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Chapter One

Shock Reflection-Diffraction, Nonlinear Partial

Differential Equations of Mixed Type, and Free

Boundary Problems

Shock waves are steep fronts that propagate in compressible fluids when con-
vection dominates diffusion. They are fundamental in nature, especially in
high-speed fluid flows. Examples include transonic shocks around supersonic or
near-sonic flying bodies (such as aircraft), transonic and/or supersonic shocks
formed by supersonic flows impinging onto solid wedges, bow shocks created by
solar wind in space, blast waves caused by explosions, and other shocks gener-
ated by natural processes. Such shocks are governed by the Euler equations for
compressible fluids or their variants, generally in the form of nonlinear conserva-
tion laws – nonlinear partial differential equations (PDEs) of divergence form.
When a shock hits an obstacle (steady or flying), shock reflection-diffraction
phenomena occur. One of the most fundamental research directions in mathe-
matical fluid mechanics is the analysis of shock reflection-diffraction by wedges;
see Ben-Dor [12], Courant-Friedrichs [99], von Neumann [267, 268, 269], and the
references cited therein. When a plane shock hits a two-dimensional wedge head-
on (cf. Fig. 1.1), it experiences a reflection-diffraction process; a fundamental
question arisen is then what types of wave patterns of shock reflection-diffraction
configurations may be formed around the wedge.

An archetypal system of PDEs describing shock waves in fluid mechanics,
widely used in aerodynamics, is that of the Euler equations for potential flow
(cf. [16, 95, 99, 139, 146, 221]). The Euler equations for describing the motion
of a perfect fluid were first formulated by Euler [112, 113, 114] in 1752, based
in part on the earlier work of D. Bernoulli [15], and were among the first PDEs
for describing physical processes to be written down. The n-dimensional Euler
equations for potential flow consist of the conservation law of mass and the
Bernoulli law for the density and velocity potential (ρ,Φ):




∂tρ+ divx(ρ∇xΦ) = 0,

∂tΦ +
1

2
|∇xΦ|2 + h(ρ) = B0,

(1.1)

where x ∈ Rn, B0 is the Bernoulli constant determined by the incoming flow
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Figure 1.1: A plane shock hits a two-dimensional wedge in R2 head-on

and/or boundary conditions,

h′(ρ) =
p′(ρ)

ρ
=
c2(ρ)

ρ
,

and c(ρ) =
√
p′(ρ) is the sonic speed (i.e., the speed of sound).

The first equation in (1.1) is a transport-type equation for density ρ for a
given ∇xΦ, while the second equation is the Hamilton-Jacobi equation for the
velocity potential Φ coupling with density ρ through function h(ρ).

For polytropic gases,

p(ρ) = κργ , c2(ρ) = κγργ−1, γ > 1, κ > 0.

Without loss of generality, we may choose κ = 1
γ so that

h(ρ) =
ργ−1 − 1

γ − 1
, c2(ρ) = ργ−1. (1.2)

This can be achieved by noting that (1.1) is invariant under scaling:

(t,x, B0) 7→ (α2t, αx, α−2B0)

with α2 = κγ. In particular, Case γ = 1 can be considered as the limit of
γ → 1+ in (1.2):

h(ρ) = ln ρ, c(ρ) = 1. (1.3)
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Henceforth, we will focus only on Case γ > 1, since Case γ = 1 can be handled
similarly by making appropriate changes in the formulas so that the results of
the main theorems for γ > 1 (below) also hold for γ = 1.

From the Bernoulli law, the second equation in (1.1), we have

ρ(∂tΦ, |∇xΦ|2) = h−1(B0 − (∂tΦ +
1

2
|∇xΦ|2)). (1.4)

Then system (1.1) can be rewritten as the following time-dependent potential
flow equation of second order:

∂tρ(∂tΦ, |∇xΦ|2) +∇x ·
(
ρ(∂tΦ, |∇xΦ|2)∇xΦ

)
= 0 (1.5)

with ρ(∂tΦ, |∇xΦ|2) determined by (1.4). Equation (1.5) is a nonlinear wave
equation of second order. Notice that equation (1.5) is invariant under a sym-
metry group formed of space-time dilations.

For a steady solution Φ = ϕ(x), i.e., ∂tΦ = 0, we obtain the celebrated
steady potential flow equation, especially in aerodynamics (cf. [16, 95, 99]):

∇x ·
(
ρ(|∇xϕ|2)∇xϕ

)
= 0, (1.6)

which is a second-order nonlinear PDE of mixed elliptic-hyperbolic type. This
is a simpler case of the nonlinear PDE of mixed type for self-similar solutions,
as shown in (1.12)–(1.13) later.

When the effects of vortex sheets and the deviation of vorticity become
significant, the full Euler equations are required. The full Euler equations for
compressible fluids in Rn+1

+ = R+ × Rn, t ∈ R+ := (0,∞) and x ∈ Rn, are of
the following form:





∂t ρ+∇x · (ρv) = 0,

∂t(ρv) +∇x · (ρv ⊗ v) +∇xp = 0,

∂t
(
ρ(

1

2
|v|2 + e)

)
+∇x ·

(
ρv(

1

2
|v|2 + e+

p

ρ
)
)

= 0,

(1.7)

where ρ is the density, v ∈ Rn the fluid velocity, p the pressure, and e the internal
energy. Two other important thermodynamic variables are temperature θ and
entropy S. Here, a⊗ b denotes the tensor product of vectors a and b.

Choose (ρ, S) as the independent thermodynamical variables. Then the con-
stitutive relations can be written as (e, p, θ) = (e(ρ, S), p(ρ, S), θ(ρ, S)), governed
by

θdS = de+ pdτ = de− p

ρ2
dρ,

as introduced by Gibbs [129].
For a polytropic gas,

p = (γ − 1)ρe, e = cvθ, γ = 1 +
R

cv
, (1.8)
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or equivalently,

p = p(ρ, S) = κργeS/cv , e = e(ρ, S) =
κ

γ − 1
ργ−1eS/cv , (1.9)

where R > 0 may be taken to be the universal gas constant divided by the
effective molecular weight of the particular gas, cv > 0 is the specific heat at
constant volume, γ > 1 is the adiabatic exponent, and κ > 0 may be chosen as
any constant through scaling.

The full Euler equations in the general form presented here were originally
derived by Euler [112, 113, 114] for mass, Cauchy [29, 30] for linear and angular
momentum, and Kirchhoff [165] for energy.

The nonlinear equations (1.5) and (1.7) fit into the general form of hyperbolic
conservation laws:

∂tA(∂tu,∇xu,u) +∇x ·B(∂tu,∇xu,u) = 0, (1.10)

or
∂tu +∇x · f(u) = 0, u ∈ Rm, x ∈ Rn, (1.11)

where A : Rm × Rn×m × Rm 7→ Rm, B : Rm × Rn×m × Rm 7→ (Rm)n, and
f : Rm 7→ (Rm)n are nonlinear mappings. Besides (1.5) and (1.7), most of
the nonlinear PDEs arising from physical or engineering science can also be
formulated in accordance with form (1.10) or (1.11), or their variants. Moreover,
the second-order form (1.10) of hyperbolic conservation laws can be reformulated
as a first-order system (1.11). The hyperbolicity of system (1.11) requires that,
for all ξ ∈ Sn−1, matrix [ξ · ∇uf(u)]m×m have m real eigenvalues λj(u, ξ), j =
1, 2, · · · ,m, and be diagonalizable. See Lax [171], Glimm-Majda [139], and
Majda [210].

The complexity of shock reflection-diffraction configurations was first re-
ported in 1878 by Ernst Mach [206], who observed two patterns of shock re-
flection-diffraction configurations that are now named the Regular Reflection
(RR: two-shock configuration; see Fig. 1.2) and the Simple Mach Reflection
(SMR: three-shock and one-vortex-sheet configuration; see Fig. 1.3); see also
[12, 167, 228]. The problem remained dormant until the 1940s when von Neu-
mann [267, 268, 269], as well as other mathematical/experimental scientists, be-
gan extensive research on shock reflection-diffraction phenomena, owing to their
fundamental importance in various applications (see von Neumann [267, 268]
and Ben-Dor [12]; see also [11, 132, 152, 160, 166, 205, 248, 249] and the refer-
ences cited therein).

It has since been found that there are more complexity and variety of shock
reflection-diffraction configurations than what Mach originally observed: The
Mach reflection can be further divided into more specific sub-patterns, and many
other patterns of shock reflection-diffraction configurations may occur, for ex-
ample, the Double Mach Reflection (see Fig. 1.4), the von Neumann Reflection,
and the Guderley Reflection; see also [12, 99, 139, 143, 159, 243, 257, 258, 259,
263, 267, 268] and the references cited therein.
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Figure 1.2: Regular Reflection for large-angle wedges. From Van Dyke [263, pp.
142].

The fundamental scientific issues arising from all of this are

(i) The structure of shock reflection-diffraction configurations;

(ii) The transition criteria between the different patterns of shock reflection-
diffraction configurations;

(iii) The dependence of the patterns upon the physical parameters such as the
wedge angle θw, the incident-shock Mach number MI (a measure of the
strength of the shock), and the adiabatic exponent γ ≥ 1.

Careful asymptotic analysis has been made for various reflection-diffraction
configurations in Lighthill [199, 200], Keller-Blank [162], Hunter-Keller [158],
and Morawetz [221], as well as in [128, 148, 155, 255, 267, 268] and the refer-
ences cited therein; see also Glimm-Majda [139]. Large or small scale numerical
simulations have also been made; e.g., [12, 139], [104, 105, 149, 170, 232, 240],
and [133, 134, 135, 160, 273] (see also the references cited therein).

On the other hand, most of the fundamental issues for shock reflection-
diffraction phenomena have not been understood, especially the global structure
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Figure 1.3: Simple Mach Reflection when the wedge angle becomes small. From
Van Dyke [263, pp. 143].

and transition between the different patterns of shock reflection-diffraction con-
figurations. This is partially because physical and numerical experiments are
hampered by various difficulties and have not thusfar yielded clear transition
criteria between the different patterns. In particular, numerical dissipation or
physical viscosity smears the shocks and causes the boundary layers that inter-
act with the reflection-diffraction configurations and may cause spurious Mach
steams; cf. Woodward-Colella [273]. Furthermore, some different patterns occur
in which the wedge angles are only fractions of a degree apart; a resolution has
challenged even sophisticated modern numerical and laboratory experiments.
For this reason, it is almost impossible to distinguish experimentally between
the sonic and detachment criteria, as was pointed out by Ben-Dor in [12] (also cf.
Chapter 7 below). On account of this, a natural approach to understand fully
the shock reflection-diffraction configurations, especially the transition criteria,
is via rigorous mathematical analysis. To carry out this analysis, it is essential
to establish first the global existence, regularity, and structural stability of shock
reflection-diffraction configurations: That is the main topic of this book.

Furthermore, the shock reflection-diffraction configurations are core config-
urations in the structure of global entropy solutions of the two-dimensional Rie-
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Figure 1.4: Double Mach Reflection when the wedge angle becomes even smaller.
From Ben-Dor [12, pp. 67].
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Density contour curves Self-Mach number contour curves

Figure 1.5: Riemann solutions: Simple Mach Reflection; see [33]

mann problem for hyperbolic conservation laws (see Figs. 1.5–1.6), while the
Riemann solutions are building blocks and determine local structures, global
attractors, and large-time asymptotic states of general entropy solutions of mul-
tidimensional hyperbolic systems of conservation laws (see [31]–[35], [138, 139,
169, 175, 181, 233, 235, 236, 286], and the references cited therein). Conse-
quently, we have to understand the shock reflection-diffraction configurations
in order to fully understand global entropy solutions of the multidimensional
hyperbolic systems of conservation laws.

Mathematically, the analysis of shock reflection-diffraction configurations in-
volves several core difficulties that we have to face for the mathematical theory
of nonlinear PDEs:

(i) Nonlinear PDEs of Mixed Elliptic-Hyperbolic Type: The first is
that the underlying nonlinear PDEs change type from hyperbolic to elliptic in
the shock reflection-diffraction configurations, so that the nonlinear PDEs are
of mixed hyperbolic-elliptic type.

This can be seen as follows: Since both the system and the initial-boundary
conditions admit a symmetry group formed of space-time dilations, we seek
self-similar solutions of the problem:

ρ(t,x) = ρ(ξ), Φ(t,x) = tφ(ξ),

depending only upon ξ = x
t ∈ R2. For the Euler equation (1.5) for potential

flow, the corresponding pseudo-potential function ϕ(ξ) = φ(ξ) − |ξ|
2

2 satisfies
the following potential flow equation of second order:

div
(
ρ(|Dϕ|2, ϕ)Dϕ

)
+ 2ρ(|Dϕ|2, ϕ) = 0 (1.12)
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Density contour curves Self-Mach number contour curves

Figure 1.6: Riemann solutions: Double Mach reflection; see [33]

with
ρ(|Dϕ|2, ϕ) =

(
ργ−1

0 − (γ − 1)(ϕ+
1

2
|Dϕ|2)

) 1
γ−1 , (1.13)

where div and D represent the divergence and the gradient, respectively, with
respect to the self-similar variables ξ = (ξ1, ξ2), that is, D := (D1, D2) =
(Dξ1 , Dξ2). Then the sonic speed becomes:

c = c(|Dϕ|2, ϕ, ργ−1
0 ) =

(
ργ−1

0 − (γ − 1)(
1

2
|Dϕ|2 + ϕ)

) 1
2 . (1.14)

Equation (1.12) can be written in the following non-divergence form of non-
linear PDE of second order:

2∑

i,j=1

aij(ϕ,Dϕ)Dijϕ = f(ϕ,Dϕ), (1.15)

where [aij(ϕ,Dϕ)]1≤i,j≤2 is a symmetric matrix and Dij = DiDj , i, j = 1, 2.
The type of equation that (1.12) or (1.15) is depends on the values of solution
ϕ and its gradient Dϕ. More precisely, equation (1.15) is elliptic on a solu-
tion ϕ when the two eigenvalues λj(ϕ,Dϕ), j = 1, 2, of the symmetric matrix
[aij(ϕ,Dϕ)] have the same sign on ϕ:

λ1(ϕ,Dϕ)λ2(ϕ,Dϕ) > 0. (1.16)

Correspondingly, equation (1.15) is (strictly) hyperbolic on a solution ϕ if the
two eigenvalues of the matrix have the opposite signs on ϕ:

λ1(ϕ,Dϕ)λ2(ϕ,Dϕ) < 0. (1.17)
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The more complicated case is that of the mixed elliptic-hyperbolic type for which
λ1(ϕ,Dϕ)λ2(ϕ,Dϕ) changes its sign when the values of ϕ and Dϕ change in
the physical domain under consideration.

In particular, equation (1.12) is a nonlinear second-order conservation law
of mixed elliptic-hyperbolic type. It is elliptic if

|Dϕ| < c(|Dϕ|2, ϕ, ργ−1
0 ), (1.18)

and hyperbolic if
|Dϕ| > c(|Dϕ|2, ϕ, ργ−1

0 ). (1.19)

The types normally change with ξ from hyperbolic in the far field to elliptic
around the wedge vertex, which is the case that the corresponding physical
velocity ∇xΦ is bounded.

Similarly, for the full Euler equations, the corresponding self-similar solutions
are governed by a nonlinear system of conservation laws of composite-mixed
hyperbolic-elliptic type, as shown in (18.3.1) in Chapter 18.

Such nonlinear PDEs of mixed type also arise naturally in many other fun-
damental problems in continuum physics, differential geometry, elasticity, rela-
tivity, calculus of variations, and related areas.

Classical fundamental linear PDEs of mixed elliptic-hyperbolic type include
the following:

The Lavrentyev-Bitsadze equation for an unknown function u(x, y):

uxx + sign(x)uyy = 0. (1.20)

This becomes the wave equation (hyperbolic) in half-plane x < 0 and the Laplace
equation (elliptic) in half-plane x > 0, and changes the type from elliptic to
hyperbolic via a jump discontinuous coefficient sign(x).

The Keldysh equation for an unknown function u(x, y):

xuxx + uyy = 0. (1.21)

This is hyperbolic in half-plane x < 0, elliptic in half-plane x > 0, and de-
generates on line x = 0. This equation is of parabolic degeneracy in domain
x ≤ 0, for which the two characteristic families are quadratic parabolas lying
in half-plane x < 0 and tangential at contact points to the degenerate line
x = 0. Its degeneracy is also determined by the classical elliptic or hyperbolic
Euler-Poisson-Darboux equation:

uττ ± uyy +
β

τ
uτ = 0 (1.22)

with β = − 1
4 , where τ = 1

2 |x|
1
2 , and signs “± ” in (1.22) are determined by the

corresponding half-planes ±x > 0.
The Tricomi equation for an unknown function u(x, y):

uxx + xuyy = 0. (1.23)
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This is hyperbolic when x < 0, elliptic when x > 0, and degenerates on line
x = 0. This equation is of hyperbolic degeneracy in domain x ≤ 0, for which the
two characteristic families coincide perpendicularly to line x = 0. Its degeneracy
is also determined by the classical elliptic or hyperbolic Euler-Poisson-Darboux
equation (1.22) with β = 1

3 , where τ = 2
3 |x|

3
2 .

For linear PDEs of mixed elliptic-hyperbolic type such as (1.20)–(1.23), the
transition boundary between the elliptic and hyperbolic phases is known a pri-
ori. One of the classical approaches to the study of such mixed-type linear
equations is the fundamental solution approach, since the optimal regularity
and/or singularities of solutions near the transition boundary are determined
by the fundamental solution (see [17, 37, 39, 41, 275, 278]).

For nonlinear PDEs of mixed elliptic-hyperbolic type such as (1.12), the tran-
sition boundary between the elliptic and hyperbolic phases is a priori unknown,
so that most of the classical approaches, especially the fundamental solution
approach, no longer work. New ideas, approaches, and techniques are in great
demand for both theoretical and numerical analysis.

(ii) Free Boundary Problems: Following the discussion in (i), above,
the analysis of shock reflection-diffraction configurations can be reduced to the
analysis of a free boundary problem, as we will show in §2.4, in which the
reflected-diffracted shock, defined as the transition boundary from the hyper-
bolic to elliptic phase, is a free boundary that cannot be determined prior to
the determination of the solution.

The subject of free boundary problems has its origin in the study of the
Stefan problem, which models the melting of ice (cf. Stefan [250]). In that
problem, the moving-in-time boundary between water and ice is not known a
priori, but is determined by the solution of the problem. More generally, free
boundary problems are concerned with sharp transitions in the variables in-
volved in the problems, such as the change in the temperature between water
and ice in the Stefan problem, and the changes in the velocity and density
across the shock wave in the shock reflection-diffraction configurations. Mathe-
matically, this rapid transition is simplified to be seen as occurring infinitely fast
across a curve or surface of discontinuity or constraint in the PDEs governing
the physical or other processes under consideration. The location of these curves
and surfaces, called free boundaries, is required to be determined in the process
of solving the free boundary problem. Free boundaries subdivide the domain
into subdomains in which the governing equations (usually PDEs) are satisfied.
On the free boundaries, the free boundary conditions, derived from the models,
are prescribed. The number of conditions on the free boundary is such that
the PDE governing the problem, combined with the free boundary conditions,
allows us to determine both the location of the free boundary and the solution in
the whole domain. That is, more conditions are required on the free boundary
than in the case of the fixed boundary value problem for the same PDEs in a
fixed domain. Great progress has been made on free boundary problems for lin-
ear PDEs. Further developments, especially in terms of solving such problems
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for nonlinear PDEs of mixed type, ask for new mathematical approaches and
techniques. For a better sense of these, see Chen-Shahgholian-Vázquez [67] and
the references cited therein.

(iii) Estimates of Solutions to Nonlinear Degenerate PDEs: The
third difficulty concerns the degeneracies that are along the sonic arc, since the
sonic arc is another transition boundary from the hyperbolic to elliptic phase in
the shock reflection-diffraction configurations, for which the corresponding non-
linear PDE becomes a nonlinear degenerate hyperbolic equation on its one side
and a nonlinear degenerate elliptic equation on the other side; both of these de-
generate on the sonic arc. Also, unlike the reflected-diffracted shock, the sonic
arc is not a free boundary; its location is explicitly known. In order to con-
struct a global regular reflection-diffraction configuration, we need to determine
the unknown velocity potential in the subsonic (elliptic) domain such that the
reflected-diffracted shock and the sonic arc are parts of its boundary. Thus, we
can view our problem as a free boundary problem for an elliptic equation of
second order with ellipticity degenerating along a part of the fixed boundary.
Moreover, the solution should satisfy two Rankine-Hugoniot conditions on the
transition boundary of the elliptic region, which includes both the shock and the
sonic arc. While this over-determinacy gives the correct number of free bound-
ary conditions on the shock, the situation is different on the sonic arc that is a
fixed boundary. Normally, only one condition may be prescribed for the elliptic
problem. Therefore, we have to prove that the other condition is also satisfied on
the sonic arc by the solution. To achieve this, we exploit the detailed structure
of the elliptic degeneracy of the nonlinear PDE to make careful estimates of the
solution near the sonic arc in the properly weighted and scaled C2,α–spaces, for
which the nonlinearity plays a crucial role.

(iv) Corner Singularities: Further difficulties include the singularities of
solutions at the corner formed by the reflected-diffracted shock (free boundary)
and the sonic arc (degenerate elliptic curve), at the wedge vertex, as well as
at the corner between the reflected shock and the wedge at the reflection point
for the transition from the supersonic to subsonic regular reflection-diffraction
configurations when the wedge angle decreases. For the latter, it requires uni-
form a priori estimates for the solutions as the sonic arc shrinks to a point; the
degenerate ellipticity then changes to the uniform ellipticity when the wedge
angle decreases across the sonic angle up to the detachment angle, as described
in §2.4–§2.6.

These difficulties also arise in many further fundamental problems in continu-
um physics (fluid/solid), differential geometry, mathematical physics, materials
science, and other areas, such as transonic flow problems, isometric embedding
problems, and phase transition problems; see [9, 10, 16, 93, 68, 69, 95, 99,
139, 147, 168, 181, 220, 270, 286] and the references cited therein. Therefore,
any progress in shock reflection-diffraction analysis requires new mathematical
ideas, approaches, and techniques, all of which will be very useful for solving
other problems with similar difficulties and open up new research opportunities.
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We focus mainly on the mathematics of shock reflection-diffraction and von
Neumann’s conjectures for potential flow, as well as offering (in Parts I–IV) new
analysis to overcome the associated difficulties. The mathematical approaches
and techniques developed here will be useful in tackling other nonlinear prob-
lems involving similar difficulties. One of the recent examples of this is the
Prandtl-Meyer problem for supersonic flow impinging onto solid wedges, an-
other longstanding open problem in mathematical fluid mechanics, which has
been treated in Bae-Chen-Feldman [5, 6].

In Part I, we state our main results and give an overview of the main steps
of their proofs.

In Part II, we present some relevant results for nonlinear elliptic equations
of second order (for which the structural conditions and some regularity of co-
efficients are not required), convenient for applications in the rest of the book,
and study the existence and regularity of solutions of certain boundary value
problems in the domains of appropriate structure for an equation with elliptic-
ity degenerating on a part of the boundary, which include the boundary value
problems used in the construction of the iteration map in the later chapters.
We also present basic properties of the self-similar potential flow equation, with
focus on the two-dimensional case.

In Part III, we first focus on von Neumann’s sonic conjecture – that is, the
conjecture concerning the existence of regular reflection-diffraction solutions up
to the sonic angle, with a supersonic shock reflection-diffraction configuration
containing a transonic reflected-diffracted shock, and then provide its whole
detailed proof and related analysis. We treat this first on account of the fact
that the presentation in this case is both foundational and relatively simpler
than that in the case beyond the sonic angle.

Once the analysis for the sonic conjecture is done, we present, in Part IV,
our proof of von Neumann’s detachment conjecture – that is, the conjecture
concerning the existence of regular reflection-diffraction solutions, even beyond
the sonic angle up to the detachment angle, with a subsonic shock reflection-
diffraction configuration containing a transonic reflected-diffracted shock. This
is more technically involved. To achieve it, we make the whole iteration again,
starting from the normal reflection when the wedge angle is π

2 , and prove the
results for both the supersonic and subsonic regular reflection-diffraction con-
figurations by going over the previous arguments with the necessary additions
(instead of writing all the details of the proof up to the detachment angle from
the beginning). We present the proof in this way to make it more readable.

In Part V, we present the mathematical formulation of the shock reflection-
diffraction problem for the full Euler equations and uncover the role of the
potential flow equation for the shock reflection-diffraction even in the realm of
the full Euler equations. We also discuss further connections and their roles
in developing new mathematical ideas, techniques, and approaches for solving
further open problems in related scientific areas.
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