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Chapter One

The Calderón-Zygmund Theory I: Ellipticity

Our story begins with a classical situation: convolution with homogeneous, Calderón-
Zygmund kernels on Rn. Let Sn−1 ↪→ Rn denote the unit sphere in Rn. We let
C∞z

(
Sn−1

)
⊂ C∞

(
Sn−1

)
denote those k ∈ C∞

(
Sn−1

)
with

∫
Sn−1 k (ω) dω = 0

(where ω denotes the surface area measure on Sn−1).
For a function k ∈ C∞z

(
Sn−1

)
, and a complex number c ∈ C, we define a distri-

bution K = K (k, c) ∈ C∞0 (Rn)
′ by

〈K, f〉 = cf (0) + lim
ε→0

∫
|x|>ε

k (x/ |x|) 1

|x|n
f (x) dx, f ∈ C∞0 (Rn) . (1.1)

LEMMA 1.0.1. (1.1) defines a distribution.1

PROOF. Fix M > 0, and let Γ := Bn (M), where Bn (M) ⊂ Rn is the ball
of radius M in Rn, centered at 0. Note that Γ is compact. Let C∞ (Γ) denote the
Fréchet space of those f ∈ C∞0 (Rn) with supp (f) ⊂ Γ. We wish to show that for
f ∈ C∞ (Γ), the limit in (1.1) exists and that 〈K, ·〉 : C∞ (Γ) → C is continuous.
Consider, for f ∈ C∞ (Γ),

〈K, f〉 = cf (0) + lim
ε→0

∫
ε<|x|≤M

k (x/ |x|) 1

|x|n
f (x) dx

= cf (0) + lim
ε→0

∫
ε<|x|≤M

k (x/ |x|) 1

|x|n−1

(f (x)− f (0))

|x|
dx,

where we have used that
∫
k (ω) dσ (ω) = 0. Since |f (x)− f (0)| / |x| ≤ 2 ‖f‖C1 ,

and since 1/ |x|n−1 ∈ L1 (Γ), the result follows. �

DEFINITION 1.0.2. We define CZ ⊂ C∞0 (Rn)
′ to be the vector space of distribu-

tions given by
CZ =

{
K (k, c)

∣∣ k ∈ C∞z (Sn−1
)
, c ∈ C

}
,

where K (k, c) is given by (1.1).

Remark 1.0.3 Definition 1.0.2 uses the standard space C∞0 (Rn)
′–the space of distri-

butions on Rn. The reader wishing background on this and other standard spaces which
appear in this text (e.g., C∞ (Rn) and C∞ (Rn)

′) is referred to Appendix A for more
details and further references.

1See Appendix A for the basic definitions concerning distributions.
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Remark 1.0.4 CZ stands for “Calderón-Zygmund,” and the distributions in CZ are
called “Calderón-Zygmund kernels.”

Corresponding toK ∈ CZ, we define an operator Op (K) : C∞0 (Rn)→ C∞ (Rn)
by

Op (K) f (x) = K ∗ f (x) .

Operators of the form Op (K) are often referred to as “Calderón-Zygmund singular
integral operators.” The main properties of these operators are outlined in the following
theorems.

THEOREM 1.0.5. For K ∈ CZ, Op (K) extends to a bounded operator Op (K) :
Lp (Rn)→ Lp (Rn), 1 < p <∞.

In light of Theorem 1.0.5, if K1,K2 ∈ CZ, it makes sense to consider

Op (K1) Op (K2)

as a composition of bounded operators on Lp (1 < p <∞).

THEOREM 1.0.6. Let K1,K2 ∈ CZ. There is K3 ∈ CZ with

Op (K3) = Op (K1) Op (K2) .

Formally, we may write K3 = K1 ∗K2.

We discuss proofs of the above two theorems in the next section, where we proceed
in a more general setting.

Remark 1.0.7 Theorem 1.0.6 can be restated as saying that the space of operators

{Op (K) |K ∈ CZ}

is a subalgebra of the algebra bounded operators on Lp (1 < p <∞).

The operators Op (K) are homogeneous in the following sense. For r > 0 de-
fine a dilation operator by Drf (x) = f (rx). Then, D1/rOp (K)Dr = Op (K), for
K ∈ CZ. It is this basic dilation invariance that is fundamental to many of the aspects
of Calderón-Zygmund singular integral operators. We refer to this theory and general-
izations of it as “single-parameter theories” where this refers to the “single-parameter”
dilations Dr; in this simple case, this means that Dr depends on only one variable r.
One main goal of this monograph is to develop a reasonable, useful, and somewhat
general definition of a “multi-parameter singular integral.”

In this chapter and the next, we discuss various generalizations and modifications of
the above definitions. These ideas are well known, and we refer to all of these situations
as being “single-parameter.” After, we turn to the “multi-parameter” situation, where
new theory is developed.

Remark 1.0.8 Even though all the main ideas of this chapter are well known, we
present them with an eye toward the new situation covered in Chapter 5. Results like
Theorem 1.1.26 and Theorem 1.2.10, below, provide a main motivation for the new
definitions in Chapter 5.
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1.1 NON-HOMOGENEOUS KERNELS

It is not essential that we consider only operators which are exactly homogeneous in
the sense that D1/rOp (K)Dr = Op (K). We merely need the class of operators we
consider to be scale invariant in an appropriate way, i.e., that D1/rOp (K)Dr be “of
the same form” as Op (K). In addition, the operators we introduce can be seen in three
equivalent ways (Theorem 1.1.23). This trichotomy will be a running theme throughout
this monograph. We now turn to making these ideas precise.

Let K ∈ C∞0 (Rn)
′ be a distribution; we abuse notation and for φ ∈ C∞0 (Rn) we

write 〈K,φ〉 =
∫
K (x)φ (x) dx. If, for some set U ⊆ Rn and for φ ∈ C∞0 (U), we

have that
∫
K (x)φ (x) dx agrees with integration against an L1

loc function, then we
identify K

∣∣
U

with this function.2

DEFINITION 1.1.1. We say K ∈ C∞0 (Rn)
′ is a Calderón-Zygmund kernel if:

(i) (Growth Condition) For every multi-index α, |∂αxK (x)| ≤ Cα |x|−n−|α|. In par-
ticular, we assume that K (x) is a C∞ function for x 6= 0.

(ii) (Cancellation Condition) For every bounded set B ⊂ C∞0 (Rn), we assume

sup
φ∈B
R>0

∣∣∣∣∫ K (x)φ (Rx) dx

∣∣∣∣ ≤ CB.
The reader interested in a simple characterization of bounded subsets of C∞0 (Ω)
is referred to Corollary A.1.26.

For each multi-index α, we define a semi-norm on the space of Calderón-Zygmund
kernels by taking the least Cα in the Growth Condition. For each bounded set B ⊂
C∞0 (Rn), we define a semi-norm to be the least CB in the Cancellation Condition.
We give the space of Calderón-Zygmund kernels the coarsest topology with respect to
which all of these semi-norms are continuous.3

Given a Calderón-Zygmund kernel, we define an operator, Op (K) : C∞0 (Rn) →
C∞ (Rn), by

Op (K) f = f ∗K =

∫
f (x− y)K (y) dy.

Three of the fundamental properties of Calderón-Zygmund kernels are contained in the
following theorem.

THEOREM 1.1.2. (a) If K is a Calderón-Zygmund kernel, then

Op (K) : Lp (Rn)→ Lp (Rn) , 1 < p <∞.

More precisely, Op (K) extends to a bounded operator4 Lp → Lp, 1 < p <∞.

2See Appendix A for more details on this notation.
3For the notion of defining a topology by giving a family of semi-norms, we refer the reader to Appendix

A.
4In the rest of the monograph, when we are given an operator T , initially defined on some dense subspace

of Lp, and we say T : Lp → Lp, we mean that T extends to a bounded operator Lp → Lp.
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(b) If K is a Calderón-Zygmund kernel, then Op (K)
∗

= Op (K ′), where K ′ is a
Calderón-Zygmund kernel and Op (K)

∗ denotes the L2 adjoint of Op (K).

(c) If K1 and K2 are Calderón-Zygmund kernels, then it makes sense to consider
Op (K1) Op (K2)–for instance, as a bounded operator on L2. We have

Op (K1) Op (K2) = Op (K3)

for a Calderón-Zygmund kernel K3. Formally, we have K3 = K1 ∗K2.

Part (c) of Theorem 1.1.2 can be restated as saying that

{Op (K) |K is a Calderón-Zygmund kernel} (1.2)

is a subalgebra of the algebra of bounded operators on L2. As motivation for the
more complicated situations which arise later, we review some aspects of the proof of
Theorem 1.1.2.

The easiest way to see that (1.2) forms an algebra involves the Fourier transform.
To use the Fourier transform, we introduce Schwartz space.

DEFINITION 1.1.3. S (Rn)–the space of Schwartz functions on Rn–is defined to be

S (Rn) =

{
f ∈ C∞ (Rn)

∣∣∣∣ ∀α, β sup
x∈Rn

∣∣∂αx xβf (x)
∣∣ <∞} ,

and we give S (Rn) the Fréchet topology given by the countable family of semi-norms5

‖f‖α,β = sup
x∈Rn

∣∣∂αx xβf (x)
∣∣ .

For a function f ∈ S (Rn) we define the Fourier transform

f̂ (ξ) =

∫
e−2πix·ξf (x) dx,

so that f̂ : Rn → C. A fundamental fact is that the Fourier transform is an au-
tomorphism of the Fréchet space S (Rn).6 We denote by ∨ : S (Rn) → S (Rn)
the inverse Fourier transform. Because the Fourier transform is an automorphism of
Schwartz space, we may define the Fourier transform on the space of “tempered distri-
butions,” S (Rn)

′, by duality. Namely, for K ∈ S (Rn)
′ and f ∈ S (Rn), we define∫

K̂ (x) f (x) dx =
∫
K (x) f̂ (x) dx. This extends the Fourier transform to be an

automorphism of S (Rn)
′.

Remark 1.1.4 The Fourier transform is well-adapted to convolution operators. In-
deed, (K ∗ f)

∧
= K̂f̂ . This makes the Fourier transform a useful tool when dealing

with the convolution operators in this section. Later in the monograph, we work with

5For the definition of a Fréchet space see Definition A.1.9.
6By this we mean that the Fourier transform is a bijective, linear, homeomorphism S (Rn)→ S (Rn).
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operators which are not translation invariant, and the Fourier transform is not as di-
rectly applicable. As motivation for these later applications, we somewhat limit our
use of the Fourier transform in this section. Some arguments which follow may have
shorter arguments by way of the Fourier transform, but we choose the ones that follow
as these are the ones we generalize. We do still use the Fourier transform heavily in
this section, but as we move to more generalize situations, it will be used less and less.
For a further discussion of this, see the remarks following the proof of Theorem 1.1.23.

In light of the Growth Condition, even though Calderón-Zygmund kernels are a
priori elements of C∞0 (Rn)

′, we see that they may be extended to be elements of
S (Rn)

′. This allows us to characterize Calderón-Zygmund kernels in terms of their
Fourier transforms. Indeed, we have the following theorem.

THEOREM 1.1.5. Let K ∈ S (Rn)
′ . The following are equivalent.

(i) K is a Calderón-Zygmund kernel.

(ii) K̂ is given by a function which satisfies∣∣∣∂αξ K̂ (ξ)
∣∣∣ ≤ Cα |ξ|−|α| , ξ 6= 0. (1.3)

Before we prove Theorem 1.1.5, we need to introduce a new notation that will be
used throughout the monograph. We write A . B for A ≤ CB, where C is a constant
which is independent of any relevant parameters. Also, we write A ≈ B for A . B
and B . A.

PROOF OF THEOREM 1.1.5. We begin with (i)⇒(ii). A priori, K̂ is only a tem-
pered distribution. We will show that K̂ (ξ) agrees with a C∞ function away from
ξ = 0, and that for every α

sup
1≤|ξ|≤2

∣∣∣∂αξ K̂ (ξ)
∣∣∣ ≤ Cα, (1.4)

where Cα can be chosen to depend only on α and ‖K‖, and where ‖·‖ is a continuous
semi-norm (depending on α) on the space of Calderón-Zygmund kernels.

First, we see why this yields (ii). Indeed, for R > 0 if we replace K by the dis-
tribution KR (x) := RnK (Rx), then

{
KR |R > 0

}
is a bounded set7 of Calderón-

Zygmund kernels. If we take the Fourier transform ofKR, we obtain K̂
(
R−1ξ

)
. From

this homogeneity and (1.4), (1.3) follows. The only remaining issue is to show that K̂
is given by a function; i.e., we need to show that K̂ (ξ) does not have a part supported
at ξ = 0. The only distributions supported at 0 are finite linear combinations of deriva-
tives of δ0 (ξ) (where δ0 denotes the δ function at 0), which are all homogeneous of
degree ≥ n. That is, we know that K̂ is a sum of a function satisfying (1.3) plus a
finite linear combination of derivatives of δ0–and we wish to show that this finite linear
combination of derivatives of δ0 is actually 0. Because

{
KR |R > 0

}
is a bounded set

7See Definition A.1.15 for the notion of a bounded set in a locally convex topological vector space.
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of Calderón-Zygmund kernels, it is also a bounded set of tempered distributions. Thus,{
K̂
(
R−1ξ

)
|R > 0

}
is a bounded set of tempered distributions. Taking R→∞, we

see that if there were any terms supported at ξ = 0, then
{
K̂
(
R−1ξ

)
|R > 0

}
would

not be a bounded set of tempered distributions, which shows that K̂ does not have a
part which is supported at 0.

Hence, to prove (i)⇒(ii), it suffices to prove (1.4). Now consider ξ with 1 ≤ |ξ| ≤
2. We have

∂αξ K̂ (ξ) = ∂αξ

∫
K (x) e−2πix·ξ dx =

∫
(−2πix)

α
K (x) e−2πix·ξ dx.

Let φ ∈ C∞0 (Rn) be supported inBn (2) (the ball of radius 2, centered at 0), and equal
to 1 on Bn (3/2).

We decompose

∂αξ K̂ (ξ) =

∫
(−2πix)

α
φ (x) e−2πix·ξK (x) dx

+

∫
(1− φ (x)) (−2πix)

α
e−2πix·ξK (x) dx,

and we estimate the two terms separately. The estimate∣∣∣∣∫ (−2πix)
α
φ (x) e−2πix·ξK (x) dx

∣∣∣∣ . 1

follows immediately from the cancellation condition (recall 1 ≤ |ξ| ≤ 2). For the
second term, we integrate by parts to see (for any L ∈ N)∫

(−2πix)
α

(1− φ (x))K (x) eix·ξ dx

=
(
− |2πξ|2

)L ∫
4Lx [(−2πix)

α
(1− φ (x))K (x)] eix·ξ dx.

We take L = L (α,m) large. If any of the derivatives land on 1 − φ (x), then the
resulting function is supported in Bn (2) \ Bn (3/2) and the growth condition shows
that the integral converges absolutely proving the desired estimate. Otherwise, all but
at most |α| derivatives land on K. In this case, the growth condition shows that the
resulting distribution falls off like |x|−n−2L+|α|. Taking 2L ≥ |α| + 1, the integral
converges absolutely, showing∣∣∣∣∫ (−2πix)

α
(1− φ (x))K (x) eix·ξ dx

∣∣∣∣ . 1,

as desired. This completes the proof of (1.4) and therefore completes the proof of
(i)⇒(ii).
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We now turn to (ii)⇒(i), and we assume K̂ is a function satisfying (1.3). We wish
to show K is a Calderón-Zygmund kernel. We begin with the growth condition. We
show, for every multi-index β,

sup
1≤|x|≤2

∣∣∂βxK (x)
∣∣ ≤ Dβ , (1.5)

where Dβ is a constant which depends on only a finite number (depending on β) of
the constants Cα in (1.3). Because of the relationship between K̂

(
R−1ξ

)
and KR

discussed in the first part of the proof, the growth condition follows immediately from
(1.5). (1.5), in turn, follows just as in the estimates for the first part of this proof–indeed,
we do not need a “cancellation condition” for K̂, since it is an element of L∞ ⊂ L1

loc.
We turn to the cancellation condition. Let B ⊂ C∞0 (Rn) be a bounded set. Let

R > 0 and φ ∈ B. We have, letting φ̌ denote the inverse Fourier transform of φ,∣∣∣∣∫ K (x)φ (Rx) dx

∣∣∣∣ =

∣∣∣∣∫ K̂ (ξ)R−nφ̌
(
−R−1ξ

)
dξ

∣∣∣∣
=

∣∣∣∣∫ K̂ (Rξ) φ̌ (ξ) dξ

∣∣∣∣
≤
∫ ∣∣∣K̂ (Rξ) φ̌ (ξ)

∣∣∣ dξ
. 1,

where in the last line we have used
∣∣∣K̂ (Rξ)

∣∣∣ . 1 and
{
φ̌ | φ ∈ B

}
⊂ S (Rn) is a

bounded set. This completes the proof. �

Remark 1.1.6 The proof of Theorem 1.1.5 yields something which might seem some-
what surprising. Indeed, it shows that we could have defined the topology on Calderón-
Zygmund kernels in another way, by taking the semi-norms to be, for each multi-index
α, the least possible Cα from (1.3). This shows that the space of Calderón-Zygmund
kernels is, in fact, a Fréchet space, even though we originally defined it with an un-
countable collection of semi-norms (indeed, we had one semi-norm for each bounded
subset of C∞0 (Rn)). We see examples of this sort of phenomenon several times in the
sequel. See Remarks 2.8.2 and 5.7.6.

Theorem 1.1.5 immediately implies parts (b) and (c) of Theorem 1.1.2. Notice

Op (K) f =
(
K̂f̂
)∨

,

where ∨ denotes the inverse Fourier transform. Therefore Op (K)
∗
f =

(
K̂f̂
)∨

,

where K̂ denotes the complex conjugate of K̂. Since K̂ satisfies (1.3) if and only if K̂
does, (b) follows.8 To see (c) notice

Op (K1) Op (K2) f =
(
K̂1K̂2f̂

)∨
,

8(b) is also quite easy to see directly from the definitions.
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and the result follows from Theorem 1.1.5. Finally, since K̂ is a bounded function, it
follows that Op (K) is bounded on L2. Thus, the remainder of Theorem 1.1.2 follows
from the next, conditional, proposition.

PROPOSITION 1.1.7. IfK ∈ C∞0 (Rn)
′ is a distribution which satisfies the Growth

Condition (i.e., (i) of Definition 1.1.1) and for which Op (K) extends to a bounded
operator L2 (Rn)→ L2 (Rn), then Op (K) extends to a bounded operatorLp (Rn)→
Lp (Rn), (1 < p ≤ 2).

Notice that Proposition 1.1.7 completes the proof that Op (K) is bounded on Lp,
1 < p < ∞. Indeed, for p > 2, we may apply Proposition 1.1.7 to Op (K)

∗, and the
result follows by duality.

The key to proving Proposition 1.1.7 is the “Calderón-Zygmund decomposition,”
which we state without proof. See [Ste93] for a proof and further details.

LEMMA 1.1.8. Fix f ∈ L1 (Rn) and α > 0. There is a countable family of closed
cubes {Qk} whose interiors are disjoint, and functions g and b with f = g + b, such
that

(i)
∑

Vol (Qk) ≤ 1
α

∫
|f |.

(ii) b is supported on
⋃
Qk and

∫
Qk
b = 0, 1

Vol(Qk)

∫
|b| ≤ 2n+1α.

(iii) |g| ≤ 2nα.

PROOF SKETCH OF PROPOSITION 1.1.7. The goal is to show that Op (K) is weak-
type (1, 1). That is, we want to show,

Vol ({x | |Op (K) f (x)| > α}) . 1

α

∫
|f | . (1.6)

The result then follows from the L2 boundedness of Op (K) and the Marcinkiewicz
interpolation theorem.

For a fixed α, we apply Lemma 1.1.8 to obtain {Qk} and a decomposition f = g+b
as in the statement of that lemma. (1.6) follows once we show

Vol ({x | |Op (K) g (x)| > α/2}) + Vol ({x | |Op (K) b (x)| > α/2}) . 1

α

∫
|f | .

First notice g ∈ L2. Indeed, g = f on (
⋃
Qk)

c, and we therefore have∫
|g|2 ≤

∫
(
⋃
Qk)c
|f | |g|+

∫
⋃
Qk

|g|2 .

We use that |g| ≤ 2nα, to see∫
⋃
Qk

|g|2 . α2
∑

Vol (Qk) . α
∫
|f | ,
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and ∫
(
⋃
Qk)c
|f | |g| . α

∫
|f | .

It follows that ∫
|g|2 . α

∫
|f | ,

and therefore g ∈ L2. Chebycheff’s inequality then completes the proof for g:

Vol ({x | |Op (K) g| > α/2}) . α−2

∫
|Op (K) g|2 . α−2

∫
|g|2 . 1

α

∫
|f | .

We now turn to the estimate of Op (K) b. Let Bk be the smallest ball containing
the cube Qk and let 2Bk denote the ball with the same center as Bk but with twice the
radius. Notice, ∑

Vol (2Bk) ≈
∑

Vol (Qk) .
1

α

∫
|f | .

Thus, it suffices to show

Vol

({
x ∈

(⋃
2Bk

)c ∣∣∣∣ |Op (K) b (x)| > α/2

})
.

1

α

∫
|f | .

We have ∫
(
⋃

2Bk)c
|Op (K) b| ≤

∑
k

∫
(2Bk)c

|Op (K) bk| ,

where bk = b on Qk and is 0 on Qck. Let yk denote the center of the cube Qk. Using
that

∫
bk = 0, we have∫

(2Bk)c
|Op (K) bk| ≤

∫
(2Bk)c

∫
Bk

|K (x− y)−K (x− yk)| |bk (y)| dy dx. (1.7)

For y ∈ Bk, x ∈ (2Bk)
c, it is easy to see that

|K (x− y)−K (x− yk)| . |y − yk| |x− yk|−n−1
.

Using
∫
|bk| . αVol (Qk), we have from (1.7),∫

(2Bk)c
|Op (K) bk| . αVol (Qk) ,

and it follows that
∫

(
⋃

2Bk)c
|Op (K) b| . α

∑
k Vol (Qk) .

∫
|f |. That

Vol ({x | |Op (K) b (x)| > α/2}) . 1

α

∫
|f |

now follows from another application of Chebycheff’s inequality. This completes the
proof. �
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Remark 1.1.9 The proof of Proposition 1.1.7 generalizes to a number of settings; for
instance see Chapter 2. In fact, these ideas work in the even more general setting of
a “space of homogeneous type,” as developed by Coifman and Weiss [CW71]. See
[Ste93] for more details. These methods will be a useful tool in creating an appropriate
Littlewood-Paley theory, which we will use to show the Lp boundedness of certain
“multi-parameter” operators. This is discussed in Sections 2.15.4 and 3.4.

Let us now turn to characterizing operators of the form Op (K), where K is a
Calderón-Zygmund kernel, in several ways. These ideas will be used as motivation
for definitions in later chapters. For this we need to introduce a subspace of Schwartz
space which plays a pivotal role.

DEFINITION 1.1.10. S0 (Rn)–the space of Schwartz functions, all of whose mo-
ments vanish–is the closed subspace of S (Rn) defined by

S0 (Rn) =

{
f ∈ S (Rn)

∣∣ ∀α,∫ xαf (x) dx = 0

}
.

Remark 1.1.11 As a closed subspace of S (Rn), S0 (Rn) has the induced subspace
topology which turns S0 (Rn) into a Fréchet space. Notice that B ⊂ S0 (Rn) is a
bounded set if and only ifB is a bounded subset of S (Rn); i.e., ∀α, β, supf∈B ‖f‖α,β <
∞.9

When working with S0 (Rn) it is often more convenient to work on the Fourier
transform side, as the next few results illustrate.

LEMMA 1.1.12. Let f ∈ S (Rn). Then, f ∈ S0 (Rn) if and only if ∀α, ∂αξ f̂ (0) =
0.

PROOF. The result follows immediately from the definitions. �

COROLLARY 1.1.13. Fix s ∈ R. The map 4s : S0 (Rn) → S0 (Rn) given by

4s : f 7→
(
|2πξ|2s f̂ (ξ)

)∨
is an automorphism.

PROOF. It follows easily from Lemma 1.1.12 that for f ∈ S0 (Rn),4sf ∈ S0 (Rn).
The closed graph theorem (Theorem A.1.14) shows that4s is continuous. The contin-
uous inverse of4s is given by4−s. �

COROLLARY 1.1.14. S0 (Rn) is dense in L2 (Rn).

PROOF. This follows easily from Lemma 1.1.12. �

Remark 1.1.15 Actually, S0 (Rn) is dense in Lp (Rn) (1 < p < ∞), but it is dense
in neither L1, nor L∞.

The next lemma offers a characterization of S0 (Rn), which we do not use directly,
but which motivates some future definitions.

9For further information regarding bounded sets and their relationship with semi-norms, see Appendix
A.
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LEMMA 1.1.16. Consider subsets G ⊂ S (Rn) satisfying the following condition:
∀f ∈ G, ∃f1, . . . , fn ∈ G, with f =

∑n
j=1 ∂xjfj . S0 (Rn) ⊂ S (Rn) is the largest

subset satisfying this condition.

PROOF. Suppose G ⊂ S (Rn) satisfies the above condition. Fix a multi-index α.
By repeated applications of the above property, we may write g =

∑
|β|=|α|+1 ∂

β
xgβ ,

where gβ ∈ G ⊂ S (Rn). We have,∫
xαg (x) dx =

∑
|β|=|α|+1

∫
xα∂βxgβ (x) dx = 0,

where the last equality follows by integration by parts. Thus G ⊂ S0 (Rn).
Conversely, given g ∈ S0 (Rn) we may write g = 4g0, where g0 = 4−1g ∈

S0 (Rn) (by Corollary 1.1.13). We have g =
∑n
j=1 ∂xj

(
−∂xjg0

)
. Since −∂xjg0 ∈

S0 (Rn), the result follows. �

Remark 1.1.17 Suppose B ⊂ S0 (Rn) is a bounded set. In light of Lemma 1.1.16, for
f ∈ B, we may write f =

∑
|α|=1 ∂

α
x fα, where fα ∈ S0 (Rn). The proof of Lemma

1.1.16 shows more: we may choose the fα so that
{
fα
∣∣ f ∈ B, |α| = 1

}
⊂ S0 (Rn) is

a bounded set.

Remark 1.1.18 Let K ∈ S0 (Rn)
′. It makes sense to define Op (K) : S0 (Rn) →

C∞ (Rn). Since S0 (Rn) is dense in L2, there is at most one continuous extension of
Op (K) : L2 → L2 (but there may be no continuous extension). If K̃ ∈ S (Rn)

′ is a
Calderón-Zygmund kernel such that K̃

∣∣
S0(Rn)

= K, then Op (K) and Op
(
K̃
)

extend

to the same bounded operator on L2. Thus, the map K̃ 7→ K̃
∣∣
S0(Rn)

from Calderón-

Zygmund kernels to elements of S0 (Rn)
′ is injective. It, therefore, makes sense to ask

whether an element K ∈ S0 (Rn)
′ is a Calderón-Zygmund kernel, and if so to identify

it with a unique Calderón-Zygmund kernel in C∞0 (Rn)
′.

For a function f ∈ S (Rn) and R > 0, we define f (R) (x) = Rnf (Rx). Note that
this is defined in such a way that∫

f (R) (x) dx =

∫
f (x) dx,

and, more generally, (
f (R)

)∧
(ξ) = f̂ (ξ/R) .

LEMMA 1.1.19. Let B ⊂ S0 (Rn) be a bounded set. For R1, R2 > 0, φ1, φ2 ∈ B,
define a function ψ = ψ (R1, R2, φ1, φ2) by

ψ(R1) = φ
(R1)
1 ∗ φ(R2)

2 .
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Then, for every N , the set{(
R1 ∨R2

R1 ∧R2

)N
ψ

∣∣∣∣ φ1, φ2 ∈ B, R1, R2 > 0

}

is a bounded subset of S0 (Rn). Here ∨ denotes maximum and ∧ denotes minimum.

PROOF. Fix M large, to be chosen later. By Corollary 1.1.13, each φ ∈ B may
be written as φ = 4M φ̃, where

{
φ̃
∣∣ φ ∈ B} is a bounded set. Fix φ1, φ2 ∈ B and

R1, R2 > 0. Suppose R1 ≥ R2, we have,

φ
(R1)
1 ∗ φ(R2)

2 =

(
R2

R1

)2M

φ̃
(R1)
1 ∗

(
4Mφ2

)(R2)
.

If R2 > R1, we instead have

φ
(R1)
1 ∗ φ(R2)

2 =

(
R1

R2

)2M

(4φ1)
(R1) ∗ φ̃(R2)

2 .

Either way, we have

ψ(R1) =

(
R1 ∧R2

R1 ∨R2

)2M

γ
(R1)
1 ∗ γ(R2)

2 ,

where γ1, γ2 range over a bounded subset of S0 (Rn). By replacing M with M + N ,
it suffices to prove the result with N = 0. For any fixed M , and using the above
argument, we may write ψ in the form

ψ(R1) =

(
R1 ∧R2

R1 ∨R2

)2M

γ
(R1)
1 ∗ γ(R2)

2 , (1.8)

where γ1 and γ2 range over a bounded subset of S0 (Rn). Fix a semi-norm ‖·‖α,β . We
will take M large in terms of α, β. We wish to show

sup
ψ

∥∥∥ψ̂∥∥∥
α,β

<∞,

where ψ is defined by (1.8) and the supremum is taken as γ1, γ2 range over a bounded
subset of S0 (Rn) and R1, R2 range over (0,∞). But,

ψ̂ (ξ) =

(
R1 ∧R2

R1 ∨R2

)2M

γ̂1 (ξ) γ̂2 (R1ξ/R2) .

Taking M sufficiently large in terms of α, β, the result follows. �
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THE CALDERÓN-ZYGMUND THEORY I: ELLIPTICITY

main April 22, 2014 6x9

13

LEMMA 1.1.20. Let
{
ςj
∣∣ j ∈ Z

}
⊂ S0 (Rn) be a bounded set. The sum∑
j∈Z

ς
(2j)
j

converges in the sense of distributions. Furthermore,

∑
j∈Z

Op

(
ς
(2j)
j

)
= Op

∑
j∈Z

ς
(2j)
j

 , (1.9)

thought of as operators on S0 (Rn). Here, the sum on the left is taken in the topology
of bounded convergence as operators S0 (Rn) → S0 (Rn) (see Definition A.1.28 for
the definition of this topology), while the sum on the right is taken in the sense of
distributions.

PROOF. By Corollary 1.1.13, ςj = 4ς̃j , where {ς̃j | j ∈ Z} ⊂ S0 (Rn) is a bounded
set, and so, for f ∈ C∞0 (Rn),∣∣∣∣∫ ς

(2j)
j (x) f (x) dx

∣∣∣∣ =

∣∣∣∣∫ ς̃
(2j)
j (x) 2−2j 4 f (t) dt

∣∣∣∣
≤ 2−2j

(∫
|ς̃j |
)(∫

|4f |
)

. 2−2j

(∫
|4f |

)
.

It follows immediately that the sum
∑
j≥0 ς

(2j)
j converges in the sense of distributions.

For j < 0, we have ∣∣∣∣∫ ς
(2j)
j (x) f (x) dx

∣∣∣∣ . 2jn
∫
|f (x)| dx,

and so
∑
j<0 ς

(2j)
j also converges in the sense of distributions. Combining these, we

see that
∑
j∈Z ς

(2j)
j converges in the sense of distributions. The same proof shows that

the sum, in fact, converges in the sense of tempered distributions.

Let B ⊂ S0 (Rn) be a bounded set. For g ∈ B, define gj = 2|j|ς
(2j)
j ∗ g. Lemma

1.1.19 shows
{
gj
∣∣ j ∈ Z, g ∈ B

}
⊂ S0 (Rn) is a bounded set, and we have∑

j∈Z
Op

(
ς
(2j)
j

)
g =

∑
j∈Z

2−|j|gj ,

and it follows that
∑
j∈Z Op

(
ς
(2j)
j

)
converges in the topology of bounded conver-

gence as operators S0 (Rn) → S0 (Rn). The equality (1.9) follows easily from the
above proofs. �
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DEFINITION 1.1.21. For x ∈ Rn, we define a tempered distribution δx by∫
δx (y) f (y) dy = f (x) , f ∈ S (Rn) .

δx is called the Dirac δ function at x.

LEMMA 1.1.22. There is a function ς ∈ S0 (Rn) such that

δ0 =
∑
j∈Z

ς(2j),

where δ0 denotes the Dirac δ function at 0.

PROOF. Let ψ ∈ C∞0 (Rn) equal 1 on a neighborhood of 0. Define

ς̂ (ξ) = ψ (ξ)− ψ (2ξ) .

Notice, ∑
j∈Z

ς̂
(
2−jξ

)
= 1,

in the sense of tempered distributions. Taking the inverse Fourier transform of both
sides yields the result. �

We have the following characterization of Calderón-Zygmund kernels.

THEOREM 1.1.23. Let K ∈ S0 (Rn)
′. The following are equivalent:

(i) K is a Calderón-Zygmund kernel.

(ii) Op (K) : S0 (Rn)→ S0 (Rn) and for any bounded set B ⊂ S0 (Rn), the set{
g ∈ S0 (Rn)

∣∣ ∃R > 0, f ∈ B, g(R) = Op (K) f (R)
}
⊂ S0 (Rn)

is a bounded set.

(iii) For each j ∈ Z there is a function ςj ∈ S0 (Rn) with
{
ςj
∣∣ j ∈ Z

}
⊂ S0 (Rn) a

bounded set and such that

K =
∑
j∈Z

ς
(2j)
j .

See Lemma 1.1.20 for a discussion of the convergence of this sum.

PROOF. We begin with (i)⇒(ii), and we use Theorem 1.1.5. Let K be a Calderón-
Zygmund kernel and let B ⊂ S0 (Rn) be bounded. Let

T :=
{
g
∣∣ ∃R > 0, f ∈ B, g(R) = Op (K) f (R)

}
.
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We wish to show T is a bounded subset of S (Rn) and moreover T ⊂ S0 (Rn). Notice
that if g(R) = Op (K) f (R), then

ĝ (ξ) = K̂ (Rξ) f̂ (ξ) .

Thus, to show T is a bounded subset of S (Rn), and using the fact that the Fourier
transform is an automorphism of S (Rn), it suffices to show

T̂ :=
{
K̂ (Rξ) f̂ (ξ)

∣∣R > 0, f ∈ B
}

is a bounded subset of S (Rn). But, we have for f ∈ S0 (Rn), using Theorem 1.1.5,∥∥∥K̂ (Rξ) f̂ (ξ)
∥∥∥
α,β

=
∥∥∥(|ξ|2|α| K̂ (Rξ)

)(
|ξ|−2|α|

f̂ (ξ)
)∥∥∥

α,β

.
∑
|α′|≤3|α|
|β′|≤|β|

∥∥∥4−2|α|f
∥∥∥
α′,β′

.

The right-hand side is a continuous semi-norm on S0 (Rn) (by Corollary 1.1.13). Tak-
ing the supremum over f ∈ B and R > 0 shows that supĝ∈T̂ ‖ĝ‖α,β < ∞, and it
follows that T is a bounded subset of S (Rn). We wish to show that T ⊂ S0 (Rn).
Indeed, let ĝ ∈ T̂ , so that ĝ (ξ) = K̂ (Rξ) f̂ (ξ). By Lemma 1.1.12, we wish to show
∂αξ K̂ (Rξ) f̂ (ξ)

∣∣
ξ=0

= 0, ∀α. But this follows immediately from Lemma 1.1.12 and
Theorem 1.1.5.

We turn to (ii)⇒(iii); let K be as in (ii). We apply Lemma 1.1.22 to decompose
δ0 =

∑
j∈Z ς

(2j). Lemma 1.1.20 shows that I =
∑
j∈Z Op

(
ς(2j)

)
, where the sum is

taken in the topology of bounded convergence as operators S0 (Rn)→ S0 (Rn), and I

denotes the identity operator S0 (Rn) → S0 (Rn). Let ς(
2j)
j = Op (K) ς(2j), so that

our assumption implies
{
ςj
∣∣ j ∈ Z

}
⊂ S0 (Rn) is bounded. We have

Op (K) = Op (K) I =
∑
j∈Z

Op (K) Op
(
ς(2j)

)
=
∑
j∈Z

Op

(
ς
(2j)
j

)
.

Lemma 1.1.20 then shows that K =
∑
j∈Z ς

(2j)
j .

Finally, we prove (iii)⇒(i); let K =
∑
j∈Z ς

(2j)
j as in (iii), where

{
ςj
∣∣ j ∈ Z

}
⊂

S (Rn) is bounded. We need to show
∑
j∈Z ς

(2j)
j converges in distribution to a Calderón-

Zygmund kernel. We have for x 6= 0,∣∣∣∣∣∣∂αx
∑
j∈Z

ς
(2j)
j (x)

∣∣∣∣∣∣ ≤
∑
j∈Z

2nj+|α|j
∣∣(∂αx ςj) (2jx)∣∣

.
∑
j∈Z

2nj+|α|j
(
1 +

∣∣2jx∣∣)−n−|α|−1

. |x|−n−|α| ,
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which establishes the growth condition.
We now verify the cancellation condition. Let B ⊂ C∞0 (Rn) be a bounded set.

Write ςj = 4ς̃j where, by Corollary 1.1.13,
{
ς̃j
∣∣ j ∈ Z

}
⊂ S0 (Rn) is a bounded set.

For φ ∈ B and R > 0, we have∣∣∣∣∣∣
∫ ∑

j∈Z
ς
(2j)
j (x)φ (Rx) dx

∣∣∣∣∣∣
.
∑

2j≥R

2−2jR2

∫ ∣∣∣∣ς̃(2j)
j (x) (4φ) (Rx)

∣∣∣∣ dx+
∑

2j<R

∫ ∣∣φ (2−jRx)∣∣ dx
.
∑

2j≥R

2−2jR2 +
∑

2j<R

(
2jR−1

)n
. 1,

which completes the proof. �

The proof of Theorem 1.1.23 used the Fourier transform many times. However, it is
the statement of Theorem 1.1.23 (which does not mention the Fourier transform) which
is of the most interest to us. Indeed, when we leave the translation invariant Euclidean
setting, the Fourier transform will be much less applicable. However, we will be able
to prove an analog of Theorem 1.1.23 using other methods.

It is not hard to see that many of the conclusions above concerning Calderón-
Zygmund kernels, whose proofs used the Fourier transform, can be reproved using the
conclusions of Theorem 1.1.23. For instance, that operators of the form Op (K) form
an algebra follows immediately from (ii). Also, that Op (K) is bounded on L2 follows
from (iii) and the Cotlar-Stein Lemma (Lemma 1.2.26). Indeed, it follows easily from
Lemma 1.1.19 that∥∥∥∥Op

(
ς
(2j)
j

)∗
Op

(
ς
(2k)
k

)∥∥∥∥
L2→L2

. 2−|j−k|,

and the L2 boundedness of Op (K) follows from the Cotlar-Stein Lemma. Of course,
these ideas are somewhat circular: the proof of Theorem 1.1.23 uses the Fourier trans-
form. As we will see, it is possible to prove Theorem 1.1.23, and more general analogs,
without direct use of the Fourier transform, whereby the above ideas become much
more useful.

The operators discussed in this section are operators of “order 0.” When we move
to a more general setting, we will work with operators of other orders. We state here
the basic definitions and results for operators of orders other than 0. We will prove
more general analogs of these results in later chapters.

DEFINITION 1.1.24. We say K ∈ C∞0 (Rn)
′ is a Calderón-Zygmund kernel of

order t ∈ (−n,∞) if:

(i) (Growth Condition) For every multi-index α, |∂αxK (x)| ≤ Cα |x|−n−t−|α|. In
particular, we assume that K (x) is a C∞ function for x 6= 0.

© Copyright, Princeton University Press. No part of this book may be 
distributed, posted, or reproduced in any form by digital or mechanical 
means without prior written permission of the publisher. 



THE CALDERÓN-ZYGMUND THEORY I: ELLIPTICITY

main April 22, 2014 6x9

17

(ii) (Cancellation Condition) For every bounded set B ⊂ C∞0 (Rn), we assume

sup
φ∈B
R>0

R−t
∣∣∣∣∫ K (x)φ (Rx) dx

∣∣∣∣ ≤ CB.
Remark 1.1.25 When −n < t < 0, the Cancellation Condition follows from the
Growth Condition and the weaker assumption that K has no part supported at 0. I.e.,
supposeK is a distribution satisfying the Growth Condition where t ∈ (−n, 0). Define
the function

K̃ (x) =

{
K (x) if x 6= 0,

0 if x = 0.

If K − K̃ = 0 as a distribution, then K is a Calderón-Zygmund kernel of order t.
Conversely, if K is a Calderón-Zygmund kernel of order t, then K − K̃ = 0. In this
sense, the Cancellation Condition is superfluous for −n < t < 0.

As before, given a Calderón-Zygmund kernel, we define an operator Op (K) :
C∞0 (Rn)→ C∞ (Rn) by Op (K) f = K ∗f . Similar to the case of operators of order
0, a density argument shows that to uniquely determine a Calderón-Zygmund kernel K
of any order t ∈ (−n,∞), it suffices to consider K

∣∣
S0(Rn)

. Just as in Theorem 1.1.23,
we may use this to characterize Calderón-Zygmund kernels in other ways, as the next
theorem shows. We state this theorem without proof.

THEOREM 1.1.26. Fix t ∈ (−n,∞), and let K ∈ S0 (Rn)
′. The following are

equivalent:

(i) K is a Calderón-Zygmund kernel of order t.

(ii) Op (K) : S0 (Rn)→ S0 (Rn) and for any bounded set B ⊂ S0 (Rn), the set{
g ∈ S0 (Rn)

∣∣ ∃R > 0, f ∈ B, g(R) = R−tOp (K) f (R)
}
⊂ S0 (Rn)

is a bounded set.

(iii) For each j ∈ Z there is a function ςj ∈ S0 (Rn) with
{
ςj
∣∣ j ∈ Z

}
⊂ S0 (Rn) a

bounded set and such that
K =

∑
j∈Z

2jtς
(2j)
j .

The above sum converges in distribution, though the equality is taken in the sense
of elements of S0 (Rn)

′ .

Furthermore, (ii) and (iii) are equivalent for any t ∈ R.

For t ≤ −n, we define Calderón-Zygmund kernels in the following way.

DEFINITION 1.1.27. Let K ∈ S0 (Rn)
′ and t ∈ R. We say K is a Calderón-

Zygmund kernel of order t if either of the two equivalent conditions (ii) or (iii) of
Theorem 1.1.26 holds.
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Remark 1.1.28 Restricting a tempered distribution to S0 (Rn) does not uniquely de-
termine the distribution (polynomials are all 0, when thought of in the dual to S0 (Rn)).
For Calderón-Zygmund operators of order t > −n, we used a density argument to
uniquely pick out a distribution, given its values on S0 (Rn). For t ≤ −n, this proce-
dure does not always work. For now, we satisfy ourselves by working only with op-
erators defined on S0 (Rn). Later in the monograph, (in Chapters 2 and 5) we restrict
attention to non-translation invariant operators whose Schwartz kernels have compact
support, and use this to avoid this non-uniqueness problem.

Remark 1.1.29 With the above definitions,4s is an isomorphism of Calderón-Zygmund
kernels of order t to Calderón-Zygmund kernels of order t + 2s.10 This gives another
(equivalent) way to extend Definition 1.1.24 to kernels of order t ≤ −n. Indeed, we
say K ∈ S0 (Rn)

′ is a Calderón-Zygmund kernel of order t if4−t/2K is a Calderón-
Zygmund kernel of order 0. As pointed out in the previous remark, though, this only
uniquely specifies the kernel as an element of S0 (Rn)

′, and not as a distribution.

Remark 1.1.30 Notice the scale invariance of conditions in Theorem 1.1.26. For in-
stance, consider (ii). If Op (K) : S0 (Rn) → S0 (Rn),11 then it follows by continuity
that for any bounded set B ⊂ S0 (Rn), Op (K)B is also bounded. (ii) takes this auto-
matic fact, and instead assumes a scale invariant version of it.

This leads us directly to the first main property of Calderón-Zygmund kernels.

THEOREM 1.1.31. Suppose K1,K2 ∈ S0 (Rn)
′ are Calderón-Zygmund kernels

of order s, t ∈ R, respectively. Then Op (K1) Op (K2) = Op (K3), where K3 ∈
S0 (Rn)

′ is a Calderón-Zygmund kernel of order s+ t.

PROOF. This is an immediate consequence of (ii) of Theorem 1.1.26. �

To discuss the Lp boundedness of these operators, we need appropriate Lp Sobolev
spaces. For 1 < p <∞ and s ∈ R, we define L̊ps (Rn) to be the completion of S0 (Rn)
under the following norm:

‖f‖L̊ps(Rn) :=
∥∥∥4s/2f∥∥∥

Lp(Rn)
.

As mentioned before, L̊p0 (Rn) = Lp (Rn) (1 < p <∞).

Remark 1.1.32 Unlike the usual Sobolev spaces, elements of L̊ps cannot be identified
with distributions if s << 0; instead they can be thought of as elements of S0 (Rn)

′.

THEOREM 1.1.33. LetK be a Calderón-Zygmund kernel of order t. Then, Op (K) :
L̊ps (Rn)→ L̊ps−t (Rn).

To prove Theorem 1.1.33, we need a lemma.

10This follows by combining Lemma 1.1.34 with Theorem 1.1.31.
11Here, and in the rest of the monograph, when we are given a linear operator T : V → W , where V

and W are topological vector spaces, we always assume that T is continuous.

© Copyright, Princeton University Press. No part of this book may be 
distributed, posted, or reproduced in any form by digital or mechanical 
means without prior written permission of the publisher. 
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LEMMA 1.1.34. For s ∈ R, the operator 4s : S0 (Rn) → S0 (Rn) is of the form
Op (K) for a Calderón-Zygmund kernel K of order 2s.

PROOF. This follows easily by using (iii) of Theorem 1.1.26. Indeed, let φ̂ ∈
C∞0 (Rn) equal 1 on a neighborhood of 0 and set ψ̂ (ξ) = φ̂ (ξ) − φ̂ (2ξ) so that∑
j∈Z ψ̂

(
2−jξ

)
= 1 in the sense of tempered distributions. Let ς̂ = |2πξ|2s ψ̂, so that

|2πξ|2s =
∑
j∈Z 22jsς̂

(
2−jξ

)
. Define ς = (ς̂)

∨–the inverse Fourier transform of ς̂ .

Note that ς ∈ S0 (Rn). We have4s =
∑
j∈Z 22jsOp

(
ς(2j)

)
=
∑
j∈Z 22jsOp (ς)(

2j).
Thus (iii) of Theorem 1.1.26 holds and 4s is a Calderón-Zygmund operator of order
2s. �

PROOF OF THEOREM 1.1.33. Let K be a Calderón-Zygmund kernel of order t.
For f ∈ S0 (Rn), we wish to show∥∥∥4(s−t)/2Op (K) f

∥∥∥
Lp
.
∥∥∥4s/2f∥∥∥

Lp
.

By Corollary 1.1.13 we may write f = 4−s/2g, g ∈ S0 (Rn), and we therefore wish
to show ∥∥∥4(s−t)/2Op (K)4−s/2 g

∥∥∥
Lp
. ‖g‖Lp .

This follows from the fact that4(s−t)/2Op (K)4−s/2 is bounded on Lp, by Theorem
1.1.5, as it is an operator of order 0 (by Theorem 1.1.31 and Lemma 1.1.34). �

1.2 NON-TRANSLATION INVARIANT OPERATORS

Above, we discussed translation invariant operators: operators of the form Op (K) f =
f ∗ K. To understand these operators, we made significant use of the Fourier trans-
form. Even though the Fourier transform is less applicable, many of the ideas have
generalizations to the non-translation invariant setting. First, a bit of notation. For
an operator T : C∞0 (Rn) → C∞0 (Rn)

′, we identify T with its Schwartz kernel,
T (x, y) ∈ C∞0 (Rn × Rn)

′ (see Theorem A.1.30 and the remarks surrounding it for
this identification). We use the identification of functions in L1

loc with certain distribu-
tions, as in the previous discussion. Thus, given an operator, we often treat it as a func-
tion, and when we do, we are assuming that its Schwartz kernel is given by integration
against an L1

loc (Rn × Rn) function. Conversely, given a function in L1
loc (Rn × Rn)

we will treat it as an operator C∞0 (Rn)→ C∞0 (Rn)
′, by this same identification. See

Appendix A.1.1 for more details on this notation.

DEFINITION 1.2.1. We say T : C∞0 (Rn) → C∞ (Rn) is a Calderón-Zygmund
operator of order t ∈ (−n,∞) if:

(i) (Growth Condition) For every multi-indices α and β,∣∣∂αx ∂βy T (x, y)
∣∣ ≤ Cα,β |x− y|−n−t−|α|−|β| .

In particular, we assume T (x, y) is a C∞ function for x 6= y.
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(ii) (Cancellation Condition) For all bounded sets B ⊂ C∞0 (Rn) and for all φ ∈ B,
R > 0, and z ∈ Rn, define φR,z (x) = φ (R (x− z)). We assume, for every
multi-index α,

sup
φ∈B

sup
R>0

sup
x,z∈Rn

R−t−|α| |∂αxTφR,z (x)| ≤ CB,α,

with the same estimates for T replaced by T ∗, the formal L2 adjoint of T .

Remark 1.2.2 Above we used the formal L2 adjoint of T . To define this, we first
define the transpose, T t. The Schwartz kernel of T t is defined by T t (x, y) = T (y, x);
more precisely,∫

T t (x, y)φ (x, y) dx dy =

∫
T (x, y)φ (y, x) dx dy,

for φ ∈ C∞0 (Rn × Rn), where, as usual, we have written the pairing between dis-
tributions and test functions as integration. We define the Schwartz kernel of T ∗ by
T ∗ = T t, where z denotes the complex conjugate of z. Here, for a distribution λ, we
are defining the distribution λ by λ (f) = λ

(
f
)
.

A key tool for studying these operators is a characterization similar to Theorem
1.1.26. For this, we need a generalization of operators of the form Op (ς), where
ς ∈ S0 (Rn), to the non-translation invariant setting. We begin with a generalization of
Op (f), where f ∈ S (Rn).

DEFINITION 1.2.3. We define P ⊂ C∞ (Rn × Rn) to be the Fréchet space of
functions E (x, y) ∈ C∞ (Rn × Rn) satisfying for every m ∈ N, and every multi-
indices α, β, ∣∣∂αx ∂βyE (x, y)

∣∣ ≤ Cα,β,m (1 + |x− y|)−m .
We give P the coarsest topology such that the least possible Cα,β,m defines a continu-
ous semi-norm on P , for each choice of α, β, and m.

LEMMA 1.2.4. Let B ⊂ P . For each E ∈ B define two new functions E1 (x, z) =
E (x, x− z), E2 (z, y) = E (y − z, y). Fix α and define Bα ⊂ C∞ (Rn) by

Bα :=
{
∂αxE1 (x, ·) , ∂αyE2 (·, y)

∣∣ x, y ∈ Rn, E ∈ B
}
.

Then, for every α, Bα ⊂ S (Rn). Furthermore, B is a bounded subset of P if and only
if Bα is a bounded subset of S (Rn), for every α.

PROOF. This follows immediately from the definitions. �

Remark 1.2.5 We think of the elements of P as operators, by identifying the function
E ∈ P with the operator whose Schwartz kernel is given by integration against E,

Ef (x) =

∫
E (x, y) f (y) dy.

© Copyright, Princeton University Press. No part of this book may be 
distributed, posted, or reproduced in any form by digital or mechanical 
means without prior written permission of the publisher. 
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DEFINITION 1.2.6. We define P0 ⊂ P to consist of those E ∈ P such that ∀x ∈
Rn, E (x, ·) ∈ S0 (Rn) and ∀y ∈ Rn, E (·, y) ∈ S0 (Rn).

Remark 1.2.7 P0 is a closed subspace of P and we give it the induced Fréchet topol-
ogy.

LEMMA 1.2.8. For s ∈ R, the maps4sx,4sy : P0 → P0 given by (4sxE) (·, y) =

4sE (·, y) and
(
4syE

)
(x, ·) = 4sE (x, ·) are automorphisms of P0.

PROOF. It is easy to verify that 4sx and 4sy map P0 → P0. The closed graph
theorem (Theorem A.1.14) then shows that both maps are continuous. Their respective
continuous inverses are4−sx and4−sy . �

Example 1.2.9 There is a continuous inclusion S (Rn) ↪→ P given by

f 7→ f (x− y) ;

or if we think of elements of P as operators,

f 7→ Op (f) .

Under this map, S0 (Rn) maps in to P0. Thus, operators in P0 should be thought of as
a non-translation invariant generalization of Op (f), where f ∈ S0 (Rn).

We define dilations of P by, for R > 0,

E(R) (x, y) = RnE (Rx,Ry) .

Using this, for f ∈ S (Rn), we have Op
(
f (R)

)
= Op (f)

(R). We have the following
result, which is a generalization of Theorem 1.1.26.

THEOREM 1.2.10. Fix t ∈ (−n,∞), and let T : S0 (Rn) → C∞ (Rn). The
following are equivalent:

(i) T is a Calderón-Zygmund operator of order t.12

(ii) T : S0 (Rn)→ S0 (Rn), and for any bounded set B ⊂ P0, the set{
E
∣∣ ∃R > 0, F ∈ B, E(R) = R−tTF (R)

}
⊂ P0

is a bounded set.

12As in Theorem 1.1.26, when we say T : S0 (Rn) → S0 (Rn) is a Calderón-Zygmund operator of
order t ∈ (−n,∞) we mean that there is a Calderón-Zygmund operator T̃ : C∞0 (Rn) → C∞ (Rn)

such that T̃
∣∣
S0(Rn)

= T . We will see in the proof that follows that if T̃ : C∞0 (Rn) → C∞ (Rn) is a

Calderón-Zygmund operator of order t ∈ (−n,∞), then T̃
∣∣
S0(Rn)

: S0 (Rn)→ S0 (Rn).
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(iii) For each j ∈ Z there is Ej ∈ P0 with
{
Ej
∣∣ j ∈ Z

}
⊂ P0 a bounded set and

such that
T =

∑
j∈Z

2jtE
(2j)
j ,

where above sum converges in the topology of bounded convergence as operators
S0 (Rn)→ S0 (Rn).

Furthermore, (ii) and (iii) are equivalent for any t ∈ R.

Remark 1.2.11 When we move to more general situations, we will call operators anal-
ogous to operators like E(R), where E ∈ P0, elementary operators.

To prove Theorem 1.2.10, we need several lemmas.

LEMMA 1.2.12. Let E ⊂ P be a bounded set. For each E1, E2 ∈ E and j1, j2 ∈ R
define an operator F by

F (2j1∧j2) = E
(2j1)
1 E

(2j2)
2 .

Then, ∀α, β, ∃N = N (α, β), ∀m, ∃C, ∀E1, E2 ∈ E , ∀j1, j2 ∈ R,

2−N |j1−j2|
∣∣∂αx ∂βz F (x, z)

∣∣ ≤ C (1 + |x− y|)−m .

PROOF. The conclusion of the lemma is equivalent to

2−N |j1−j2|
∣∣∣(2−j1∧j2∂x)α (2−j1∧j2∂z)β F (2j1∧j2) (x, z)

∣∣∣
≤ C2nj1∧j2

(
1 + 2j1∧j2 |x− y|

)−m
.

By taking N large in terms of α and β, the previous equation follows from∣∣∣(2−j1∂x)α (2−j2∂z)β F (2j1∧j2) (x, z)
∣∣∣ ≤ C2nj1∧j2

(
1 + 2j1∧j2 |x− y|

)−m
.

∂αxE1 (x, y) and ∂βzE2 (y, z) are of the same forms as E1 and E2 (i.e., as E1 and E2

range over E , ∂αxE1 (x, y) and ∂βzE2 (y, z) range over a bounded set in P). Thus,

we may replace
(
2−j1∂αx

)
E

(2j1)
1 (x, y) and

(
2−j2∂αz

)
E

(2j2)
2 (y, z) with E(2j1)

1 and

E
(2j2)
2 , respectively; i.e., it suffices to prove the case when α = β = 0 and N = 0.

From here, the result follows by a straightforward estimate, and is left to the reader. �

LEMMA 1.2.13. Let E ⊂ P be a bounded set. For each E1, E2 ∈ E and j1, j2 ∈ R
define two operators F1 and F2 by

F
(2j1)
1 = E

(2j1)
1 E

(2j2)
2 , F

(2j2)
2 = E

(2j1)
1 E

(2j2)
2 .

Then, ∀α, β, m, ∃N = N (α, β,m), ∃C, ∀E1, E2 ∈ E , ∀j1, j2 ∈ R, for k = 1, 2,

2−N |j1−j2|
∣∣∂αx ∂βz Fk (x, z)

∣∣ ≤ C (1 + |x− y|)−m .
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PROOF. We prove the result for k = 1; the proof for k = 2 is similar. The conclu-
sion of the lemma, in this case, is equivalent to

2−N |j1−j2|
∣∣∣∣(2−j1∂x)α (2−j1∂z)β F (2j1)

1 (x, z)

∣∣∣∣ ≤ C2nj1
(
1 + 2j1 |x− y|

)−m
.

By taking N = N1 +N2 where N1 = N1 (α, β,m, n) is large and N2 is to be chosen
later, this follows from

2−N2|j1−j2|
∣∣∣∣(2−j1∧j2∂x)α (2−j1∧j2∂z)β F (2j1)

1 (x, z)

∣∣∣∣
≤ C2nj1∧j2

(
1 + 2j1∧j2 |x− y|

)−m
.

This is the conclusion of Lemma 1.2.12. �

LEMMA 1.2.14. SupposeB ⊂ P0 is a bounded set. ForE1, E2 ∈ B and j1, j2 ∈ R,
define two operators F1 = F1 (E1, E2, j1, j2) and F2 = F2 (E1, E2, j1, j2) by

F
(2j1)
1 = E

(2j1)
1 E

(2j2)
2 , F

(2j2)
2 = E

(2j1)
1 E

(2j2)
2 .

Then, for every N , the set{
2N |j1−j2|F1, 2

N |j1−j2|F2

∣∣ E1, E2 ∈ B, j1, j2 ∈ R
}
⊂ P0

is a bounded set.

PROOF. We prove that{
2N |j1−j2|F1, 2

N |j1−j2|F2

∣∣ E1, E2 ∈ B, j1, j2 ∈ R
}
⊂ P (1.10)

is a bounded set. Once this is done, the result will follow, since it is immediate to verify
that if F1, F2 ∈ P , they are in fact in P0, by using that E1, E2 ∈ P0. We show{

2N |j1−j2|F1

∣∣ E1, E2 ∈ B, j1, j2 ∈ R
}
⊂ P

is a bounded set. The proof where F1 is replaced by F2 is similar.
Fix N , α, β, and m. Take M = M (N,α, β,m) large, to be chosen later. We sep-

arate into two cases. If j1 ≥ j2, we define Ẽ1 (x, y) = 4My E1 (x, y) and Ẽ2 (x, y) =

4−Mx E2 (x, y). If j2 > j1 we define Ẽ1 (x, y) = 4−My E1 and Ẽ2 (x, y) = 4Mx E2 (x, y).

Notice that
{
Ẽ1, Ẽ2

∣∣ E1, E2 ∈ B, j1, j2 ∈ R
}
⊂ P0 is a bounded set and we have

F
(2j1)
1 = 2−2M |j1−j2|Ẽ

(2j1)
1 Ẽ

(2j2)
2 .

Applying Lemma 1.2.13, and by taking M = M (N,α, β,m) sufficiently large, we
have ∣∣∣∂αx ∂βy 2N |j1−j2|F1 (x, y)

∣∣∣ . (1 + |x− y|)−m .

This completes the proof. �
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LEMMA 1.2.15. Suppose B ⊂ P and B0 ⊂ P0 are bounded sets. For E1 ∈ B0,
E2 ∈ B and j1, j2 ∈ R with j1 ≥ j2. Define two operators

F
(2j2)
1 = E

(2j1)
1 E

(2j2)
2 , F

(2j2)
2 = E

(2j2)
2 E

(2j1)
1 .

Then, for every N ,
{

2N |j1−j2|F1, 2
N |j1−j2|F2

∣∣ E1 ∈ B0, E2 ∈ B, j1 ≥ j2
}
⊂ P is a

bounded set. Note F1 and F2 are defined in a slightly different way than the operators
of the same name in Lemma 1.2.14.

PROOF. The proof follows in the same way as Lemma 1.2.14 and we leave the
details to the interested reader. �

LEMMA 1.2.16. Let T be a Calderón-Zygmund operator of order t ∈ (−n,∞),
and let B ⊂ P0 be a bounded set. For E ∈ B, j ∈ R, define F (2j) = 2−jtTE(2j).
Then, {

F
∣∣ E ∈ B, j ∈ R

}
⊂ P

is a bounded set. The same result holds for F (2j) = 2−jtE(2j)T .

PROOF. We prove the result for 2−jtTE(2j); the result for 2−jtE(2j)T follows by
taking adjoints. Fix multi-indices α, β and fix m ∈ N. We wish to show∣∣∣(2−j∂x)α (2−j∂z)β F (2j) (x, z)

∣∣∣ . 2nj
(
1 + 2j |x− z|

)−m
.

As E ranges over B, ∂βzE ranges over a bounded subset of P0. Thus we may, without
loss of generality, assume that β = 0.

Fix φ ∈ C∞0 (Bn (2)), with φ ≡ 1 on Bn (1). Take M = M (α, β,m) and
m′ = m′ (m) large to be chosen later. Set Ẽ (x, z) = 4−Mx E (x, z), so that Ẽ ranges
over a bounded subset of P0 as E ranges over B. We have,(

2−j∂x
)α
F (2j) (x, z) = 2−2Mj−tj

[(
2−j∂x

)α
T 4M Ẽ(2j) (·, z)

]
(x)

= 2−2Mj−tj
[(

2−j∂x
)α
T 4M φ

(
2j (· − x)

)
Ẽ(2j) (·, z)

]
(x)

+ 2−2Mj−tj
[(

2−j∂x
)α
T 4M

(
1− φ

(
2j (· − x)

))
Ẽ(2j) (·, z)

]
(x) .

We bound these two terms separately.
Using the cancellation condition applied with φR,z replaced by

2−nj−2Mj 4M φ
(
2j (· − x)

)
Ẽ(2j) (·, z) =: ψ

we see ∣∣∣2−2Mj−tj
[(

2−j∂x
)α
T 4M φ

(
2j (· − x)

)
Ẽ(2j) (·, z)

]
(x)
∣∣∣

. 2nj−tj
∣∣∣(2−j∂x)α Tψ∣∣∣

. 2nj
(
1 + 2j |x− z|

)−m
;
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here, we have used the rapid decrease of Ẽ to obtain the factor
(
1 + 2j |x− z|

)−m
.

Using, now, the growth condition∣∣∣2−2Mj−tj
[(

2−j∂x
)α
T 4M

(
1− φ

(
2j (· − x)

))
Ẽ(2j) (·, z)

]
(x)
∣∣∣

. 2−2Mj−tj
∫
|y−x|>2−j

∣∣∣4My T (x, y)
(
1− φ

(
2j (y − x)

))
Ẽ(2j) (y, z)

∣∣∣ dy
. 2−2Mj−tj

∫
|y−x|>2−j

|x− y|−n−t−2M
2nj
(
1 + 2j |y − z|

)−m′
dy

. 2nj
∫ (

1 +
∣∣2jx− y∣∣)−n−t−2M (

1 +
∣∣y − 2jz

∣∣)−m′ dy
. 2nj

(
1 + 2j |x− z|

)−m
,

provided M and m′ are sufficiently large. This completes the proof. �

LEMMA 1.2.17. Let T be a Calderón-Zygmund operator of order t ∈ (−n,∞),
and let B ⊂ P0 be a bounded set. For E1, E2 ∈ B, j1, j2 ∈ R, define F (2j1∧j2) =

2−j1∧j2tE
(2j1)
1 TE

(2j2)
2 . Then, for everyN ,

{
2N |j1−j2|F

∣∣ E1, E2 ∈ B, j1, j2 ∈ R
}
⊂

P0 is a bounded set.

PROOF. We prove that
{

2N |j1−j2|F
∣∣E1, E2 ∈ B, j1, j2 ∈ R

}
⊂ P is a bounded

set. The result follows, as it is easy to then show that F ∈ P0, given that E1, E2 ∈ P0.

Suppose that j2 ≤ j1. We apply Lemma 1.2.16 to G(2j2) := 2−tj2TE
(2j2)
2 to

see that
{
G
∣∣ E2 ∈ B, j2 ∈ R

}
⊂ P is a bounded set. The lemma then follows from

Lemma 1.2.15.
If, instead, j1 ≤ j2, we instead apply Lemma 1.2.16 to 2−tj1E

(2j1)
1 T and then

apply Lemma 1.2.15 to complete the proof. �

LEMMA 1.2.18. For each j ∈ Z, let Ej ∈ P0. Suppose that
{
Ej
∣∣ j ∈ Z

}
⊂ P0 is

a bounded set. Fix t ∈ R. Then, ∑
j∈Z

2jtE
(2j)
j

converges in the topology of bounded convergence as operators S0 (Rn)→ S0 (Rn).

PROOF. This follows just as in Lemma 1.1.20. �

LEMMA 1.2.19. There is an operator E ∈ P0 with

I =
∑
j∈Z

E(2j),

with the convergence of the sum taken in the topology of bounded convergence as op-
erators S0 (Rn)→ S0 (Rn).
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PROOF. Take ς as in Lemma 1.1.22, and set E = Op (ς). The result follows. �

PROOF OF THEOREM 1.2.10. (i)⇒(iii): Let T be a Calderón-Zygmund operator
of order t ∈ (−n,∞). Let E be as in Lemma 1.2.19. We have,

T = ITI =
∑
j,k∈Z

E(2j)TE(2k).

Setting F (2j∧k)
j,k = 2−(j∧k)t2|j−k|E(2j)TE(2k), Lemma 1.2.17 shows that{

Fj,k
∣∣ j, k ∈ Z

}
⊂ P0

is a bounded set. We define

Fl =
∑
j∧k=l

2−|j−k|Fj,k,

so that
{
Fl
∣∣ l ∈ Z

}
⊂ P0 is a bounded set and

T =
∑
l∈Z

2ltF
(2l)
l .

This competes the proof of (i)⇒(iii).
(iii)⇒(i): Let

{
Ej
∣∣ j ∈ Z

}
⊂ P0 be a bounded set, and let t ∈ (−n,∞). We wish

to show that T =
∑
j∈Z 2jtE

(2j)
j is a Calderón-Zygmund operator of order t. First

we verify the growth condition. Fix multi-indices α and β and let m = m (α, β, t) be
large.∣∣∂αx ∂βz T (x, z)

∣∣ ≤∑
j∈Z

2j(|α|+|β|+t)
∣∣∣(2−j∂x)α (2−j∂z)β 2jnEj

(
2jx, 2jz

)∣∣∣
.
∑
j∈Z

2j(|α|+|β|+t+n)
(
1 + 2j |x− z|

)−m
.

We separate the above sum into two terms: when |x− z| ≥ 2−j and when |x− z| <
2−j . For the first, we have∑

|x−z|≥2−j

2j(|α|+|β|+t+n)
(
1 + 2j |x− z|

)−m
.

∑
|x−z|≥2−j

2j(|α|+|β|+t+n)2−mj |x− z|−m

. |x− z|−|α|−|β|−t−n .
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For the second, we have∑
|x−z|<2−j

2j(|α|+|β|+t+n)
(
1 + 2j |x− z|

)−m
.

∑
|x−z|<2−j

2j(|α|+|β|+t+n)

. |x− z|−|α|−|β|−t−n ,

where the last line uses t > −n. We, therefore, have∣∣∂αx ∂βz T (x, z)
∣∣ . |x− z|−n−|α|−|β|−t ,

thereby establishing the growth condition.
We now turn to the cancellation condition. Let B ⊂ C∞0 (Rn) be a bounded set.

For φ ∈ B, define F ∈ P by F (x, y) = φ (x− y). Note that
{
F
∣∣ φ ∈ B} ⊂ P is

a bounded set, and that φR,z (x) = R−nF (R) (x, z). Fix R > 0 and let R = 2k for
k ∈ R. In light of the above remarks, to prove the cancellation condition, we need to
show ∣∣∣∂αx [TF (2k)

]
(x, z)

∣∣∣ . 2k(n+t+|α|),

with implicit constant depending on α and B, but independent of x, z ∈ Rn and k ∈ R.

Fix N large to be chosen later. For j ≥ k, define G(2k)
j = 2N |j−k|E

(2j)
j F (2k). In

light of Lemma 1.2.15, we have
{
Gj
∣∣ j ≥ k, φ ∈ B} ⊂ P is a bounded set. For j < k

define G(2j)
j = E

(2j)
j F (2k). A simple estimate shows |∂αxGj (x, z)| . 1. We have,

for N sufficiently large,∑
j≥k

2jt2−N |j−k|
∣∣∣∣∂αxG(2k)

j (x, z)

∣∣∣∣ .∑
j≥k

2jt2−N |j−k|2k(n+|α|) . 2k(t+n+|α|),

∑
j<k

2jt
∣∣∣∣∂αxG(2j)

j (x, z)

∣∣∣∣ .∑
j<k

2j(t+n+|α|) . 2k(t+n+|α|),

where in the later sum we have used t > −n. Since

∂αxTF
(2k) =

∑
j<k

2jt∂αxG
(2j)
j +

∑
j≥k

2jt2−N |j−k|∂αxG
(2k)
j ,

combining the above two estimates completes the proof of the cancellation condition.
(ii)⇒(iii): Let T be as in (ii). Take E ∈ P0 as in Lemma 1.2.19 so that I =∑
j∈ZE

(2j). Define E(2j)
j = 2−jtTE(2j). By our assumption,

{
Ej
∣∣ j ∈ Z

}
⊂ P0

is a bounded set. We have

T = TI =
∑
j∈Z

TE(2j) =
∑
j∈Z

2jtEj ,
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completing the proof of (iii).

(iii)⇒(ii): Let T =
∑
j∈Z 2jtE

(2j)
j , where

{
Ej
∣∣ j ∈ Z

}
⊂ P0 is a bounded set,

as in (iii). Let B ⊂ P0 be a bounded set, and fix N large to be chosen later. For

E ∈ B, k ∈ R, define Fj = Fj (E, k) by F (2k)
j = 2N |j−k|E

(2j)
j E(2k). By Lemma

1.2.14,
{
Fj
∣∣ j ∈ Z, E ∈ B, k ∈ R

}
⊂ P0 is a bounded set. Define Ẽ = Ẽ (E, k) by

2ktẼ(2k) =
∑
j∈Z 2jt−N |j−k|F

(2k)
j . We take N > t and have that{
Ẽ
∣∣ E ∈ B, k ∈ R

}
⊂ P0

is a bounded set. Consider,

TE(2k) =
∑
j∈Z

2jt−N |j−k|F
(2k)
j = 2ktẼ(2k),

completing the proof. �

As in the translation invariant setting, we may extend the definition of Calderón-
Zygmund operators to any order in the following way.

DEFINITION 1.2.20. We say T : S0 (Rn) → S0 (Rn) is a Calderón-Zygmund
operator of order t ∈ R if either of the equivalent conditions (ii) or (iii), of Theorem
1.2.10, holds.

Remark 1.2.21 Suppose K ∈ S0 (Rn)
′ is a Calderón-Zygmund kernel of order s.

Then Op (K) is a Calderón-Zygmund operator of order s. Indeed, (iii) of Theorem

1.1.26 shows that Op (K) may be written as Op (K) =
∑
j∈Z Op (ςj)

(2j), where
{ςj | j ∈ Z} ⊂ S0 (Rn) is a bounded set. We have

{
Op (ςj)

∣∣ j ∈ Z
}
⊂ P0 is a

bounded set and (iii) of Theorem 1.2.10 shows that Op (K) is a Calderón-Zygmund
operator of order s.

PROPOSITION 1.2.22. If T, S : S0 (Rn)→ S0 (Rn) are Calderón-Zygmund oper-
ators of orders t, s ∈ R, respectively, then TS : S0 (Rn) → S0 (Rn) is a Calderón-
Zygmund operator of order t+ s.

PROOF. This follows immediately from (ii) of Theorem 1.2.10. �

LEMMA 1.2.23. For s ∈ R, 4s : S0 (Rn) → S0 (Rn) is a Calderón-Zygmund
operator of order s/2.

PROOF. This follows by combining Lemma 1.1.34 and Remark 1.2.21. �

Remark 1.2.24 Just as in Remark 1.1.29, Lemma 1.2.23 when combined with Propo-
sition 1.2.22 shows that 4s is an isomorphism between Calderón-Zygmund operators
of order t and Calderón-Zygmund operators of order t + 2s. Thus, T is a Calderón-
Zygmund operator of order t ∈ R if and only if 4−t/2T is a Calderón-Zygmund
operator of order 0.
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THEOREM 1.2.25. Let T be a Calderón-Zygmund operator of order t. Then, T :
L̊ps → L̊ps−t.

We prove Theorem 1.2.25 in three steps, and each step involves one of the equiv-
alent characterizations from Theorem 1.2.10. The first is the L2 boundedness of oper-
ators of order 0. This uses (iii) and the Cotlar-Stein Lemma, which we state without
proof; see [Ste93] for details.

LEMMA 1.2.26 (Cotlar-Stein Lemma). LetH1 andH2 be Hilbert spaces. For each
j ∈ N, let Tj : H1 → H2 be such that

sup
j∈N

∑
k∈N

∥∥T ∗j Tk∥∥1/2

H1→H1
, sup
j∈N

∑
k∈N
‖TjT ∗k ‖

1/2
H2→H2

≤ C.

Then, the sum ∑
j∈N

Tj

converges in the strong operator topology to a bounded operatorH1 → H2 and∥∥∥∥∥∥
∑
j∈N

Tj

∥∥∥∥∥∥
H1→H2

≤ C.

LEMMA 1.2.27. Let E ⊂ P be a bounded set. Then,

sup
E∈E

sup
R>0

sup
1≤p≤∞

∥∥∥E(R)
∥∥∥
Lp→Lp

<∞.

PROOF. That
∥∥E(R)

∥∥
L1→L1 . 1 and

∥∥E(R)
∥∥
L∞→L∞ . 1 follows immediately

from the definitions. The result follows by interpolation. �

PROPOSITION 1.2.28. Suppose T is a Calderón-Zygmund operator of order 0.
Then T : L2 → L2.

PROOF. We use (iii) and write T =
∑
j∈ZE

(2j)
j , where

{
Ej
∣∣ j ∈ Z

}
⊂ P0 is a

bounded set. Note that
{
E∗j
∣∣ j ∈ Z

}
⊂ P0 is also a bounded set, and that

(
E∗j
)(2j)

=(
E

(2j)
j

)∗
. We define F (2j)

j,k = E
(2j)
j

(
E

(2k)
k

)∗
and G

(2j)
j,k =

(
E

(2j)
j

)∗
E

(2k)
k .

Lemma 1.2.14 shows that
{

2|j−k|Fj,k, 2
|j−k|Gj,k

∣∣ j, k ∈ Z
}
⊂ P0 is a bounded set.

Lemma 1.2.27 then shows∥∥∥∥E(2j)
j

(
E

(2k)
k

)∗∥∥∥∥
L2→L2

,

∥∥∥∥(E(2j)
j

)∗
E

(2k)
k

∥∥∥∥
L2→L2

. 2−|j−k|.

The result follows from the Cotlar-Stein Lemma. �

Next, we extend the above result to Lp, 1 < p <∞. This uses (i).
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PROPOSITION 1.2.29. Let T be a Calderón-Zygmund operator of order 0. Then
T : Lp → Lp, 1 < p <∞.

PROOF SKETCH. Because T : L2 → L2 by Proposition 1.2.28, to show T : Lp →
Lp, 1 < p ≤ 2, it suffices to show T is weak-type (1, 1). This follows just as in
Proposition 1.1.7. Applying this to T ∗, which is also a Calderón-Zygmund operator of
order 0, we see that T ∗ : Lp → Lp, 1 < p ≤ 2, and therefore we see T : Lp → Lp,
2 ≤ p <∞, completing the proof. �

Finally we prove Theorem 1.2.25. Here we use Proposition 1.2.22, and thus im-
plicitly use (ii).

PROOF OF THEOREM 1.2.25. Let T be a Calderón-Zygmund operator of order t.
For f ∈ S0 (Rn), we wish to show∥∥∥4(s−t)/2Tf

∥∥∥
Lp
.
∥∥∥4s/2f∥∥∥

Lp
.

By Corollary 1.1.13 we may write f = 4−s/2g, g ∈ S0 (Rn), and we therefore wish
to show ∥∥∥4(s−t)/2T 4−s/2 g

∥∥∥
Lp
. ‖g‖Lp .

This follows from the fact that4(s−t)/2Op (K)4−s/2 is bounded on Lp, by Proposi-
tion 1.2.29, as it is an operator of order 0 (by Proposition 1.2.22 and Lemma 1.2.23).

�

Remark 1.2.30 Let T be a Calderón-Zygmund operator of order t, with −n < t < 0.
Let T0 (x, y) be the function which equals T (x, y) for x 6= y and which equals 0 for
x = y. From the Growth Condition it follows that T0 (x, y) ∈ L1

loc (Rn × Rn), and we
may therefore identify T0 with an operator T0 : C∞0 (Ω)→ C∞0 (Ω)

′. In fact, it is easy
to see that T0 = T ; i.e., T is itself given by integration against an L1

loc function. To see
this, merely use (iii) of Theorem 1.2.10. Indeed, if

{
Ej
∣∣ j ∈ Z

}
⊂ P0 is a bounded

set and −n < t < 0, then it is easy to see
∑
j∈Z 2jtE

(2j)
j converges in distribution to

an L1
loc function.

1.3 PSEUDODIFFERENTIAL OPERATORS

We now wish to introduce another, closely related, class of singular integral operators:
the standard pseudodifferential operators on Rn. To a distribution a ∈ S (Rn × Rn)

′,
we may associate an operator, a (x,D) : S (Rn)→ S (Rn)

′, by∫
g (x) (a (x,D) f) (x) dx :=

∫
g (x) a (x, ξ) f̂ (ξ) e2πix·ξ dx dξ, for f, g ∈ S (Rn)

where we have, as usual, written the pairing between distributions and test functions
as integration. An analog of the Schwartz kernel theorem (see Theorem A.1.30) states
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that the map a 7→ a (x,D) is a bijection between distributions in S (Rn × Rn)
′ and

operators S (Rn) → S (Rn)
′. a is called the “symbol” of the operator, and for appro-

priate choices of a, operators written in this way are referred to as “pseudodifferential
operators.”

The first example to consider, and the one that justifies the name, is that of linear
partial differential operators with smooth coefficients, to which we now turn.

DEFINITION 1.3.1. We let C∞b (Rn) denote the Fréchet space consisting of those
f ∈ C∞ (Rn) such that, for every multi-index α,

sup
x
|∂αx f (x)| <∞.

We give C∞b (Rn) the coarsest topology such that the left-hand side of the above equa-
tion defines a continuous semi-norm, for each α.

Example 1.3.2 Let D = 1
2πi

∂
∂x , so that (Dαf)

∧
(ξ) = ξαf̂ (ξ). Consider a linear

partial differential operator of order M , p (x,D), defined by

p (x,D) f (x) =
∑
|α|≤M

aα (x)Dαf (x) ,

where aα ∈ C∞b (Rn). p (x,D) is a pseudodifferential operator corresponding to
the tempered distribution p (x, ξ) =

∑
|α|≤M aα (x) ξα (where we are identifying the

function p (x, ξ) with a distribution in the usual way).

We now define a class of symbols which we study. The class that follows is the most
commonly used class of symbols, and we refer to them as the “standard symbols.”

DEFINITION 1.3.3. Fix m ∈ R. The space of standard symbols of order m, Sm, is
the Fréchet space of functions a ∈ C∞ (Rn × Rn) which satisfy, for all multi-indices
α, β, ∣∣∣∂αx ∂βξ a (x, ξ)

∣∣∣ ≤ Cα,β (1 + |ξ|)m−|β| .

We give Sm the coarsest topology such that the least possibleCα,β defines a continuous
semi-norm on Sm. Operators of the form a (x,D), with a ∈ Sm, are called “pseu-
dodifferential operators of order m.” When we wish to be explicit that we are referring
to standard symbols, we call a (x,D) a “standard pseudodifferential operator of order
m.”

Remark 1.3.4 We defined Calderón-Zygmund operators via estimates on the Schwartz
kernel of the operator (the growth condition), along with an extra condition (the can-
cellation condition). In a similar vein, pseudodifferential operators are defined via
estimates on the symbol. This highlights a major convenience of pseudodifferential
operators: the estimates on the symbols play the role of both the growth condition and
the cancellation condition from Calderón-Zygmund operators.

Remark 1.3.5 As we shall see, pseudodifferential operators of order m are closely
related to Calderón-Zygmund operators of orderm. However, neither class is contained
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in the other. For instance, if φ ∈ C∞b (Rn), the operator given by f 7→ φf is a
pseudodifferential operator of order 0, however it is not a Calderón-Zygmund operator
of order 0 except in very special cases (it does not satisfy the cancellation condition
for R � 1). Conversely, we shall see that the Schwartz kernels of pseudodifferential
operators satisfy estimates which are somewhat better than those satisfied by Calderón-
Zygmund operators.

As with Calderón-Zygmund operators, the two main theorems concerning pseu-
dodifferential operators are that they form an algebra, and that they are bounded on
appropriate Sobolev spaces. We now turn to discussing these results in more detail. We
do not include proofs of all results in the section. We refer the reader to [Ste93, Chapter
VI] for more details and proofs.

THEOREM 1.3.6. Suppose a ∈ Sm1 and b ∈ Sm2 . We consider the operator
a (x,D) b (x,D) : S (Rn) → S (Rn). There is c ∈ Sm1+m2 such that c (x,D) =
a (x,D) b (x,D). Furthermore, for every N ,

c−
∑
|α|<N

(2πi)
|α|

α!

(
∂αξ a

)
(∂αx b) ∈ Sm1+m2−N .

Remark 1.3.7 Taking N = 1 in Theorem 1.3.6 we see

c (x, ξ) ≡ a (x, ξ) b (x, ξ) mod Sm1+m2−1;

and we think of the remainder term in Sm1+m2−1 as a “lower order” term.

Remark 1.3.8 Theorem 1.3.6 has a much better conclusion than Proposition 1.2.22:
not only do we have c ∈ Sm1+m2 , but we know exactly what c is, modulo elements
of
⋂
m∈R S

m. This makes pseudodifferential operators far easier to work with, but is
closely tied to the fact that we may use the Fourier transform extensively.

Remark 1.3.9 Theorem 1.3.6 is often referred to as the “calculus of pseudodifferential
operators.”

For s ∈ R, let Λs denote the pseudodifferential operator of order s with symbol(
1 + |ξ|2

)s/2
. It is easy to verify that ΛsΛt = Λs+t. As such, Λs : S (Rn)→ S (Rn)

is an automorphism with inverse Λ−s.

DEFINITION 1.3.10. For 1 ≤ p ≤ ∞, we define Lps (Rn), the standard Lp Sobolev
space of order s ∈ R, to be the completion of S (Rn) in the norm

‖f‖Lps := ‖Λsf‖Lp .

THEOREM 1.3.11. Let a ∈ Sm. Then a (x,D) : Lps → Lps−m, 1 < p <∞.

As in Theorem 1.2.25, the proof of Theorem 1.3.11 separates into three main parts,
each of which is proved in a manner closely analogous to the corresponding part of the
proof of Theorem 1.2.25. Details of the proofs may be found in [Ste93]. The three
parts are:
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(I) If a ∈ S0, then a (x,D) : L2 → L2.

(II) If a ∈ S0, then a (x,D) : Lp → Lp, 1 < p <∞.

(III) Using the previous part and Theorem 1.3.6, Theorem 1.3.11 follows.

The proof of (I) relies on a decomposition of a (x,D) analogous to the one used in
Proposition 1.2.28. Indeed, we decompose

a (x,D) = a (x,D) I =
∑
j∈Z

a (x,D) Op
(
ς(2j)

)
=:
∑
j∈Z

Aj ,

where ς ∈ S0 (Rn) is as in Lemma 1.1.22. The operators Aj can be shown to satisfy∥∥A∗jAk∥∥L2→L2 , ‖AjA∗k‖L2→L2 . 2−|j−k|,

and the L2 boundedness of a (x,D) follows from the Cotlar-Stein Lemma (Lemma
1.2.26).

For (II), the key is to show that a (x,D) is weak-type (1, 1). This follows by
taking the inverse Fourier transform in the ξ variable. To a distribution a (x, ξ) ∈
S (Rn × Rn)

′ we associate a distribution ǎ (x, z) ∈ S (Rn × Rn)
′ by, for f, g ∈

S (Rn), ∫
ǎ (x, z) f (x) g (x− z) dx dz :=

∫
f (x) (a (x,D) g) (x) dx.

I.e., ǎ (x, z) is the inverse Fourier transform of a (x, ξ) in the ξ variable. It is not hard
to see that a 7→ ǎ is an automorphism of S (Rn × Rn)

′. To characterize symbols in
Sm, we define a class of kernels.

DEFINITION 1.3.12. We say K ∈ S (Rn × Rn)
′ is a kernel of order m if the

following conditions hold.

• (Growth Condition) For every multi-indices α, β and every N ,∣∣∂βx∂αzK (x, z)
∣∣ ≤ Cα,β,N |z|−n−m−|α|−N ,

in particular, K (x, z) is C∞ for z 6= 0.

• (Cancellation Condition) For m ≥ 0, we assume for every bounded set B ⊂
C∞0 (Rn), and for every multi-index α,

sup
x∈Rn

sup
R≥1

sup
φ∈B

R−m
∣∣∣∣∫ ∂αxK (x, z)φ (Rz) dz

∣∣∣∣ <∞.
• If m < 0, the growth condition implies that for φ ∈ C∞0 (Rn),

lim
ε→0

∫
|z|>ε

K (x, z)φ (z) dz

converges to a C∞ function. We assume that
∫
K (x, z)φ (z) dz agrees with this

limit.
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PROPOSITION 1.3.13. a 7→ ǎ is a bijection between Sm and kernels of order m.

PROOF. See [Ste93, Chapter VI]. �

Remark 1.3.14 In light of Proposition 1.3.13, we may write pseudodifferential oper-
ators in another way. Namely, for a ∈ Sm,

a (x,D) f (x) =

∫
ǎ (x, z) f (x− z) dz,

where ǎ is a kernel of order m. In the sequel, we use this idea to generalize some
aspects of pseudodifferential operators to settings where we have no immediate analog
of the Fourier transform.

PROPOSITION 1.3.15. If a ∈ S0, then a (x,D) : Lp → Lp, 1 < p ≤ 2.

MAIN IDEA OF PROOF. Writing a (x,D) as in Remark 1.3.14, the proof is nearly
identical to the proof in Proposition 1.1.7. �

The proof of (II) is then completed by duality using the next result, which we state
without proof.

PROPOSITION 1.3.16. Let a ∈ Sm, then a (x,D)
∗ is a pseudodifferential operator

of order m.

(III) now follows just as in the proof of Theorem 1.1.33, using (II) and the fact
that if a (x,D) is a pseudodifferential operator of order t, then Λs−ta (x,D) Λ−s is a
pseudodifferential operator of order 0, by Theorem 1.3.6.

1.4 ELLIPTIC EQUATIONS

Theorem 1.3.6 allows us to approximately invert certain pseudodifferential operators
while staying in the class of pseudodifferential operators. In what follows, we write
Op (Sm) to denote the class of pseudodifferential operators of order m.

DEFINITION 1.4.1. We say a ∈ Sm is elliptic if there exists R > 0 such that
|a (x, ξ)| ≥ C |ξ|m, for some C and all |ξ| > R.

PROPOSITION 1.4.2. Suppose a ∈ Sm is elliptic. Then there is b ∈ S−m such that
a (x,D) b (x,D) ≡ I mod Op

(
S−1

)
.

PROOF. Let a ∈ Sm be elliptic, and take R as in Definition 1.4.1. Let η ∈
C∞0 (Rn) be equal to 1 on a neighborhood of Bn (R). Define

b (x, ξ) = (1− η (ξ)) a (x, ξ)
−1
.

It is simple to verify that b ∈ S−m. Furthermore, by Theorem 1.3.6, b (x,D) a (x,D) ≡
I mod Op

(
S−1

)
. �
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COROLLARY 1.4.3. Suppose a ∈ Sm is elliptic. Then, for every N , there is bN ∈
S−m such that bN (x,D) a (x,D) ≡ I mod Op

(
S−N

)
.

PROOF. Let b ∈ S−m be as in Proposition 1.4.2. Define R ∈ Op
(
S−1

)
by R =

b (x,D) a (x,D)− I . Then let

bN (x,D) =
N−1∑
j=0

(−1)
j
Rjb (x,D) .

Theorem 1.3.6 shows that bN (x, ξ) ∈ S−m satisfies the conclusions of the corollary.
�

Remark 1.4.4 Actually, one may improve Corollary 1.4.3 by showing that there is
b∞ ∈ S−m such that b∞ (x,D) a (x,D) ≡ I mod Op (S−∞), where S−∞ =⋂
m∈R S

m. See [Ste93]. We do not pursue this here.

THEOREM 1.4.5. Let a ∈ Sm be elliptic, and suppose u ∈ C∞ (Rn)
′ satisfies

a (x,D)u ∈ Lps for some s ∈ R and some p ∈ (1,∞). Then, u ∈ Lps+m.

Remark 1.4.6 The space C∞ (Rn)
′ is the space of “distributions with compact sup-

port.” The reader wishing for more details on this space is referred to Appendix A.1.1.

PROOF OF THEOREM 1.4.5. It is classical that u, being a distribution with com-
pact support, is in Lp−M for someM . TakeN large, and let bN be as in Corollary 1.4.3.
Define RN = bN (x,D) a (x,D)− I ∈ Op

(
S−N

)
. We have

u = bN (x,D) a (x,D)u−RNu.

By Theorem 1.3.11, we have bN (x,D) a (x,D)u ∈ Lps+m and RNu ∈ Lp−M+N .
Taking N ≥M + s+m, the result follows. �

The most interesting examples of elliptic psuedodifferential operators come from
elliptic differential operators.13 See Example 1.3.2. In this case, Theorem 1.4.5 gives
the optimal Lp regularity of elliptic differential operators.

In the sequel, we use similar ideas in a non-Euclidean setting, where we do not
have a convenient analog of the Fourier transform. To motivate our later definitions,
we present an equivalent characterization of elliptic pseudodifferential operators, which
we state without proof.

THEOREM 1.4.7. Let a ∈ Sm. The following are equivalent:

(i) a is elliptic.

13An elliptic differential operator is a differential operator which is an elliptic pseudodifferential operator.
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(ii) For every N there exists CN such that ∀f ∈ S (Rn),

‖f‖L2
m
≤ CN

(
‖a (x,D) f‖L2 + ‖f‖L2

−N

)
. (1.11)

(iii) For some N with −N < m there exists CN so that (1.11) holds.

Suppose a (x,D) ∈ Op (Sm) is an elliptic pseudodifferential operator of order m.
Fix p, 1 < p < ∞, and suppose u ∈ C∞ (Rn)

′ satisfies a (x,D)u ∈ Lps , for some
s ∈ R. Theorem 1.4.5 shows that u ∈ Lps+m.

More is true, the above holds “locally.” For φ1, φ2 ∈ C∞0 (Rn), we write φ1 ≺ φ2

to mean that φ2 ≡ 1 on a neighborhood of the support of φ1. Suppose φ1, φ2 ∈
C∞0 (Rn) with φ1 ≺ φ2 and suppose u ∈ C∞ (Rn)

′, with φ2a (x,D)u ∈ Lps (we are
still taking a (x,D) ∈ Op (Sm) to be elliptic, and fixing p ∈ (1,∞)). Then, we have
φ1u ∈ Lps+m. To formally discuss this, we state a definition and a theorem.

DEFINITION 1.4.8. Let T : C∞ (Rn)
′ → C∞0 (Rn)

′ be an operator. We say T is
Lp-subelliptic of order ε > 0 on an open set V ⊆ Rn, if for every φ1 ≺ φ2 ∈ C∞0 (V ),
we have the following estimate for all u ∈ C∞0 (V )

′, and all s,N ,

‖φ1u‖Lps+ε ≤ Cφ1,φ2,s,N

(
‖φ2Tu‖Lps + ‖φ2u‖Lps

)
,

where if the left-hand side is infinite, the right-hand side is infinite, and if the right-
hand side is finite, the left-hand side is finite. We say T is Lp-subelliptic on V , if T is
Lp-subelliptic of order ε > 0 on V for some ε. We say T is subelliptic on V , if T is
L2-subelliptic on V .

We state the following theorem without proof.

THEOREM 1.4.9. Let a (x,D) ∈ Op (Sm), m > 0, be elliptic. Then a (x,D) is
Lp-subelliptic of order m on Rn, for every 1 < p <∞.

Theorem 1.4.9 shows that ellipticity implies subellipticity. There is a third, even
weaker, condition which will also be of interest to us.

DEFINITION 1.4.10. We say T : C∞ (Rn)
′ → C∞0 (Rn)

′ is hypoelliptic on an
open set V ⊆ Rn if the following holds. For every distribution u ∈ C∞ (Rn)

′ with
Tu
∣∣
V
∈ C∞ (V ), we have u

∣∣
V
∈ C∞ (V ).

THEOREM 1.4.11. Suppose T : C∞ (Rn)
′ → C∞0 (Rn)

′ is Lp-subelliptic on V
for some p ∈ [1,∞]. Then, T is hypoelliptic on V .

PROOF. Take u ∈ C∞ (Rn)
′ with Tu

∣∣
V
∈ C∞ (V ). Fix x0 ∈ V , we wish to show

u is C∞ near x0. Take φ1 ∈ C∞0 (V ) with φ1 ≡ 1 on a neighborhood of x0 and take
φ2 ∈ C∞0 (V ) with φ1 ≺ φ2. Since u ∈ C∞ (Rn)

′ ⊂
⋃
N L

p
−N , we have φ2u ∈ Lp−N

for some N . Using that φ2Tu ∈ C∞0 (V ) ⊂ Lps , ∀s, subellipticity shows φ1u ∈ Lps+ε,
∀s. Since

⋂
s L

p
s ⊂ C∞ (by the Sobolev embedding theorem), we have φ1u ∈ C∞,

and the result follows. �
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One may succinctly restate Theorems 1.4.9 and 1.4.11 as:

Ellipticity⇒ Subellipticity⇒ Hypoellipticity.

In general, none of the reverse implications hold, even for partial differential operators–
see Sections 2.6 and 4.3.1.

1.5 FURTHER READING AND REFERENCES

Our prototypical example of a singular integer operator, the Hilbert transform, first
arose in Hilbert’s work on what is now known as the Riemann-Hilbert problem where
he studied a similar operator on the unit circle (instead of on R). Hilbert’s proof was
published by Weyl [Wey08]. Schur improved these results and introduced the form of
the Hilbert transform mentioned in the introduction [Sch11]. All of these results were
restricted to L2. It was Marcel Riesz who extended these results to Lp (1 < p < ∞)
[Rie28]. The above citations were focused on “complex analysis methods,” and did
not generalize to higher dimensions. Besicovitch [Bes26], Titchmarsh [Tit29], and
Marcinkiewicz [Mar36] offered a “real-variable” analysis of the Hilbert transform.

This real variable analysis of the Hilbert transform was a main motivating ex-
ample for Calderón and Zygmund when they introduced the homogeneous Calderón-
Zygmund kernels as discussed in the introduction to this chapter [CZ52]. The proof of
(a) of Theorem 1.1.2 uses their methods. The interpolation theorem used in that proof
(the “Marcinkiewicz Interpolation theorem”) was proved by Marcinkiewicz [Mar39].

The concept of a pseudodifferential operator is rooted in the work of Marcinkiewicz
[Mar39], later work by Calderón and Zygmund, and the work of Seeley in his thesis
[See59]. This was followed by further work of Seeley [See65] and Unterberger and
Bokobza [UB64]. This culminated in the work of Kohn and Nirenberg [KN65] and
Hörmander [Hör65]. It was these last two references that first exhibited the theory of
pseudodifferential operators as covered in Section 1.3. Our presentation more closely
follows the one from Chapter VI of [Ste93].

Non-translation invariant, non-homogeneous Calderón-Zygmund operators (as dis-
cussed in Section 1.2) was the work of many authors. A systematic approach for oper-
ators of order 0, working in more general “spaces of homogeneous type,” and working
with much less regular kernels was developed by Coifman and Weiss [CW71]. Defini-
tion 1.2.1 was taken from much more recent work of Nagel, Rosay, Stein, and Wainger
[NRSW89] and Koenig [Koe02] who worked in the more general setting discussed in
the next chapter (see Section 2.16 for further comments on their work). The concept
of defining the cancellation condition as in Definition 1.2.1 is closely related to the
hypothesis of the T (1) theorem of David and Journé [DJ84]; see also the presenta-
tion in [Ste93, pages 293-294]. This idea was further championed by E. M. Stein; see,
e.g., [Ste93, page 248]. The idea to extend operators to order ≤ −n by considering
them acting on S0 (Rn) appears in the work by Christ, Geller, Głowacki, and Polin
[CGGP92] though it has been used in many situations.

The decomposition of a Calderón-Zygmund kernel as a sum of dilates of func-
tions in S0 (Rn) (see, e.g, (iii) of Theorem 1.1.23, (iii) of Theorem 1.1.26, and more
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generally, (iii) of Theorem 1.2.10) is called a Littlewood-Paley decomposition of the
operator, named so because of the first place similar decompositions appeared: in the
work of Littlewood and Paley on Fourier series [LP31, LP37, LP38]. These ideas were
later worked on by Zygmund and Marcinkiewicz, but were moved to higher dimensions
and used in greater generality by E. M. Stein (see, e.g., [Ste70b]). A decomposition,
which is very similar to the ones we use, appears in a “multi-parameter” situation in
the work of Nagel, Ricci, Stein, and Wainger on flag kernels [NRS01, NRSW12] (see
Section 4.2 for a discussion of their work). Since our main goal is to generalize such
concepts to a multi-parameter setting, these works were of the greatest inspiration to us.
It is worth noting that in these papers the authors used bounded subsets ofC∞0 (Bn (1))
with one moment vanishing (in place of bounded subsets of S0 (Rn)) to study opera-
tors of order 0. For our purposes (here, to study operators of all orders, and later to
study a more complicated multi-parameter setting in Chapter 5) we need to have many
moments vanish and this is why we moved to the space S0 (Rn). In the non-translation
invariant setting, results similar to Theorem 1.2.10 are known to experts but we could
not find this exact statement in the literature. It is probably most closely related to the
translation invariant settings described above.

Finally, a key idea in this monograph is that one may characterize singular integral
operators in terms of their actions on certain special functions or operators. Our sim-
plest example of this is (ii) of Theorem 1.1.23–which leads to a short proof that such
operators form an algebra. The author first heard of this characterization in a graduate
class given by E. M. Stein at Princeton University in 2007.

Further history on some of the above topics and more references can be found in
the expository articles by Stein [Ste99, Ste82a] along with Stein’s book [Ste93].
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