but as we increase the number of sides, the 
corresponding polygons will encompass the circle more and more 
tightly (Fig. 1.2). Thus if we can find the perimeters of these 
polygons and divide them by the diameter of the circle, we will 
get a fairly close approximation to Tr. Archimedes followed this 
procedure for polygons having 6, 12, 24, 48, and 96 sides, for 
which he was able to calculate the perimeters by using known 
methods. For the 96-sided polygon he found the value 3 .14271 
(this is very close to the 23'7 approximation often used in school). 
He then repeated the same procedure with polygons touching 
the circle from within-inscribed polygons-giving values that 
are all short of the true value. Again by using 96 sides, Archimedes 
found the value 3.14103, or very nearly 319-) 1• Since the actual 
circle is "squeezed" between the inscribed and circumscribed poly
gons, the true value of Tr must be somewhere between these values. 

Let there be no misunderstanding: Archimedes' method gave 
an estimation of Tr far better than anything before him. But its 
real innovation was not in this improved value, but in the fact 
that it enabled one to approximate Tr to any desired accuracy, simply 
by taking polygons of more and more sides. In principle, there 
is no limit to the degree of accuracy this method could yield
even though for practical purposes (such as in engineering), the 
above values are more than adequate. In modern language we 
say that Tr is the limit of the values derived from these polygons 
as the number of sides tends to infinity. Archimedes, of course, 
did not mention the limit concept explicitly-to do so would have 
required him to use the language of algebra-but two thousand 
years later this concept would be the cornerstone around which 
the calculus would be erected. 

5 

FIRST STEPS TO INFINITY 

inscribed superscribed 
n-gon n-gon 

3 2.59808 5.19615 
6 3 00000 3.46410 

12 3 l 0583 3.21539 
24 l.13263 3.15966 
48 3 l39.l5 3.14609 
96 3.14103 3.14271 

192 3.14145 3.14187 

Approximations for 7T using 
different inscribed and 
circumscribed polygons. n 
denotes che number of sides 
in each case. 

3.1415926535 

8979323846 

2643383279 

50288/J 1971 

6939937510 

5820974944 

5923078164 

0628620899 

8628034825 

3421170679 

1T approximated to one hun
dred decimal places. 
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Zero, One, Infinity 
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The living God 0 magnify and bless, 
Transcending time and here eternally. 
One being, yet unique in unity, 
A mystery of Onmess, measureless. 

- (rom a prayer based on Maimonides' 
Thirteen Principles o( the Jewish Faith 

Zero and infinity are often perceived by the layman as synonyms 
for "nothing" and "numerous." The notion that an endless divi
sion results in zero is quite common, and one can still find the 
equations 

1 1 
-=oo and -=O 
0 00 

in many older rextbooks. However, except for one special case 
which we will discuss in Chapter 12, these equations are meaning
less. Zero is a number, an integer like all other integers (albeit 
one with a unique role). Infinity, on the other hand, is a concept; 
it is not pan of the real number system and cannot therefore be 
related to a real number in the same sense that numerical quantities 
can. 

The word zero originated from the Hindu sunya, which means 
"empty" or "blank"; it was used by the Hindus as early as the 
ninth century A.O. to indicate an empty slot in their positional 
system of numeration, so that one could distinguish, say, between 
12 and 102. When the Arabs imported the Hindu system to Eu
rope, the sunya was translated into the Arabic as-sifr, which was 
later transliterated into the Latin zephirum. This in tum became 
the Italian zeuero, from which it was but one more step to our 
modem zero. The symbol 0 first appears in a Hindu inscription 
from the year 870 A.O. 

Aetually the symbol 0 has several meanings in mathematics. 
On the number line, 0 stands not only for the number 0 but 
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also for the position associated with this number-the sraning point 
from which we both count and move. In the plane, the point 0 
denotes the origin of the coordinate system, the point whose coordi
nates are (0,0). A set without any elements-the empty or null 
set-is denoted by the Greek letter </) (phi), a symbol reminiscent 
of the ordinary 0. In higher algebra one deals with matrices
arrays of numbers arranged in rows and columns. One can add, 
subtract, multiply, and in a certain sense divide these matrices. 

Thus if A is the matrix ( 2 5 8) and B is the matrix 
3 0 - 1 

(
7 1 3), then A + B is the matrix ( 9 6 11) obtained 
2 -4 6 5 -4 5 

by adding the corresponding elements of A and B. A matrix 
whose entries are all zeros is called the zero matrix and is denoted 
by 0. Ir shares many of the properties of the number O; for 
example A + 0 = A. Such matrices are very useful in a host of 
situations, among them the analysis of mechanical vibrations, elec
tric circuits, and economic systems. 

Whatever the context in which it is used, division by zero is 
meaningless. For, suppose we attempt co divide 5 by 0. Call the 
outcome x: x = 5/0. The number x, by definition, must fulfill 
the equivalent equation O·x = 5 (just as the equations 6/2 = 3 and 
2·3 = 6 are equivalent). But O·x is always equal to 0, leading to 
the absurd result 0 = 5. Thus no number x can satisfy the equa
tion x = 5/0. But what about dividing 0 by O? Again put x = 
010, so that O·x = 0. Now this equation is satisfied by every num
ber x , so that we don't get a definite, unique answer. (Similar com
plications arise when one attempts to "divide" a matrix by the zero 
matrix.) Either situation is unacceptable mathematically, and 
division by zero is therefore declared to be an invalid operation. 

While an expression such as 110 is meaningless, it is true that 
when one divides a number, say l, by smaller and smaller divisors, 
the result becomes larger and larger. We say that the limit of 
llx as x rends to zero (through positive values) is infinite, which 
is just another way of saying that l/x grows without bound as x 
rends to 0. The situation is summarized by the equation limx-+O 
llx = oo. 

While the symbol 0 has been in use for over a thousand years, 
that for infinity, oo, is of a more recent vintage. It was first used 
in 1655 by the English mathematician John Wallis (1616-1703), 
who was also a classical scholar and probably took it from the 
Roman numeral for 100 million (Fig. l). 

The number 0 and the concept of infinity are indispensable 
in mathematics, bur their role would not be complete without a 
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ZERO, ONE, INFINITY 
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Figure 2. Infinity Jymbol 
on a camera lem. CourteJy 
of Minolta Corporation. 

® 
Figure 3. Trademark of 
Dr. Hahn, Germany. 
Reprinted from Ywaka 
Kamekura, Trademark 
Designs, Dover 
Publicatiom, New York, 
1980, with permiJJion. 

Figure I. Tbt Roman numtral for 100 million <onsis1td of 1bt infinily symbol co pla<td 
u·i1bin a framt. From an ins<rip1ia11 da1int. from 1bt ytar 36 ll.D. Rtprinitd from Karl 
Mmningtr. Number Words and Number Symbols-A Cultural History of Num
bers, Tbt MIT Prtss, 1977, with ptrmission of VaP1dtnbotd1 & Rupmb1. Giillingm. 

third element-the number one. Mathematically, this number is 
the generator from which all positive integers are formed by suc
cessive addition: 2 = 1 + l, 3 = 2 + l, 4 = 3 +I, etc. (The 
negative integers can be similarly formed by successive subtrac
tion.) Geometrically, each of the symbols 0, l, and oo has a unique 
role on the number line: 0 represents the starting point, 1 the 
scale we use (i.e., the size of the unit), and oo the completeness 
of the line-the fact that it includes all real numbers. 

The number one has often been given philosophical and even 
divine anributes; in most religions it symbolizes the oneness of 
God, and as such has often been equated with the infinite, the 
omnipotence of the Creator. Aristotle refused to regard one as 
a number, since it is the generator of all numbers but cannot 
itself be generated. This view was held by many thinkers well 
into the Middle Ages, but of course such interpretations have 
very linle to do with mathematics. 

On the other hand, in higher mathematics we often encounter 
the so-called "indeterminate forms," expressions such as oo/oo. 
Such an expression has no preassigned value; it can only be evalu
ated through a limiting process. Consider, for example, the expres
sion (2x + 1 )/(x - 1 ). As x tends to infinity, both the numerator 
and denominator grow without bound, yet their ratio approaches 
the limit 2: limz- (2x + l)/(x - 1) = 2. It would be totally 
incorrect, though, to write oo/oo = 2; in fact, had we considered 
the expression (2x + l)/(3x - 1) instead, the limit would have 
been 2/3. 

Another indeterminate form is oo - oo. It would be tempting 
to say that since any number when subtracted from itself gives 
0, we should have oo - oo = 0. That this may be false can be 
seen from the expression l/x2 - (cos x)/x2, where cos x is 
the cosine function defined in trigonometry. As x - 0, each term 
tends to infinity, yet it can be shown with some effon that the 
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eatile es:piession tends to the limit 1/2: lim.i~ [ l/x1 - (cos x) 
/xi]= 112. Loosely speaking, in eadi indeterminate ecptellion 
rbere is a "strugle" between two quanddes, one tending to make 
the es:preuion numerically large, the other tendina to make it 
...U. The final outcome depends on the precise limitiq process 
~ved. The seven indeterminate forms encountered most fre
quently in mathematia are 0/0, oo/oo, oo·O, 1•, 00, ooO, and 
00-00. 
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Figure 4 . Infinity symbol 
on a Swiss stamp. "Time 
and Eternity. " With 
permission of the PTT. 
Switzerland. 
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