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Chapter One

Introduction to Kahler Manifolds
by Eduardo Cattani

INTRODUCTION

This chapter is intended to provide an introduction to the basic results on the topology
of compact Kéhler manifolds that underlie and motivate Hodge theory. Although we
have tried to define carefully the main objects of study, we often refer to the literature
for proofs of the main results. We are fortunate in that there are several excellent books
on this subject and we have freely drawn from them in the preparation of these notes,
which make no claim of originality. The classical references remain the pioneering
books by Weil [34], Chern [6], Morrow and Kodaira [17, 19], Wells [35], Kobayashi
[15], Demailly [8], and Griffiths and Harris [10]. In these notes we refer most often to
two superb recent additions to the literature: Voisin’s two-volume work [30, 31] and
Huybrechts’ book [13].

We assume from the outset that the reader is familiar with the basic theory of
smooth manifolds at the level of [1], [18], or [28]. The book by Bott and Tu [2] is
an excellent introduction to the algebraic topology of smooth manifolds.

This chapter consists of five sections which correspond, roughly, to the five lectures
in the course given during the Summer School at ICTP. There are also two appendices.
The first collects some results on the linear algebra of complex vector spaces, Hodge
structures, nilpotent linear transformations, and representations of s[(2, C) and serves
as an introduction to many other chapters in this volume. The second is due to Phillip
Griffiths and contains a new proof of the Kihler identities by reduction to the symplec-
tic case.

There are many exercises interspersed throughout the text, many of which ask the
reader to prove or complete the proof of some result in the notes.

I am grateful to Loring Tu for his careful reading of this chapter.
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1.1 COMPLEX MANIFOLDS

1.1.1 Definition and Examples

Let U C C™ be an open subset and f: U — C. We say that f is holomorphic if
and only if it is holomorphic as a function of each variable separately; i.e., if we fix

ze = ag, £ # j, then the function f(a1,...,z2j,...,ay) is a holomorphic function of
zj. Amap F = (f1,..., fn): U = C" is said to be holomorphic if each component
fx = fx(21,- .., 2,) is holomorphic. If we identify C" = R?", and set z; = ; + iy;,
fr = ug + vk, j,k = 1,...,n, then the functions wug, vy are C*° functions of the
variables x1,y1, . . ., Zn, yn and satisfy the Cauchy—Riemann equations:

0 0 0 0

Uk _ ﬂ; gur _ _ 9% (1.1.1)

Oz;  Oy;  Oy; Iz
Conversely, if (u1, vy, ..., Un, V) R — R2" is a C°° map satisfying the Cauchy—
Riemann equations (1.1.1), then the map (u; + iv1, ..., Uy + tv,) is holomorphic. In

other words, a C> map F: U C R?>" — R?" defines a holomorphic map C"* — C" if
and only if the differential D F' of F', written in terms of the basis

{0/0x1,...,0/02y,0/0y1,...,0/0yn} (1.1.2)

of the tangent space T},(R?") and the basis {9/0us,...,0/0un,d/dv1,...,0/0v,}
of Tr() (R?") is of the form

DF(p) = (g _AB) (1.1.3)

for all p € U. Thus, it follows from Exercise A.1.4 in Appendix A that F' is holomor-
phic if and only if D F'(p) defines a C-linear map C™* — C".

EXERCISE 1.1.1 Prove that a 2n X 2n matrix is of the form (1.1.3) if and only if it

commutes with the matrix J:
0o -1,
J = <In 0 ), (1.1.4)

where I,, denotes the n x n identity matrix.

DEFINITION 1.1.2 A complex structure on a topological manifold M consists of a
collection of coordinate charts (U, ¢, ) satisfying the following conditions:

(1) The sets U, form an open covering of M.

(2) There is an integer n such that each ¢, : U, — C" is a homeomorphism of U,
onto an open subset of C"™. We call n the complex dimension of M.

(3) If Uy, N Ug # 0, the map
$5 0 da: Ga(Us NUp) — dp(Us NUs) (1.1.5)

is holomorphic.
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EXAMPLE 1.1.3 The simplest example of a complex manifold is C™ or any open
subset of C". For any p € C", the tangent space T,,(C") = R?" is identified, in the
natural way, with C" itself.

EXAMPLE 1.1.4  Since GL(n, C), the set of nonsingular n x n matrices with complex
coefficients, is an open set in cn’, we may view GL(n, C) as a complex manifold.

EXAMPLE 1.1.5 The basic example of a compact complex manifold is complex pro-
jective space which we will denote by P™. Recall that

P* .= ((Cn—H \ {O}) /(C*,

where C* acts by componentwise multiplication. Given z € C™"1 \ {0}, let [2] be its
equivalence class in P™. The sets

U, ={[z] eP": 2z #0} (1.1.6)
are open and the maps
6i: Ui — C";  ¢i([2]) = (QZ—IE’Z—”> (1.1.7)

define local coordinates such that the maps
gio ;' ¢;(UiNU;) — ¢i(Ui N U;) (1.1.8)

are holomorphic.
In particular, if n = 1, P! is covered by two coordinate neighborhoods (Uy, ¢o),
(Uy, ¢1) with ¢;(U;) = C. The coordinate change ¢; o ¢;*: C* — C* is given by

60951 (2) = (L) = 1.

Thus, this is the usual presentation of the sphere S? as the Riemann sphere, where we
identify Uy with C and denote the point [(0, 1)] by co.
EXERCISE 1.1.6  Verify that the map (1.1.8) is holomorphic.

EXAMPLE 1.1.7 To each point [z] € P" we may associate the line spanned by z
in C™*!; hence, we may regard P" as the space of lines through the origin in C"*1,
This construction may then be generalized by considering k-dimensional subspaces in
C™. In this way one obtains the Grassmann manifold G(k,n). To define a complex
manifold structure on G(k, n), we consider first of all the open set in Cnk,

V(k,n) ={W € M(n x k,C) : rank(W) = k}.
The Grassmann manifold G(k, n) may then be viewed as the quotient space

G(k,n) = V(k,n)/ GL(k,C),
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where GL(k, C) acts by right multiplication. Thus, W, W’ € V(k,n) are in the
same GL(k, C)-orbit if and only if the column vectors of W and W' span the same
k-dimensional subspace 2 C C™.

Givenanindexset [ = {1 <i; < --- < i, <n}and W € V(k, n), we consider
the k& x k matrix W; consisting of the I-rows of W and note that if W ~ W’ then, for
every index set I, det(W;) # 0 if and only if det(W]) # 0. We then define

Ur = {[W] e G(k,n) : det(W7) # 0}. (1.1.9)
This is clearly an open set in G(k,n) and the map
or: Up — CPF s gy (W) = Wie - Wyt

where I¢ denotes the (n — k)-tuple of indices complementary to I. The map ¢ defines
coordinates in Uy and one can easily verify that given index sets I and .J, the maps

prop; ¢ (UrNUy) — ¢r(UrnUy) (1.1.10)
are holomorphic.
EXERCISE 1.1.8 Verify that the map (1.1.10) is holomorphic.
EXERCISE 1.1.9  Prove that both P” and G(k, n) are compact.

The notion of a holomorphic map between complex manifolds is defined in a way
completely analogous to that of a smooth map between C°° manifolds; i.e., if M and
N are complex manifolds of dimension m and n respectively, a map F': M — N is
said to be holomorphic if for each p € M there exist local coordinate systems (U, ¢),
(V%) around p and ¢ = F'(p), respectively, such that F/(U') C V and the map

YpoFog t:d(U)CC™ —p(V)cCC

is holomorphic. Given an open set U C M we will denote by O(U) the ring of holo-
morphic functions f: U — C and by O*(U) the nowhere-zero holomorphic functions
on U. A map between complex manifolds is said to be biholomorphic if it is holomor-
phic and has a holomorphic inverse.

The following result shows a striking difference between C'° and complex mani-
folds:

THEOREM 1.1.10 If M is a compact, connected, complex manifold and f: M — C
is holomorphic, then f is constant.

PROOF. The proof uses the fact that the maximum principle' holds for holomorphic
functions of several complex variables (cf. [30, Theorem 1.21]) as well as the principle
of analytic continuation? [30, Theorem 1.22]. O

It f € O(U), where U C C™ is open, has a local maximum at p € U, then f is constant in a
neighborhood of p.

2If U € C™ is a connected, open subset and f € O(U) is constant on an open subset V' C U, then f
is constant on U.
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Given a holomorphic map F' = (f1,...,f,): U C C* — C™ and p € U, we can
associate to F' the C-linear map

DF(p): C* = C"; DF(p)(v) = (ggj (p)) ‘v,

where v is the column vector (vy,...,v,)T € C". The Cauchy—Riemann equations
imply that if we regard F as a smooth map F': U C R2" — R2" then the matrix of the
differential DF (p) is of the form (1.1.3) and, clearly, DF (p) is nonsingular if and only
if DF(p) is nonsingular. In that case, by the inverse function theorem, F has a local
inverse G whose differential is given by (DF(p))~'. By Exercise 1.1.1, the inverse of
a nonsingular matrix of the form (1.1.3) is of the same form. Hence, it follows that G

is holomorphic and, consequently, F" has a local holomorphic inverse. Thus we have:

THEOREM 1.1.11 (Holomorphic inverse function theorem) Let F': U — V be a
holomorphic map between open subsets U,V C C™. If DF(p) is nonsingular for
p € U then there exist open sets U', V' such thatp € U' C U and F(p) e V! C V
and such that F: U — V' is a biholomorphic map.

The fact that we have a holomorphic version of the inverse function theorem means
that we may also extend the implicit function theorem or, more generally, the rank
theorem:

THEOREM 1.1.12 (Rank theorem) Let F': U — V be a holomorphic map between
open subsets U C C™ and V. C C™. If DF(q) has rank k for all ¢ € U then,
given p € U, there exist open sets U', V' such thatp € U' C U, F(p) e V! C V,
F(U") C V', and biholomorphic maps ¢: U' — A, ¢: V' — B, where A and B are
open sets of the origin in C"™ and C™, respectively, so that the composition

poFop™t:A— B
isthemap (z1,...,2n) € A (21,...,2k,0,...,0).

PROOF. We refer to [1, Theorem 7.1] or [28] for a proof in the C'°° case which can
easily be generalized to the holomorphic case. g

Given a holomorphic map F': M — N between complex manifolds and p € M,
we may define the rank of F at p as

rank,(F) := rank(D(x o F o ¢~ ) (é(p))), (1.1.11)

for any local-coordinates expression of F' around p.

EXERCISE 1.1.13  Prove that rank, (F') is well defined by (1.1.11); i.e., it is indepen-
dent of the choices of local coordinates.

We then have the following consequence of the rank theorem:
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THEOREM 1.1.14 Let F': M — N be a holomorphic map, let ¢ € F(M) and let
X = F~Y(q). Suppose rank,(F) = k for all x in an open set U containing X. Then,
X is a complex manifold and

codim(X) := dimM —dimX = k.

PROOF. The rank theorem implies that given p € X there exist local coordinates
(U, ¢) and (V, ) around p and g, respectively, such that ¢)(¢) = 0 and

wOFO(j)*l(zl,...,zn):(21,...,zk,0,...,0).

Hence
d)(UﬁX):{ZEd)(U)121:~'~:Zk:0}.

Hence (U N X, p o ¢), where p denotes the projection onto the last n — k coordinates
in C", defines local coordinates on X. It is easy to check that these coordinates are
holomorphically compatible. g

DEFINITION 1.1.15  We will say that N C M is a complex submanifold if we may
cover M with coordinate patches (Uy,, o) such that

da(NNUy) = {z€¢o(U): 21 =+ =2, =0},

for some fixed k. In this case, as we saw above, N has the structure of an (n — k)-
dimensional complex manifold.

PROPOSITION 1.1.16  There are no compact complex submanifolds of C™ of dimen-
sion greater than 0.

PROOF. Suppose M C C™ is a submanifold. Then, each of the coordinate func-
tions z; restricts to a holomorphic function on M. But, if M is compact, it follows
from Theorem 1.1.10 that z; must be locally constant. Hence, dim M = 0. O

Remark. The above result means that there is no chance for a Whitney embedding
theorem in the holomorphic category. One of the major results of the theory of complex
manifolds is the Kodaira embedding theorem (Theorem 1.3.14) which gives necessary
and sufficient conditions for a compact complex manifold to embed in P”.

EXAMPLE 1.1.17 Let f: C* — C be a holomorphic function and suppose Z =
f71(0) # 0. Then we say that 0 is a regular value for f if rank,(f) = 1forall p € Z;
i.e., for each p € X there exists some ¢ = 1,...,n, such that 9f/0z;(p) # 0. In
this case, Z is a complex submanifold of C™ and codim(Z) = 1. We call Z an affine
hypersurface. More generally, given F': C* — C™, we say that 0 is a regular value
if rank,(F) = m for all p € F~1(0). In this case F~1(0) is either empty or is a
submanifold of C™ of codimension m.
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EXAMPLE 1.1.18 Let P(zo, ..., 2,) be a homogeneous polynomial of degree d. We
set

X = {[z] € P": P(20,...,2n) =0}.
‘We note that while P does not define a function on P, the zero locus X is still well

defined since P is a homogeneous polynomial. We assume now that the following
regularity condition holds:

op .. _op

n+1 . —
{z eCv 970 () = oo

(2) = 0} = {0}; (1.1.12)

i.e., 0 is a regular value of the map P|cn+1\0}. Then X is a hypersurface in P".

To prove this we note that the requirements of Definition 1.1.15 are local. Hence,
it is enough to check that X N U; is a submanifold of U; for each ¢, in fact, that it is an
affine hypersurface. Consider the case ¢ = 0 and let f: Uy = C™ — C be the function

flur, ... un) = P(Lug, ... up). Setu = (ug,...,up) and @ = (1,uq,...,up).
Suppose [@] € Up N X and

of v _of
Then ap op

But, since P is a homogeneous polynomial of degree d, it follows from the Euler iden-
tity that
oP

Hence, by (1.1.12), we would have u = 0, which is impossible. Hence 0 is a regular
value of f and X N Uy is an affine hypersurface.

0 = d-P()

EXERCISE 1.1.19 Let Pi(20,...,2n),...,Pm(20,-..,2,) be homogeneous poly-
nomials. Suppose that 0 is a regular value of the map

(Py,...,Py): C"1\{0} — C™.
Prove that
X ={[z] €P": Pi([2]) = --- = Pu([2]) = 0}

is a codimension-m submanifold of P". X is called a complete intersection submani-
fold.

EXAMPLE 1.1.20  Consider the Grassmann manifold G(k,n) and let I, . . . ,I(n) de-
k
note all strictly increasing k-tuples I C {1,...,n}. We then define

p: G(k,n) = PN=1  p((W]) = [(det(Wr,), ..., det(W;y))].

Note that the map p is well defined since W ~ W’ implies that W' = W - M with
M € GL(k,C), and then for any index set I, det(W7}) = det(M) det(W;). We leave
it to the reader to verify that the map p, which is usually called the Pliicker map, is
holomorphic.
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EXERCISE 1.1.21 Consider the Pliicker map p: G(2,4) — P5 and suppose that the
index sets I, ..., Is are ordered lexicographically. Show that p is a 1:1 holomorphic
map from G(2,4) onto the subset

X ={[z0,.-.,25] : 2025 — 2124 + 2223 = 0}. (1.1.13)
Prove that X is a hypersurface in IP°. Compute rankiy| p for [W] € G(2,4).

EXAMPLE 1.1.22 We may define complex Lie groups in a manner completely anal-
ogous to the real, smooth case. A complex Lie group is a complex manifold G with
a group structure such that the group operations are holomorphic. The basic exam-
ple of a complex Lie group is GL(n, C). We have already observed that GL(n, C) is
an open subset of C"’ and the product of matrices is given by polynomial functions,
while the inverse of a matrix is given by rational functions on the entries of the matrix.
Other classical examples include the special linear group SL(n, C) and the symplectic
group Sp(n, C). We recall the definition of the latter. Let () be a symplectic form (cf.
Definition B.1.1) on the 2n-dimensional real vector space V, then

Sp(Ve, Q) := {X € End(Vp) : Q(Xu, Xv) = Q(u,v)}. (1.1.14)

We define Sp(V, Q) analogously. When V' = R?" and Q is defined by the matrix
(1.1.4) we will denote these groups by Sp(n,C) and Sp(n,R). The choice of a sym-
plectic basis for @, as in (B.1.2), establishes isomorphisms Sp(V¢, Q) = Sp(n, C) and
Sp(V, Q) = Sp(n, R).

EXAMPLE 1.1.23 Let () be a symplectic structure on a 2n-dimensional, real vector
space V. Consider the space

M={QeG(n,Ve):Q(u,v) =0forall u,v € Q}.

Let{e1,...,€n,€nt1,-.., €2, beabasisof V in which the matrix of Q) is asin (1.1.4).
Then if
_ _ M
Q - [W] - |:W2:| ’

where W7 and W5 are n X n matrices, we have that (2 € M if and only if

0 -I, W
[WlTaWQT}(In 0)|:W;] :W2T'W1_W1T'W2:O-

Set Iy = {1,...,n}. Every element Q € M N Uy,, where Uy, is as in (1.1.9), may be
represented by a matrix of the form 2 = [I,,, Z]T with ZT = Z. It follows that M NU7,
is an (n(n + 1)/2)-dimensional submanifold. Now, given an arbitrary 2 € M, there
exists an element X € Sp(V¢, @) such that X-Q = Qq, where g = span(eq, ..., ep).
Since the elements of Sp(V¢, @) act by biholomorphisms on G(n, V), it follows that
M is an (n(n + 1)/2)-dimensional submanifold of G(n, V). Moreover, since M is a
closed submanifold of the compact manifold G(k, n), M is also compact.
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We will also be interested in considering the open set D C M consisting of
D=DV,Q) = {QeM:iQ(w,w) > 0forall 0 #w € Q}. (1.1.15)

It follows that Q2 € D if and only if the Hermitian matrix

. rrE = 0o -I, W o =
) () ) ] = v

is positive definite. Note that, in particular, D C Uy, and that
D = {ZeMmnC):Z"'=27;m(Z)=(1/2i)(Z - Z) > 0}, (1.1.16)

where M(n, C) denotes the n x n complex matrices. If n = 1 then M = C and D is
the upper half plane. We will call D the generalized Siegel upper half-space.

The elements of the complex lie group Sp(Ve, Q) = Sp(n, C) define biholomor-
phisms of G(n, V) preserving M. The subgroup

Sp(V, @) = Sp(Ve, Q) NGL(V) = Sp(n, R)
preserves D.

EXERCISE 1.1.24 Prove that relative to the description of D as in (1.1.16), the action
of Sp(V, @) is given by generalized fractional linear transformations

(é g).z — (A-Z+B)-(C-Z+D)™

EXERCISE 1.1.25 Prove that the action of Sp(V, Q) on D is transitive in the sense
that given any two points 2, Q' € D, there exists X € Sp(V, @) such that X - Q = ',

EXERCISE 1.1.26 Compute the isotropy subgroup
K ={XeSp(V,Q): X-Q =},
where Qg = [I,,,i I,]T.
EXAMPLE 1.1.27 Let Ty := C/A, where A C Z? is a rank-2 lattice in C; i.e.,
A={mwi +nws; mn €7},

where w1, wsy are complex numbers linearly independent over R. T} is locally diffeo-
morphic to C and since the translations by elements in A are biholomorphisms of C,
T’y inherits a complex structure relative to which the natural projection

7TA:(C—>TA

is a local biholomorphic map.



© Copyright, Princeton University Press. No part of this book may be
distributed, posted, or reproduced in any form by digital or mechanical
means without prior written permission of the publisher.

10 CHAPTER 1

It is natural to ask whether, for different lattices A, A’, the complex tori T, Tp/
are biholomorphic. Suppose F': Ty — T/ is a biholomorphism. Then, since C is the
universal covering of T, there exists a map F': C — C such that the diagram

c -, ¢

ml l“’

c/A —Z c/N

commutes. In particular, given z € C, A € A, there exists A’ € A’ such that

F(z+)\) = F(z)+ X.

This means that the derivative £/ must be A-periodic and, hence, it defines a holo-
morphic function on C/A which, by Theorem 1.1.10, must be constant. This implies
that F must be a linear map and, after translation if necessary, we may assume that
F(z) = -z pu = a+ib € C. Conversely, any such linear map F induces a bi-
holomorphic map C/A — C/F(A). In particular, if {w;,ws} is a Z-basis of A then
Im(wg/w1) # 0 and we may assume without loss of generality that Im(wy/wy) > 0.
Setting 7 = wy/wy we see that T is always biholomorphic to a torus 7', associated
with a lattice

{m+nr; mneZ}

with Im(7) > 0.
Now, suppose the tori T, T are biholomorphic and let {wy, w2} (resp. {w},w5})
be a Z-basis of A (resp. A’) as above. We have

/ / / /
MWl =M1Wy + M21Ws 5 b W = Miaw] + Mooy, My € 7.

Moreover, mji1maos — miame; = 1, since F' is biholomorphic and therefore F(A) =
A’. Hence

/ / /
Lo WL muw +moiwy M +MmaT
wa Mi2w] + Magwh mia + maa7’

Consequently, 7, = T, if and only if 7 and 7’ are points in the upper half plane
congruent under the action of the group SL(2,Z) by fractional linear transformations.
We refer to Section 4.2 for a fuller discussion of this example.

Remark. Note that while all differentiable structures on the torus S! x S* are equiva-
lent, there is a continuous moduli space of different complex structures. This is one of
the key differences between real and complex geometry and one which we will study
using Hodge theory.
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1.1.2 Holomorphic Vector Bundles

We may extend the notion of a smooth vector bundle to complex manifolds and holo-
morphic maps.

DEFINITION 1.1.28 A holomorphic vector bundle E over a complex manifold M is
a complex manifold E together with a holomorphic map w: E — M such that

(1) for each x € M, the fiber E, = 7~ (x) is a complex vector space of dimension
d (the rank of F);

(2) there exist an open covering {U,} of M and biholomorphic maps
B 7 HU,) = Uy x C?
such that
(a) p1(®u(x)) = x forall x € U, where p1: U, x C¢ — U, denotes projec-
tion on the first factor, and
(b) for every x € U,, the map ps o ®|g, : E, — C% is an isomorphism of
complex vector spaces.

We call E the total space of the bundle and M its base. The covering {U,} is
called a trivializing cover of M and the biholomorphisms {®,} local trivializations.
When d = 1 we often refer to E as a line bundle.

We note that as in the case of smooth vector bundles, a holomorphic vector bundle
may be described by transition functions, i.e., by a covering of M by open sets U,
together with holomorphic maps

JaB: U, N Ug — GL(d, (C)

such that
JapB " 9By = Gay (1.1.17)

on U, NUg NU,. The maps g,p are defined by the following commutative diagram:

71U, N Up) (1.1.18)

(Ua N Us) x CA (d:g0r) (Ua NU) x C-.

In particular, a holomorphic line bundle over M is given by a collection {Us, gas},
where U, is an open cover of M and the {g,3} are nowhere-zero holomorphic func-
tions defined on U, N Ug, ie., gap € OF(Us N Up) satistying the cocycle condition
(1.1.17).

EXAMPLE 1.1.29 The product M x C? with the natural projection may be viewed
as vector bundle of rank d over the complex manifold M. It is called the trivial bundle
over M.
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EXAMPLE 1.1.30 We consider the rautological line bundle over P". This is the bun-
dle whose fiber over a point in P" is the line in C"*! defined by that point. More

precisely, let
T = {([Z],U) EP" xCiv= Az, A € (C}v

and let 7: 7 — P be the projection to the first factor. Let U; be as in (1.1.6). Then
we can define
P, : 7T_1(Ui) — U; x C

by
®;([2],v) = ([2],v4).

The transition functions g;; are defined by the diagram (1.1.18) and we have
;0 B4 (121, 1) = Ball2], (20/ 255+ Ly vy 20/20)) = (2], 23/ 27),
with the 1 in the jth position. Hence,
gi;: UinU; — GL(1,C) = C*
is the map [z] — z;/z;. It is common to denote the tautological bundle as O(—1).

EXERCISE 1.1.31 Generalize the construction of the tautological bundle over projec-
tive space to obtain the universal rank-£ bundle over the Grassmann manifold G(k, n).
Consider the space

U = {(Qv) e Glk,n) xC":v e Q}, (1.1.19)

where we regard 2 € G(k, n) as a k-dimensional subspace of C™. Prove that /{ may be
trivialized over the open sets U; defined in Example 1.1.7 and compute the transition
functions relative to these trivializations.

Let 7: E — M be a holomorphic vector bundle and suppose F': N — M is a
holomorphic map. Given a trivializing cover {(U,,, ®,)} of E with transition functions
gap: Ua NUg — GL(d, C), we define

hap: F71(Us) NF~Y(Us) = GL(d,C); hap = gapo F. (1.1.20)

It is easy to check that the functions h,g satisfy the cocycle condition (1.1.17) and,
therefore, define a holomorphic vector bundle over N denoted by F*(E), and called
the pull-back bundle. Note that we have a commutative diagram:

FE) — E
”*l l” (1.1.21)
N —I M

If L and L' are line bundles and ggﬁ, ggﬂ are their transition functions relative to a
common trivializing cover, then the functions

L L
hap = 9op * Gop
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satisfy (1.1.17) and define a new line bundle which we denote by L ® L.

Similarly, the functions

haﬁ = (956)71

also satisfy (1.1.17) and define a bundle, called the dual bundle of L and denoted by
L* or L=1. Clearly L ® L* is the trivial line bundle over M. The dual bundle of the
tautological bundle is called the hyperplane bundle over P™ and denoted by H or O(1).
Note that the transition functions of H are gg € O*(U; N Uj) defined by

g5 ([2]) = 2/ (1.1.22)
We may also extend the notion of sections to holomorphic vector bundles:

DEFINITION 1.1.32 A holomorphic section of a holomorphic vector bundle m: E —
M over an open set U C M is a holomorphic map

c:U—F

such that
moo =id|y. (1.1.23)

The sections of E over U form an O(U)-module which will be denoted by O(U, E).
The local sections over U of the trivial line bundle are precisely the ring O(U).

If 7: L — M is a holomorphic line bundle and g, are the transition functions
associated to a trivializing covering (U,, ®,,), then a section o: M — L may be de-
scribed by a collection of holomorphic functions f, € O(U,) defined by

ox) = fa(a:)CI>;1(x, 1).

Hence, for z € U, N Ug we must have

fa(x) = gap(x) - fa(x). (1.1.24)

EXAMPLE 1.1.33 Let M = P* andlet U; = {[2] € P* : z; # 0}. Let P €

Clzo, - . -, 2n) be a homogeneous polynomial of degree d. For each i = 0, ..., n define
P(z)

In U; N U;, we then have
- fille]) = P(2) = 27 - f;([2),

and therefore

Fil2) = (z/20)" - fi([2).
This means that we can consider the polynomial P(z) as defining a section of the line
bundle over P™ with transition functions

9i; = (z/2)",
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that is, of the bundle H? = O(d). In fact, it is possible to prove that every global holo-
morphic section of the bundle O(d) is defined, as above, by a homogeneous polynomial
of degree d. The proof of this fact requires Hartogs’ theorem [13, Proposition 1.1.14]
from the theory of holomorphic functions of several complex variables. We refer to
[13, Proposition 2.4.1].

We note that, on the other hand, the tautological bundle has no nontrivial global
holomorphic sections. Indeed, suppose o € O(P", O(—1)) and let ¢ denote the global
section of O(1) associated to a nonzero linear form £. Then, the map

[2] € P = £([2])o ([2])

defines a global holomorphic function on the compact complex manifold P", hence
it must be constant. If that constant is nonzero then both ¢ and ¢ are nowhere zero
which would imply that both O(—1) and O(1) are trivial bundles. Hence o must be
identically zero.

Note that given a section o: M — FE of a vector bundle F, the zero locus {z €
M : o(z) = 0} is a well-defined subset of M. Thus, we may view the projective
hypersurface defined in Example 1.1.18 by a homogeneous polynomial of degree d as
the zero locus of a section of O(d).

Remark. The discussion above means that one should think of sections of line bundles
as locally defined holomorphic functions satisfying a suitable compatibility condition.
Given a compact, connected, complex manifold, global sections of holomorphic line
bundles (when they exist) often play the role that global smooth functions play in the
study of smooth manifolds. In particular, one uses sections of line bundles to define em-
beddings of compact complex manifolds into projective space. This vague observation
will be made precise later in the chapter.

Given a holomorphic vector bundle 7: E — M and a local trivialization
o: 7 Y(U) - U x CY,

we may define a basis of local sections of E over U (a local frame) as follows. Let
e1,...,eq denote the standard basis of C? and for = € U set

oi(w) == @ Nz, e5); j=1,...,d.

Then oj(z) € O(U, E) and for each « € U, the vectors o1 (), ...,0q(x) are a basis
of the d-dimensional vector space F, (they are the image of the basis e, ...,eq by a
linear isomorphism). In particular, if 7: U — M is a map satisfying (1.1.23) we can
write

d
(@) = 3 @) (@)

and 7 is holomorphic (resp. smooth) if and only if the functions f; € O(U) (resp.
fi € C>(U)).
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Conversely, suppose U C M isanopensetandletoy,...,04 € O(U, E) be alocal
frame, i.e., holomorphic sections such that for each = € U, we have o1(z), ..., 04(x)

is a basis of E,. Then we may define a local trivialization
d: 7 1 (U) - U x C?

by
O(v) = (n(v),(M,..., ),

where v € 771 (U) and

d
v o= Z/\j oj(m(v)).

1.2 DIFFERENTIAL FORMS ON COMPLEX MANIFOLDS

1.2.1 Almost Complex Manifolds

Let M be a complex manifold and (U,, ¢o) coordinate charts covering M. Since
the change-of-coordinate maps (1.1.5) are holomorphic, the matrix of the differential
D(¢p o ¢ ') is of the form (1.1.3). This means that the map

Jpi Tp(M) — T,(M)

0 0 0 0
o) = a7 (a) = o ey

is well defined. We note that .J is a smooth (1, 1) tensor on M such that J? = —T and
therefore, for each p € M, then J,, defines a complex structure on the real vector space
T,(M) (cf. (A.1.4)).

defined by

DEFINITION 1.2.1 An almost complex structure on a C* (real) manifold M is a
(1,1) tensor J such that J> = —1I. An almost complex manifold is a pair (M, J)
where J is an almost complex structure on M. The almost complex structure J is said
to be integrable if M has a complex structure inducing J.

If (M, J) is an almost complex manifold then J, is a complex structure on T, M
and therefore by Proposition A.1.2, M must be even-dimensional. Note also that
(A.1.10) implies that if M has an almost complex structure then M is orientable.

EXERCISE 1.2.2 Let M be an orientable (and oriented) two-dimensional manifold
and let ( , ) be a Riemannian metric on M. Given p € M let v1,ve € T,(M) be a
positively oriented orthonormal basis. Prove that .J,,: T),(M) — T,,(M) defined by

Jp(v1) = w23  Jp(v2) = —v1

defines an almost complex structure on M. Show, moreover, that if {{ , )) is a Rie-
mannian metric conformally equivalent to ( , ), then the two metrics define the same
almost complex structure.
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The discussion above shows that if M is a complex manifold then the operator
(1.2.1) defines an almost complex structure. Conversely, the Newlander—Nirenberg
theorem gives a necessary and sufficient condition for an almost complex structure .J
to arise from a complex structure. This is given in terms of the Nijenhuis torsion of J:

EXERCISE 1.2.3 Let J be an almost complex structure on M. Prove that
NX,)Y)=[JX,JY]| - [X,Y] - JX,JY] - J[JX,Y] (1.2.2)

isa (1, 2) tensor satisfying N(X,Y) = —N(Y, X). The tensor V is called the forsion
of J.

EXERCISE 1.2.4 Let J be an almost complex structure on a two-dimensional mani-
fold M. Prove that N (X,Y") = 0 for all vector fields X and Y on M.

THEOREM 1.2.5 (Newlander—Nirenberg [20]) Let (M, J) be an almost complex man-
ifold, then M has a complex structure inducing the almost complex structure J if and
only if N(X,Y') = 0 for all vector fields X andY on M.

PROOF. We refer to [34, Proposition 2], [30, Section 2.2.3] for a proof in the special
case when M is a real analytic manifold. O

Remark. Note that assuming the Newlander—Nirenberg theorem, it follows from Ex-
ercise 1.2.4 that the almost complex structure constructed in Exercise 1.2.2 is inte-
grable. We may explicitly construct the complex structure on M by using local isother-
mal coordinates. Thus, a complex structure on an oriented, two-dimensional manifold
M is equivalent to a Riemannian metric up to conformal equivalence.

In what follows we will be interested in studying complex manifolds; however, the
notion of almost complex structures gives a very convenient way to distinguish those
properties of complex manifolds that depend only on having a (smoothly varying) com-
plex structure on each tangent space. Thus, we will not explore in depth the theory of
almost complex manifolds except to note that there are many examples of almost com-
plex structures which are not integrable, that is, do not come from a complex structure.
One may also ask which even-dimensional orientable manifolds admit almost complex
structures. For example, in the case of a sphere S2”, it was shown by Borel and Serre
that only S? and S® admit almost complex structures. This is related to the fact that
S1, .83, and S7 are the only parallelizable spheres. We point out that while it is easy to
show that S% has a nonintegrable almost complex structure, it is still unknown whether
S6 has a complex structure.

1.2.2 Tangent and Cotangent Space

Let (M, J) be an almost complex manifold and p € M. Let T,(M) denote the tan-
gent space of M. Then J, defines a complex structure on T,,(M) and therefore, by
Proposition A.1.2, the complexification T), ¢ (M) := T,,(M) ®@g C decomposes as

Tpc(M) = T)(M) & T, (M),
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where TI;l (M) = T;(M) and T;(M) is the i-eigenspace of .J, acting on T}, c(M).
Moreover, by Proposition A.1.3, the map v € T),(M) + v —iJ,(v) defines an isomor-
phism of complex vector spaces (1,(M), J,) = T, (M).

If J is integrable, then given holomorphic local coordinates {z1, . . ., z,, } around p,
we may consider the local coordinate frame (1.1.2) and, given (1.2.1), we have that the
above isomorphism maps

8/8x] = 8/8x] —1 8/8@/]

We set

o (o 0N 9 _1(0 .0 (1.2.3)
0z T2 Oz, 0y; ’ 0z 2 0z y; . o

Then, the vectors 0/0z; are a basis of the complex subspace Ty (M ).

Remark. Given local coordinates (U, {z1,...,2n}) on M, a function f: U — C is
holomorphic if the local coordinates expression f(z1, ..., z,) satisfies the Cauchy—
Riemann equations. This is equivalent to the condition
0
N =0
52 ()

for all j. Moreover, in this case, % (f) coincides with the partial derivative of f with
J

respect to z;. This justifies the choice of notation. However, we point out that it makes

sense to consider % (f) evenif f is only a C'*° function.

We will refer to 7, (M) as the holomorphic tangent space’ of M at p. We note
thatif {z1,..., 2, } and {wn, ..., w,} are local complex coordinates around p then the
change of basis matrix from the basis {9/0z;} to the basis {0/0wy} is given by the
matrix of holomorphic functions

8wk
< 0z; ) '

Thus, the complex vector spaces 7} (M) define a holomorphic vector bundle 7" (M)
over M, the holomorphic tangent bundle.

EXAMPLE 1.2.6 Let M be an oriented real surface with a Riemannian metric. Let
(U, x,y) be positively oriented, local isothermal coordinates on M i.e., the coordinate
vector fields 0/0x, 0/0y are orthogonal and of the same length. Then z = x + iy
defines complex coordinates on M and the vector field 0/9z = % (9/0x —i0/9y)
is a local holomorphic section of the holomorphic tangent bundle of M.

We can now characterize the tangent bundle and the holomorphic tangent bundle of
P

3This construction makes sense even if .J is not integrable. In that case, we may replace the coordinate
frame (1.1.2) by a local frame { X1, ..., Xn,Y1,..., Yy} such that J(X;) = Y} and J(Y;) = —Xj.
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THEOREM 1.2.7 The tangent bundle TPP" is equivalent to the bundle
Hom(T,E/T),

where E = P x C" T is the trivial bundle of rank n+1 on P™ and T is the tautological
bundle defined in Example 1.1.30. The holomorphic tangent bundle may be identified
with the subbundle

Home (7, E/T).

PROOF. We work in the holomorphic case; the statement about the smooth case
follows identically. Consider the projection 7: C"*1\ {0} — P". Given \ € C*, let
M), denote multiplication by X in C"+1\ {0}. Then, forevery v € C"*1\ {0} we may
identify 7"(C"*1 \ {0}) = C™*! and we have the following commutative diagram of
C-linear maps

(CnJrl My (CnJrl

Ty (P™).

Now, the map ., : C"*1 — T[’”] (P™) is surjective and its kernel is the line L = C - v.
Hence we get a family of C-linear isomorphisms

po: C"MH/L— Tiy(P"); veL v#0

with the relation
Po = /\p/\'u-
We can now define a map
O : Home(T, E/T) — ThP™.
Let
¢ € Home(T, E/T)[Z] = Homc('T[z], (E/T)[Z]) =~ Homg (L, (C"'H/L);
then we set
O(&) = py(&(v)) forany v € L,v # 0.

Note that this is well defined since

Pro(E(v) = A (AE(W)) = po(E(v)).
Alternatively one may define

o) = LI ().

dt li=o
where () is the holomorphic curve through [z] in P defined by

V(t) = [v+ ()]

One then has to show that this map is well defined. It is straightforward, though tedious,
to verify that © is an isomorphism of vector bundles. O
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EXERCISE 1.2.8 Prove that
T(G(k,n)) Hom(U, E/U),
Th(g(kan)) = HOmc(u,E/U),

where U is the universal bundle over G(k,n) defined in Exercise 1.1.31 and FE is the
trivial bundle E = G(k,n) x C™.

[

As seen in Appendix A, a complex structure on a vector space induces a complex
structure on the dual vector space. Thus, the complexification of the cotangent space
T, (M) decomposes as

Tre(M) = THOM) @ TN (M) ;. TOHM) =T, (M).

P
Given local holomorphic coordinates {z1, . .., 2z, }, 2; = x; + iy;, the 1-forms dz; :=
dz; + idy;, dz; = dx; — idy; are the dual coframe to 0/0z1,...,0/0%, and con-
sequently, dzi,...,dz, are a local holomorphic frame of the holomorphic bundle
TO(M).

The complex structure on 7} (M ) induces a decomposition of the kth exterior prod-

uct (cf. (A.1.12)):
NA(T; (M) = @, yper A3 (M),
where

a times b times

A& (M) =Ty (M) A= AT (MYATPH M) A ATPHM) . (1.24)

In this way, the smooth vector bundle A*(T¢(M)) decomposes as a direct sum of C'*°

vector bundles
N(TEM)) =D, i NP (M). (1.2.5)

We will denote by A*(U) (resp. A%?(U)) the C>°(U)-module of local sections of the
bundle A* (T (M)) (resp. A%°(M)) over U. We then have

ANU) = @ A (1.2.6)
a+b=k
Note that given holomorphic coordinates {21, . .., 2, }, the local differential forms

dzy NdZy = dziy N+ Ndzi, NdZ A AN dZ,

where I (resp. J) runs over all strictly increasing index sets 1 < 47 < --- < i, < n
of length a (resp. 1 < j; < -+ < jp < n of length b) are a local frame for the bundle
A ().

We note that the bundles /A\"°(M) are holomorphic bundles of rank (7). We de-
note them by QX to emphasize that we are viewing them as holomorphic, rather than
smooth, bundles. We denote the O(U)-module of holomorphic sections by QF(U). In
particular, 2%, is a holomorphic line bundle over M called the canonical bundle and
usually denoted by K.
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EXAMPLE 1.2.9 Let M = P'. Then as we saw in Example 1.1.5, M is covered by
two coordinate neighborhoods (Up, ¢0), (U1, ¢1). The coordinate change is given by
the map ¢; o (j)al: C* - C*:

w=d10¢y " (2) = d1([(1,2)]) = 1/
This means that the local sections dz, dw of the holomorphic cotangent bundle are
related by
dz = —(1/w)? dw
It follows from (1.1.18) that go1[(20, 21)] = —(20/21)%. Hence Kp1 = O(—2) = T2.

EXERCISE 1.2.10 Find the transition functions for the holomorphic cotangent bundle
of P™. Prove that Kp» = O(—n — 1) = T"*1,

1.2.3 De Rham and Dolbeault Cohomologies

We recall that if U C M is an open set in a smooth manifold M and A*(U) denotes
the space of C-valued differential k-forms on U, then there exists a unique operator,
the exterior differential,

d: AKU) - AYU); k>0
satisfying the following properties:
(1) dis C-linear.

(2) For f € A°(U) = C>(U), df is the 1-form on U which acts on a vector field
X by df(X) := X(f).

(3) Givena € A™(U), 5 € A°(U), the Leibniz property holds:
dlanB) = daNB+(—1)"andB. (1.2.7)

4) dod=0.

It follows from (2) above that if {X1,..., X} is a local frame on U C M and
{&,...,&n} is the dual coframe, then given f € C°°(U) we have

df =Y Xi(h&
i=1
In particular, if M is a complex manifold and (U, {z1, ..., 2, }) are local coordinates,

then for a function f € C°°(U) we have

N g NI of moof
df = (%Ujda:j-f-;ayjdy o, —dz; +;82de]. (1.2.8)
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The properties of the operator d imply that for each open set U in M we have a com-
plex:

Co W) S A U)S . 4 a2 U) & A2 (). (1.2.9)
The quotients
. k k+1
H}p(U,C) = ker{d: AUU) > AT (U)) (1.2.10)

(A1 (U))

are called the de Rham cohomology groups of U. The elements in
ZMU) == ker{d: AF(U) — A" (U)}

are called closed k-forms and the elements in B*(U) := d(A*~1(U)) exact k-forms.
We note that if U is connected then H), (U, C) = C. Unless there is the possibility
of confusion we will drop the subscript since, in this chapter, we will only consider de
Rham cohomology.

EXERCISE 1.2.11 Prove that the set of closed forms is a subring of the ring of dif-
ferential forms and that the set of exact forms is an ideal in the ring of closed forms.
Deduce that the de Rham cohomology

H*(U,C) == @pH*U,C) (1.2.11)
k>0
inherits a ring structure
[l U[B] = [aAf] (1.2.12)

This is called the cup product on cohomology.
If F: M — N is a smooth map, then given an open set V' C NN, F' induces maps
F*: AN V) = AR(FH(V))

which commute with the exterior differential; i.e., F'* is a map of complexes. This
implies that F'* defines a map between de Rham cohomology groups,

F*: H*(V,C) — HF(F~Y(V),C),

which satisfies the chain rule (F' o G)* = G* o F*. Since (id)* = id, it follows that
if F: M — N is a diffeomorphism then F*: H¥(N,C) — H"*(M,C) is an isomor-
phism. In fact, the de Rham cohomology groups are a (smooth) homotopy invariant:

DEFINITION 1.2.12 Let fo, f1: M — N be smooth maps. Then fy is (smoothly)
homotopic to fi if there exists a smooth map

H:RxM— N

such that H(0,x) = fo(x) and H(1,z) = fi(x) forall x € M.
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THEOREM 1.2.13 Let fy, f1: M — N be smoothly homotopic maps. Then
fo=ff: H*(N,C) — H*(M, C).

PROOF. We refer to [2, Section 4] for a proof of this important result. [l
COROLLARY 1.2.14 (Poincaré lemma) Let U C M be a contractible open subset.
Then H* (U, C) vanishes for all k > 1.

PROOF. The result follows from Theorem 1.2.13 since in a contractible open set

the identity map is homotopic to a constant map. g

Hence, if U is contractible, the sequence
05 CoC®U) S A U)S - S A2 U) S A2U) >0 (1.2.13)

is exact.
The exterior differential operator is not of pure bidegree relative to the decomposi-
tion (1.2.6). Indeed, it follows from (1.2.8) that

d(A“(U)) € AT (U) © AHHU). (1.2.14)

We remark that statement (1.2.14) makes sense for an almost complex manifold (M, .J)
and, indeed, its validity is equivalent to the integrability of the almost complex structure
J; see [16, Theorem 2.8]. We write d = 9 + 0, where O (resp. 0) is the component of
d of bidegree (1, 0) (resp. (0, 1)). From d? = 0 we obtain

P?=0*=0; 000+000 = 0. (1.2.15)
EXERCISE 1.2.15  Generalize the Leibniz property to the operators d and 0.

PROPOSITION 1.2.16 Let M be a complex manifold and U C M an open subset.
Then

ker{0: AP (U) — AP*(U)} = QF(U). (1.2.16)

PROOF. We may assume that (U, {z1,...,2,} is a coordinate neighborhood. Let
a € .A“O(U) and write « = ) ; frdzr, where I runs over all increasing index sets
{1<i1<---<ip,<n}. Then

50422 %déj/\dzjzo.

Z.
I j=1aj

This implies that 9 f;/0z; = 0 for all I and all j. Hence f; € O(U) for all I and « is
a holomorphic p-form. O
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It follows then from (1.2.15) and (1.2.16) that, for each p, 0 < p < n, we get a
complex
0 9 1 d d n—1 d n
0= QU) - AP°(U) 5 AP (U) = - = AP (U) = AP™(U) = 0
called the Dolbeault complex. Its cohomology spaces are denoted by H g’q(U ) and
called the Dolbeault cohomology groups.

EXERCISE 1.2.17 Let a € AP(U). Prove that o = 0&. Deduce that a form o
is 0-closed if and only if & is O-closed. Similarly for 0-exact forms. Conclude that via
conjugation, the study of d-cohomology reduces to the study of Dolbeault cohomology.

Givena = (a1,...,an) € C"and e = (e1,...,e5) € (R U00)™, we denote by
Ac(a) ={z€C": |z — a;| <&}

the n-dimensional polydisk. Forn = 1,a = 0, = 1 we set A = A;(0), the unit
disk, and A* = A\ {0}, the punctured unit disk. The following result is known as the
0-Poincaré lemma:

THEOREM 1.2.18 [fq > landaisa 0-closed (p, q)-form on a polydisk A.(a), then
« is O-exact; i.e.,
HEY(As(a)) = 059> 1.

PROOF. We refer to [10, Chapter 0] or [13, Corollary 1.3.9] for a proof. O

Hence, if U = A (a) is a polydisk we have exact sequences:

0= QPU) = A20U) & A1) S .. & apn(U) 0. (12.17)

Remark.  Both the De Rham and Dolbeault cohomology groups may be realized as
the sheaf cohomology groups of a constant sheaf. This is discussed in detail in Chap-
ter 2. This will show, in particular, that even though our definition of the de Rham
cohomology uses the differentiable structure, it is, in fact, a topological invariant. On
the other hand, the Dolbeault cohomology groups depend essentially on the complex
structure. This observation is at the core of Hodge theory.

1.3 SYMPLECTIC, HERMITIAN, AND KAHLER STRUCTURES

In this section we will review the basic notions of Hermitian and Kihler metrics on
complex manifolds. We begin by recalling the notion of a symplectic structure:

DEFINITION 1.3.1 A symplectic structure on a 2d-dimensional manifold M is a
closed 2-form w € N?(M) such that Q@ = w®/d! is nowhere vanishing.
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Thus, if w is a symplectic structure on M, at each p € M, the form w,, defines a
symplectic structure (), on T,,(M) (see Definition B.1.1). A symplectic manifold is a
manifold M endowed with a symplectic structure w.

The simplest example of a symplectic manifold is given by R2¢ with coordinates
denoted by {z1,...,Z4,91,...,ya} and the 2-form

d
wo = Z dx; N dyj.

Jj=1

The classical Darboux theorem asserts that, locally, every symplectic manifold is sym-
plectomorphic to (R?4, wp):

THEOREM 1.3.2 (Darboux theorem) Let (M, w) be a symplectic manifold. Then for
each p € M there exists an open neighborhood U and local coordinates p: U — R?*?
such that w|y = ¢* (wo).

PROOF. We refer to [23, Theorem 6.1] for a proof. ]

In what follows we will be particularly interested in symplectic structures on a
complex manifold M compatible with the complex structure J:

DEFINITION 1.3.3 Let M be a complex manifold and J its complex structure. A
Riemannian metric g on M is said to be a Hermitian metric if and only if for each p €
M, the bilinear form g, on the tangent space T, (M) is compatible with the complex
structure J,, (cf. (B.2.1)).

We recall from (B.2.2) in the second appendix to this chapter that given a symmet-
ric bilinear form compatible with the complex structure we may define a J-invariant
alternating form. Thus, given a Hermitian metric on M we may define a differential
2-formw € A?(M, C) by

w(X,Y) = g(JX,Y), (1.3.1)

where we also denote by g the bilinear extension of g to the complexified tangent space.
By Theorem B.2.1, we have

we AYY (M) and @ =w. (13.2)

We also recall that Theorem B.2.1 implies that every form w as in (1.3.2) defines a sym-
metric (1, 1) tensor on M compatible with .J and a Hermitian form H on the complex
vector space (T,,(M), J).

We express these objects in local coordinates: let (U, {z1, ..., zq}) be local com-
plex coordinates on M. Then (1.3.2) implies that we may write

. d
i B _
w = 3 j ]%:1 hji dzj NdZy 5 hij = hji. (1.3.3)



© Copyright, Princeton University Press. No part of this book may be
distributed, posted, or reproduced in any form by digital or mechanical
means without prior written permission of the publisher.
KAHLER MANIFOLDS BY E. CATTANI 25

Hence w(9/0z;,0/0%x) = (i/2) hji from which it follows that
w(0/0x;,0/0zr) = —Im(hjr).
Moreover, we have
9(0/0z;,0/0xk) = w(0/0x;,0/0yr) = Re(hji).

Hence g is positive definite if and only if the Hermitian matrix (h;) is positive definite.
We may then restate Definition 1.3.3 by saying that a Hermitian structure is a (1, 1) real
form w as in (1.3.3) such that the matrix () is positive definite. By abuse of notation
we will say that, in this case, the 2-form w is positive.

1.3.1 Kihler Manifolds

DEFINITION 1.3.4 A Hermitian metric on a manifold M is said to be a Kéihler metric
if and only if the 2-form w is closed. We will say that a complex manifold is Kihler if
and only if it admits a Kdhler structure and refer to w as a Kdhler form.

EXERCISE 1.3.5 Let (M, w) be a Kéhler manifold. Show that there are local coframes
X1, -+, Xain AXO(U) such that

. d

i _

=3 E X5 N Xj-
=1

Clearly, every Kihler manifold M is symplectic. Moreover, if {z1,..., 24} are
local coordinates on M and w is a Kihler form on M then

i\" d
wd d! (§> det((hu)) /\(de /\de)

d
= d! det((hiy)) J\ (da; A dyy),
j=1

since dz; A dz; = (2/i)dz; A dy;.

EXERCISE 1.3.6 Prove that w?/d! is the volume element of the Riemannian metric
g defined by the Kéhler form w (see Exercise 1.4.3).

Thus we have a necessary condition for a compact complex manifold to be Kéhler:
PROPOSITION 1.3.7 If M is a compact Kdihler manifold, then
dim H**(M,R) > 0

forallk =0,...,d.
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PROOF. Indeed, this is true of all compact symplectic manifolds as the forms w”,

k = 1,...,d induce nonzero de Rham cohomology classes. Suppose, otherwise, that
w* = dov. Then

w? = dwrF Aa).

But then it would follow from the Stokes theorem that

/wd:(),
M

which contradicts the fact that w? is a nonzero multiple of the volume element. O

Remark. As we will see below, the existence of a Kdhler metric on a manifold imposes
many other topological restrictions beyond those satisfied by symplectic manifolds.
The earliest examples of compact symplectic manifolds with no Kihler structure are
due to Thurston [25]. We refer to [32] for further details.

EXAMPLE 1.3.8 The affine space C¢ with the form

. d
? _
w =3 jg_l dz; N dz;

is a Kihler manifold. The form w gives the usual symplectic structure on R?.

The following theorem may be seen as a generalization of Darboux’s theorem to
Kihler manifolds:

THEOREM 1.3.9 Let M be a complex manifold and g a Kdhler metric on M. Then,

given p € M, there exist local coordinates (U,{z1,...,z4}) around p such that
zj(p) =0 and

. d
1 _
w = 5 j_él hjk-de/\de-,

where the coefficients h;j are of the form
hje(2) = &+ O(||z[%). (13.4)
PROOF. We refer to [30, Proposition 3.14] for a proof. ]

EXAMPLE 1.3.10 We will construct a Kéhler form on P". We will do this by ex-
hibiting a positive, real, closed (1, 1)-form on P™. The resulting metric is called the
Fubini—Study metric on P".

Given z € C"*! we denote by

1212 = [z0l* + - + |enl*.
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Let U; C P™ be the open set (1.1.6) and let p; € C'°°(U;) be the positive function

12112

pi([2]) =

P

(1.3.5)
and define w; € AV1(U;) by
1
wj = 00log(p;). (1.3.6)

Clearly, w; is a real, closed (1,1)-form. Moreover, on U 7 N Uy, we have

log(p;) — log(pr) = log|zx|* — log |2;]* = log(zx2k) — log(z;%)).

Hence, since 90(log(z,%;)) = 0, we have w; = wy on U; N Uy. Thus, the forms w;
piece together to give a global, real, closed (1, 1)-form w on P". We write

-1 _
= —9dl 2y, 1.3.
w = o 9log(|]z]?) (13.7)

It remains to show that w is positive. We observe first of all that the expression
(1.3.7) shows that if A is a unitary matrix and g4 : P* — P™ is the biholomorphic map

wa([z]) == [A- 2], then % (w) = w. Hence, since given any two points [z], [2'] € P"
there exists a unitary matrix such that u,([2]) = [2/], it suffices to prove that w is pos-
itive definite at just one point, say [1,0,...,0] € Up. In the coordinates {u1, ..., u,}

in Up, we have po(u) = 1 + ||u||? and therefore

d(log po(u)) = pg ' (u) Y wp Ot = py'(u) > u di,
k=1 k=1

i n n n
w = %p(f(u) (po(u) Zduj Aduj + (Zﬁjdu]) A (Zukdﬂk>>
Jj=1 j=1 j=1

Hence, at the origin, we have
Z. n
=

which is a positive form.

The function log(p;) in the above proof is called a Kéhler potential. As the follow-
ing result shows, every Kihler metric may be described by a (local) potential.

PROPOSITION 1.3.11 Let M be a complex manifold and w a Kdhler form on M.
Then for every p € M there exists an open set U C M and a real functionv € C> (U)
such that w = 1 00(v).
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PROOF. Since dw = 0, it follows from the Poincaré lemma that in a neighborhood
U’ of p, we have w = da, where o € A'(U’,R). Hence, we may write o = 3 + 3,
where 3 € AM9(U’, R). Now, we can write

w=da = OB +0B+0B+ 08,
but, since w is of type (1, 1) it follows that
w=0B8+08 and 98 = 98 = 0.

We may now apply the 5‘-_Poin_caré lemma to conclude that there exists a neighborhood
U c U’ around p where 3 = 9 f for some (C-valued) C*° function f on U. Hence

w = 90f +00f = 00(f — f) = 2i90(Im(f)).
O

THEOREM 1.3.12 Let (M, w) be a Kéihler manifold and suppose N C M is a com-
plex submanifold. Then (N, w|n) is a Kdhler manifold.

PROOF. Let g denote the J-compatible Riemannian metric on M associated with
w. Then g restricts to a Riemannian metric on /N, compatible with the complex structure
on N, and whose associated 2-form is w|y. Since d(w|ny) = (dw)|ny = 0, it follows
that NV is a Kéhler manifold as well. O

It follows from Theorem 1.3.12 that a necessary condition for a compact complex
manifold M to have an embedding in P™ is that there exists a Kihler metric on M.
Moreover, as we shall see below, for a submanifold of projective space, there exists a
Kihler metric whose associated cohomology class satisfies a suitable integrality condi-
tion.

1.3.2 The Chern Class of a Holomorphic Line Bundle

The construction of the Kéhler metric in P may be further understood in the context
of Hermitian metrics on (line) bundles. We recall that a Hermitian metric on a C-vector
bundle 7: E' — M is given by a positive-definite Hermitian form

Hy: E,x E, = C

on each fiber E,, which is smooth in the sense that given sections o, 7 € I'(U, E), the
function
H(o,7)(p) := Hp(a(p),7(p))

is C* on U. Using partitions of unity, one can prove that every smooth vector bundle
FE has a Hermitian metric H.

In the case of a line bundle L, the Hermitian form H), is completely determined by
the value Hy (v, v) on a nonzero element v € L,,. In particular, if {(Uy, @)} is a cover
of M by trivializing neighborhoods of L and ¢, € O(U,, L) is the local frame

oalx) = @;1(35,1); T € Uy,
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then a Hermitian metric H on L is determined by the collection of positive functions
Pa = H(oq,04) € C°(Uy).

We note that if U, N Uz # 0 then we have 03 = gas - 0o and, consequently, the
functions p,, satisfy the compatibility condition

ps = 908> Pa- (1.3.8)

In particular, if L is a holomorphic line bundle then the transition functions g,z are
holomorphic and as in Example 1.3.10, we have

991og(pa) = 00log(ps)

on U, N Ug and therefore the form
1 -
— 001og(pa) (1.3.9)
2mi

is a global, real, closed (1, 1)-form on M. The cohomology class
[(1/27i) 801og(pa)] € H?(M,R) (1.3.10)

is called the Chern class of the vector bundle L and denoted by ¢(L). The factor 1/27
is chosen so that the Chern class is actually an integral cohomology class:

c(L) € H*(M, 7). (1.3.11)

Recall that if g are the transition functions for a bundle L then the functions g;é
are the transition functions of the dual bundle L*. In particular, if p,, are a collection of
positive C* functions defining a Hermitian metric on L then the functions p_;! define
a Hermitian metric H* on L*. We call H* the dual Hermitian metric. We then have

(L) = —c(L). (13.12)

DEFINITION 1.3.13 A holomorphic line bundle L — M over a compact Kdhler
manifold is said to be positive if and only if there exists a Hermitian metric H on L for
which the (1,1)-form (1.3.10) is positive. We say that L is negative if its dual bundle
L* is positive.

We note that in Example 1.3.10 we have
2kl pr([2]) = I251° ps([2])

on U; N U. Hence
2

pi([2])

and, by (1.3.8), it follows that the functions p; define a Hermitian metric on the tauto-
logical bundle O(—1). Hence, taking into account the sign change in (1.3.6), it follows

Z

2k
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that the Kéhler class of the Fubini—Study metric agrees with the Chern class of the
hyperplane bundle O(1). Thus,

«(OW) = ] = |5 d0log(+I1)| (13.13)

and the hyperplane bundle O(1) is a positive line bundle. Moreover, if M C P" is a
complex submanifold then the restriction of O(1) to M is a positive line bundle over
M. We can now state the following theorem:

THEOREM 1.3.14 (Kodaira embedding theorem) A compact complex manifold M

may be embedded in P™ if and only if there exists a positive holomorphic line bundle
w: L — M.

We refer to [30, Theorem 7.11], [19, Theorem 8.1], [10], [35, Theorem 4.1], and
[13, Section 5.3] for various proofs of this theorem.

Remark. The existence of a positive holomorphic line bundle 7: L. — M implies
that M admits a Kéhler metric whose Kihler class is integral. Conversely, any integral
cohomology class represented by a closed (1, 1)-form is the Chern class of a line bundle
(cf. [6, Section 6]), hence a compact complex manifold M may be embedded in P if
and only if it admits a Kéhler metric whose Kéhler class is integral.

Recall (see [10, Section 1.3]) that Chow’s theorem asserts that every analytic sub-
variety of P is algebraic. When this result is combined with the Kodaira embedding
theorem, we obtain a characterization of complex projective varieties as those compact
Kihler manifolds admitting a Kihler metric whose Kihler class is integral.

1.4 HARMONIC FORMS—HODGE THEOREM

1.4.1 Compact Real Manifolds

Unless otherwise specified, throughout Section 1.4.1 we will let M denote a compact,
oriented, real, n-dimensional manifold with a Riemannian metric g. We recall that the
metric on the tangent bundle 7'M induces a dual metric on the cotangent bundle 7" M
such that the dual coframe of a local orthonormal frame X1, ..., X,, in (U, TM) is
also orthonormal. We will denote the dual inner product by (, ).

EXERCISE 1.4.1 Verify that this metric on 7" M is well defined; i.e., it is indepen-
dent of the choice of local orthonormal frames.

We extend the inner product to the exterior bundles A" (7 M) by the specification
that the local frame

§r == &, N A&,

where I runs over all strictly increasing index sets {1 < iy < -+ < 4, < n}, is
orthonormal.
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EXERCISE 1.4.2 Verify that this metric on A\"T*M is well defined; i.e., it is inde-
pendent of the choice of local orthonormal frames, by proving that

(ar AN, B A+ A By) = det({ai, B))),

where «;, 8; € AL (U).
Hint: use the Cauchy-Binet formula for determinants.

Recall that given an oriented Riemannian manifold, the volume element is defined
as the unique n-form Q € A" (M) such that

Qp)(v1,...,vn) = 1

for any positively oriented orthonormal basis {v1,...,v,} of T,(M). If &,..., &, €
AY(U) is a positively oriented orthonormal coframe then

Ay = & A Ak
EXERCISE 1.4.3 Prove that the volume element may be written as
Q = \/Eda:l/\---/\da:n,
where {z1,...,x,} are positively oriented local coordinates, G = det(g;;), and
gij = ¢(0/0x;,0/0x;).

We now define the Hodge *-operator. Let 8 € A"(M). Then x5 € A"~"(M) is
given by (x3)(p) = *(B(p)), where the * operator on \"T}; is defined as in (B.1.3).
Therefore, for every a € A" (M),

ahxf = {(a,5) Q. (1.4.1)
We extend the definition to A" (M, C) by linearity.

EXERCISE 1.4.4  Suppose a1, ..., ay, € T, (M) is a positively oriented orthonormal
basis. Let I = {1 < i; < --- < i, < n} be an index set and I¢ its complement. Prove
that

*(ay) =sign(I, I°) aje, (14.2)

where sign(7, I¢) is the sign of the permutation {1, I¢}.

EXERCISE 1.4.5 Prove that  is an isometry and that 2 acting on A" (M) equals
(_1)7"(7177") I

Suppose now that M is compact. We can then define an L? inner product on the
space of r-forms on M by

(a,8) == /Ma/\*ﬁ = /M<a(p),ﬁ(p))9; a,Be A"(M). (1.4.3)
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PROPOSITION 1.4.6 The bilinear form (e, ) is a positive-definite inner product on
A"(M).

PROOF. First of all we check that (e, ®) is symmetric:
(B,a) = / B A xa = (—1)”(”*”)/ *(%0) A xa = / xa A *(x03) = (o, B).
M M M

Now, given 0 # « € A" (M), we have

(,a) = /Ma/\*a - /M<a,a>9>o

since («, «v) is a nonnegative function which is not identically zero. O

PROPOSITION 1.4.7 The operator §: A" (M) — A"(M), defined by
§ = (1) xdx, (1.4.4)
is the formal adjoint of d; that is,
(da, B) = (o, 883) forall a € A™(M),[ € A™H(M). (1.4.5)

PROOF.
(da, B) = /Mda/\*ﬁz/Md(a/\*ﬁ)—(—l)’" /Ma/\d*ﬁ

—(=1)" (=) a A x(xd * = a Ak
(=1)"(-1) /M A x(xd x 3) /M A *0p
= (o,6p).

O

Remark. Note that if dim M is even then § = — * d * independently of the degree of
the form. Since we will be interested in applying these results in the case of complex
manifolds which, as real manifolds, are even-dimensional, we will make that assump-
tion from now on.

We now define the Laplace—Beltrami operator of (M, g) by
A A" (M) - A" (M); Aa = déa+ dda.
PROPOSITION 1.4.8 The operators d, §, * and A satisfy the following properties:
(1) A is self-adjoint; i.e., (Ax, 8) = (o, AB).
(2) [A,d] = [A,d] = [A,*] = 0.
(3) Aa =0ifandonly ifda = da = 0.
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PROOF. We leave the first two items as exercises. Note that given operators D1, Do,
the bracket [D1, D3] = Dy 0 Dy — Dy o Dy. Thus, (2) states that the Laplacian A com-
mutes with d, §, and *.

Clearly, if daw = dcv = 0 then we have Aa = 0. Conversely, suppose o € A" (M)
and Aa = 0. Then

= (Aa,a) = (dda+ dda, o) = (b, 0cx) + (dev, dav).
Hence da = da = 0. O

DEFINITION 1.4.9 A form a € A"(M) is said to be harmonic if Aa = 0 or, equiv-
alently, if « is closed and coclosed, i.e., do. = da = 0.

EXERCISE 1.4.10 Let M be a compact, connected, oriented, Riemannian manifold.
Show that the only harmonic functions on M are the constant functions.

EXERCISE 1.4.11 Leta € A"(M) be closed. Show that =« is closed if and only if
v is harmonic.

The following result shows that harmonic forms are very special within a given de
Rham cohomology class:

PROPOSITION 1.4.12 A closed r-form o is harmonic if and only if ||c||? is a local
minimum within the de Rham cohomology class of a. Moreover, in any given de Rham
cohomology class there is at most one harmonic form.

PROOF. Let a € A"(M) be such that ||a||? is a local minimum within the de
Rham cohomology class of «.. Then, for every 8 € A"~!(M), the function v(t) :=
||a + t d3]|? has a local minimum at ¢ = 0. In particular,

V' (0) = 2(a,dB) = 2(0c, ) =0 forall € A1 (M).
Hence, 6o = 0 and « is harmonic. Now, if « is harmonic, then
e+ dBlf* = [l + [|dBI* + 2(a, dB) = [la|* +[|dBII* = ||ol|?
and equality holds only if d8 = 0. This proves the uniqueness statement. O

Hodge’s theorem asserts that, in fact, every de Rham cohomology class contains a
(unique) harmonic form. More precisely, we have the following theorem:

THEOREM 1.4.13 (Hodge theorem) Let M be a compact Riemannian manifold and
let H" (M) denote the vector space of harmonic r-forms on M. Then

(1) H" (M) is finite-dimensional for all r;
(2) we have the following decomposition of the space of r-forms:
AT(M) = A(A(M)) & H" (M)
do(A"(M)) @ dd(A"(M)) @ H" (M)
d(A™H (M) @ S(A™TH (M) @ H"(M).
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The proof of this fundamental result involves the theory of elliptic differential oper-
ators on a manifold. We refer to [10, Chapter 0], [33, Chapter 6], and [35, Chapter 4].
Since d and § are formal adjoints of each other it follows that

(ker(d),Im(d)) = (ker(d),Im(d)) = 0
and, consequently, if « € Z" (M) and we write
a=df+0y+p; BeATH M),y e A (M), ueH (M),

then
0 = (a, 07) = (67, 67)

and therefore 6y = 0. Hence, [a] = [u]. By the uniqueness statement in Proposi-
tion 1.4.12 we get

H"(M,R) = H"(M). (1.4.6)

COROLLARY 1.4.14 Let M be a compact, oriented, n-dimensional manifold. Then
H"(M,R) is finite-dimensional for all r.

COROLLARY 1.4.15 (Poincaré duality) Let M be a compact, oriented, n-dimensional
manifold. Then the bilinear pairing

. H™(M,R) x H""(M,R) —» R (1.4.7)
M

that maps (o, ) — [ v @A\ B is nondegenerate. Hence
(H""(M,R))" = H"(M,R).
PROOF. We may assume without loss of generality that M is a Riemannian man-

ifold. Then, the Hodge star operator commutes with the Laplacian and defines an
isomorphism:

H (M) = H""(M).

Hence if 0 # o € H" (M) we have xa € H"~" (M) and

/ aA*a = (a,a) # 0.
M

EXERCISE 1.4.16 Prove that the pairing (1.4.7) is well defined.
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1.4.2 The O-Laplacian

Let (M, J,w) be a compact Kéhler manifold and, as before, let g denote the associated
Riemannian metric. Consider the L? inner product (e, ) on A* (M) defined in (1.4.3).
Let * be the corresponding star operator and § = — * d * the adjoint of d. We extend
these operators linearly to A* (M, C). It follows from (B.2.4) that

*(API(M)) C AMTETP(M). (1.4.8)
We write
S=—xdx=—x0 %x—% Ox,

and set
0* = —x 5*; 0F == —%x 0 x. (1.4.9)

Note that 0* is indeed the conjugate of 9* and that 9* is pure of type (—1,0) and that
0* is pure of type (0, —1) (see Exercise B.2.3).

EXERCISE 1.4.17 Let M be a compact, complex, n-dimensional manifold and o €

A?"=1(M, C). Prove that
/ da = / da = 0.
M M

PROPOSITION 1.4.18  The operator 0* := —x O * (resp. O* := — %0 x) is the formal
adjoint of  (resp. 0) relative to the Hermitian extension (e, ®)" of (e, ) to A*(M,C).

PROOF. Given Exercise 1.4.17 and the Leibniz property for the operators 0, 0, the
proof of the first statement is analogous to that of Proposition 1.4.7. The details are left
as an exercise. U

We can now define Laplace—Beltrami operators:
Ay = 00" +0%0; Ay=00"+00. (1.4.10)

The operators Ay and Ay are of bidegree (0, 0); i.e., they map forms of bidegree (p, q)
to forms of the same bidegree. In particular, if o € A*(U) is decomposed according
to (1.2.6) as

a = o0 p ok bl L g0k

then Az(a) = 0if and only if Az(aP-?) = 0 for all p, q. The operators Ay and Ay are
elliptic and, consequently, the Hodge theorem remains valid for them. Thus if we set

HEY(M) = {a € API(M) : Ay(a) = 0}, (1.4.11)

we have

HYI(M) = HEI(M). (1.4.12)
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1.5 COHOMOLOGY OF COMPACT KAHLER MANIFOLDS

1.5.1 The Kahler Identities

DEFINITION 1.5.1 Let (M, w) be an n-dimensional, compact, Kiihler manifold. We
define

Ly: AF(M) — AF2(M); Ly(e) =wAa. (1.5.1)
Let A, be the adjoint of L,, relative to the inner product on (e, e).
EXERCISE 1.5.2 Prove that for a € A*(M), then A, = (=1)¥ x L, x .

If there is no chance of confusion we will drop the subscript w. It is clear, however,
that the Lefschetz operators L and A depend on the choice of a Kéhler form w. We
extend these operators linearly to A*(M,C). Tt is easy to check that A is then the
adjoint of L relative to the Hermitian extension of (e, e) to A*(M, C).

The following result describes the Kihler identities which describe the commuta-
tion relations among the differential operators d, 9, O and the Lefschetz operators.

THEOREM 1.5.3 (Kihler identities) Let (M,w) be a compact, Kdihler manifold.
Then the following identities hold:

(1) 10,1 = [0,1] = [0, A] = [3%,A] = 0.
(2) [5*aL] =1i0; [0, L] = _ié; [5aA] =1i0"; [0,A] = —i0*

One of the standard ways to prove these identities makes use of the fact that they are
of a local nature and only involve the coefficients of the Kéhler metric up to first order.
On the other hand, Theorem 1.3.9 asserts that a Kidhler metric agrees with the standard
Hermitian metric on C™ up to order two. Thus, it suffices to verify the identities in
that case. This is done by a direct computation. This is the approach in [10] and
[30, Proposition 6.5]. In Appendix B we describe a conceptually simpler proof due
to Phillip Griffiths that reduces Theorem 1.5.3 to similar statements in the symplectic
case. Since, by Darboux’s theorem, a symplectic manifold is locally symplectomorphic
to R?™ with the standard symplectic structure, the proof reduces to that case.

A remarkable consequence of the Kéhler identities is the fact that on a compact
Kéhler manifold, the Laplacians A and A are multiples of each other:

THEOREM 1.5.4 Let M be a compact Kahler manifold. Then
A = 2A;. (1.5.2)
PROOF. Note first of all that Theorem 1.5.3(2) yields

(00" +8°9) = 0[N, 0]+ [A,0)0 = OAD — OAD = 0.
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Therefore,
Ay = 00"+0%0 = ia[A,é] +14 [A,é]c?

= i (0AD — OOA + ADO — OAD)

= 1 (([8,A]5+A85) — 90N + MDD — (O]A, 0) +58A))
= i (A(0D+ 99) + (00 + O)A — i (00* + 9*9))

= A

Qi

These two identities together yield (1.5.2). O

1.5.2 The Hodge Decomposition Theorem

Theorem 1.5.4 has a remarkable consequence: suppose o € H* (M, C) is decomposed
according to (1.2.6) as

a = o0 4okl L0k

then since A = 2Ap, the form « is Az-harmonic and consequently, the components
a9 are A z-harmonic and hence, A-harmonic as well. Therefore, if we set for p+ ¢ =
k’

HPU(M) = HF(M,C)n AP (M), (1.5.3)
we get
HE(M,C)= P HPI(M). (1.5.4)
p+q=k

Moreover, since A is a real operator, it follows that
HPP(M) = HPa(M). (1.5.5)
If we combine these results with the Hodge theorem we get the following result:

THEOREM 1.5.5 (Hodge decomposition theorem) Let M be a compact Kdhler man-
ifold and let HP9(M) be the space of de Rham cohomology classes in HP*4(M, C)

that have a representative of bidegree (p, q). Then,

HP9(M) = HPY(M) = HPI(M) (1.5.6)
and
HYM.C)=  HP(M). (1.5.7)
p+q=k

Moreover, HP(M) = HP4(M).

Remark.  In view of Definition A.4.1, Theorem 1.5.5 may be restated as follows: the
subspaces (H(M,C))»¢ = HE?(M) define a Hodge structure of weight k on de

Rham cohomology groups H* (M, R).
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We will define h?? = dim¢ HP'9(M). These are the so-called Hodge numbers
of M. Note that the Berti numbers b*, that is, the dimensions of the kth cohomology
space, are given by

b= ) hra (15.8)

p+q=k

In particular, the Hodge decomposition theorem implies a new restriction on the
cohomology of a compact Kéhler manifold:

COROLLARY 1.5.6 The odd Betti numbers of a compact Kiihler manifold are even.
PROOF. This assertion follows from (1.5.8) together with the fact that h?9 = R?P.
O

Remark. The examples constructed by Thurston in [25] of complex symplectic man-
ifolds with no Kéhler structure are manifolds which do not satisfy Corollary 1.5.6.

Remark.  As pointed out in Exercise 1.2.11, the de Rham cohomology H* (M, C) is
an algebra under the cup product. We note that the Hodge decomposition (1.5.7) is
compatible with the algebra structure in the sense that

gray grd - getrhatd (1.5.9)

This additional topological restriction for a compact, complex, symplectic manifold to
have a Kihler metric has been successfully exploited by Voisin [32] to obtain remark-
able examples of non-Kihler, symplectic manifolds.

Let M be a compact, n-dimensional Kéhler manifold and X C M a complex
submanifold of codimension k. We may define a linear map:

/:HQ(”_"’)(M,(C)—MC; [a]l—>/ alx. (1.5.10)
X X

This map defines an element in (F/2("~*) (M, C))* and, therefore, by Corollary 1.4.15,
a cohomology class nx € H?¥(M,C) defined by the property that for all [a] €

HQ("_k)(M,(C),
/a/\nx :/a|x. (1.5.11)
M X

The class nx is called the Poincaré dual of X and one can show that
nx € HOF(M)n H? (M, 7). (1.5.12)

One can also prove that the construction of the Poincaré dual may be extended to sin-
gular analytic subvarieties (cf. [10, 13]).

The following establishes a deep connection between the algebraic and analytic
aspects of a smooth projective variety[12].
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HODGE CONJECTURE Let M be a smooth, projective manifold. Then
H"M(M,Q) = H"*(M)n H*(M,Q)
is generated, as a Q-vector space, by the Poincaré duals of analytic subvarieties of M.

The Hodge conjecture is one of the remaining six Clay millennium problems [7].
It should be pointed out that all natural generalizations of the Hodge conjecture to
compact Kéhler manifolds fail; see [36, 29].

1.5.3 Lefschetz Theorems and Hodge—Riemann Bilinear Relations

Let (M, w) be a compact Kéhler manifold and let
2n
A*(M,C) = @) A*¥(M,C).
k=0

We can consider the operators L and A acting on A*(M, C) and define a semisimple
linear map Y : A*(M,C) — A*(M,C) by

2n

Y = Z(kj — n)T,

k=0

where 71 A*(M,C) — A¥(M,C) is the natural projection. Clearly L and Y are
defined pointwise and, because of Exercise 1.5.2, so is A. Thus, it follows from Corol-
lary B.2.5 that the operators { L, A, Y’} define an sls-triple.

We will now show how the Kihler identities imply that the Laplace—Beltrami oper-
ator A commutes with these operators and consequently, we get a (finite-dimensional)
slo-representation on the space of harmonic forms H* (M ).

THEOREM 1.5.7 Let (M,w) be a Kihler manifold. Then, A commutes with L, A,
andY .

PROOF. Clearly [A, L] = 0 if and only if [A, L] = 0. We have

[Ag, L] = [00* +0%0, L]
= 90*L — LOO* + 0*0L — LO*0
= 9([0*, L] + LO*) — LOO* + ([0*, L] + LO*) 0 — LO*d
=  —i00 —i00
0.

The identity [A, A] = 0 follows by taking adjoints and [A, Y] = 0 since A preserves
the degree of a form. O

We can now define an sls-representation on the de Rham cohomology of a compact
Kihler manifold:
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THEOREM 1.5.8 The operators L, Y, and A define a real representation of s1(2, C)
on the de Rham cohomology H* (M, C). Moreover, these operators commute with the
Weil operators of the Hodge structures on the subspaces H* (M, R).

PROOF. This is a direct consequence of Theorem 1.5.7. The last statement follows
from the fact that L, Y, and A are of bidegree (1, 1), (0,0) and (—1, —1), respectively.
O

COROLLARY 1.5.9 (Hard Lefschetz theorem) Let (M, w) be an n-dimensional, com-
pact Kéihler manifold. For each k < n the map

LE. H"*(M,C) — H"T*(M,C) (1.5.13)
is an isomorphism.

PROOF. This follows from the results in Section A.3, in particular, Exercise A.3.7.
O

We note, in particular, that for j < k < n, the maps
L7 H"%(M,C) — H"**% (M, C)

are injective. This observation together with the hard Lefschetz theorem imply further
cohomological restrictions on a compact Kéhler manifold:

THEOREM 1.5.10 The Betti and Hodge numbers of a compact Kihler manifold sat-
isfy

(1) pn—Fk — b"*k; hP4 = B3P = hn—94n"P = pn—P:n—q.

2) <P <<

(3) <3< <-n,
In both cases the inequalities continue up to, at most, the middle degree.

DEFINITION 1.5.11 Let (M, w) be a compact, n-dimensional Kéhler manifold. For
each index k = p + q < n, we define the primitive cohomology spaces

HPY(M) = ker{L" *+1. gPI(M) — g~ +bn=PHL (M)} (1.5.14)
Hy(M,C) .= 5 HPY(M). (1.5.15)
pt+q=Fk

From Proposition A.3.9, we now have the following theorem:

THEOREM 1.5.12 (Lefschetz decomposition) Let (M, w) be an n-dimensional, com-
pact Kahler manifold. For each k = p + q < n, we have

H*(M,C) = H{(M,C) @ L,(H*2(M,C)), (1.5.16)
HPY(M) = HYYM) & L,(HP~ 97 1(M)). (1.5.17)
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The following result, whose proof may be found in [13, Proposition 1.2.31], relates
the Hodge star operator with the slz-action.

PROPOSITION 1.5.13 Let a € P¥(M, C). Then

« L (a) = (—1)k'<k'+1>/2(n+!_j)! LRI (O(), (1.5.18)

where C'is the Weil operator in A*(M, C).

DEFINITION 1.5.14  Let (M, w) be an n-dimensional, compact, Kéihler manifold. Let
k be such that 0 < k < n. We define a bilinear form

Qr=Q: H*(M,C) x H*(M,C) — C,

Qrla, B) == (—1)’“’“1)/2/ aABAWTE (1.5.19)
M

EXERCISE 1.5.15 Prove that ) is well defined,; i.e., it is independent of our choice
of representative in the cohomology class.

THEOREM 1.5.16 (Hodge—Riemann bilinear relations) The bilinear form Q satisfies
the following properties:

(1) Qy is symmetric if k is even and skew symmetric if k is odd.

(2) Q(Lwa, B) + Q(a, L,p) = 0; we say that Ly, is an infinitesimal isomorphism
of Q.
(3) Q(HP1(M), Hp/’q'(M)) =0 unlessp' = qand q = p.

(4) If0 # « € HE(M) then
Q(Ca,a) > 0. (1.5.20)

PROOF. The first statement is clear. For the second note that the difference between
the two terms is the preceding sign which changes as we switch from k + 2 to k. The
third assertion follows from the fact that the integral vanishes unless the bidegree of the
integrand is (n,n) and, for that to happen, we must have p’ = g and ¢’ = p.

Therefore, we only need to show the positivity condition (4). Let o« € HE?(M). It
follows from Proposition 1.5.13 that

(_1)k(k+1)/2 wnfk Ad = *71(n o k‘)' C(C_Y)

On the other hand, on H*(M), we have C? = (—1)*I = 2 and therefore

QCu,a) = /Ma/\*éc = ()" > 0.
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Properties (3) and (4) in Theorem 1.5.16 are called the first and second Hodge—
Riemann bilinear relations. In view of Definition A.4.7 we may say that the Hodge—
Riemann bilinear relations amount to the statement that the Hodge structure in the
primitive cohomology HE (M, R) is polarized by the intersection form ) defined by
(1.5.19).

EXAMPLE 1.5.17 Let X = X, denote a compact Riemann surface of genus g. Then
we know that H' (X, Z) = Z?9. The Hodge decomposition in degree 1 is of the form

HY(X,C) = HY(X)® HLO(X),

where H1:%(X) consists of the 1-forms on X which, locally, are of the form f(z) dz,
with f(z) holomorphic. The form Q on H!(X,C) is alternating and given by

Qa.) = [ ans.

The Hodge-Riemann bilinear relations then take the form Q(H%(X), H»°(X)) =0
and, since Hy(X) = H9(X),

iQ(a,a) = z/ aNa>0
X
if a is a nonzero form in H1:°(X). Note that, locally,

iaNa = i|f(2)|?dz Adz = 2|f(2)|*dz A dy,

so both bilinear relations are clear in this case. We note that it follows that H1:0(X)
defines a point in the complex manifold D = D(H'(X,R),Q) defined in Exam-
ple 1.1.23.

EXAMPLE 1.5.18 Suppose now that (M, w) is a compact, connected, Kéhler surface
and let us consider the Hodge structure in the middle cohomology H?(X,R). We have
the Hodge decomposition

H*(X,C)= H**(X)o H"'(X)® H**(X); H"*(X)= H29(X).
Moreover, Ho'*(X) = H%°(X), while
HYY(X) = H)'(X)® LH™(X) = Hy' (X))@ C-w

and
Hy'(X) = {ae HYY(X) : [wAa] =0}.

The polarization form on H?(X, R) is given by

Qa, ) = —/Xaw
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and the second Hodge—Riemann bilinear relation is equivalent to the following state-
ments

/a/\d>0, if 0+#aecH*(X),
X

/u}2>07
X

/ﬂ/\B<0, it 0+#8eHy'(X).
X

We note that the first two statements are easy to verify, but that is not the case with
the last one. We point out that the integration form Z(«, 5) = —Q(«, ) has index
(+,-++,+,—) in H"(X) N H?(X,R); i.e., T is a hyperbolic symmetric bilinear
form. Such forms satisfy the reverse Cauchy—Schwarz inequality: if Z(a, &) > 0, then

I(a, B)* > (o, @) - Z(B, B) (1.5.21)
forall 3 € HV(X)N H?(X,R).

The inequality (1.5.21) is called Hodge’s inequality and plays a central role in the
study of algebraic surfaces. Via Poincaré duals it may be interpreted as an inequal-
ity between intersection indexes of curves in an algebraic surface or, in other words,
about the number of points where two curves intersect. If the ambient surface is an
algebraic torus, X = C* x C*, then a curve is the zero locus of a Laurent polyno-
mial in two variables and a classical result of Bernstein—Kushnirenko—Khovanskii says
that, generically on the coefficients of the polynomials, the intersection indexes may
be computed combinatorially from the Newton polytope of the defining polynomials
(see Khovanskii’s appendix in [4] for a full account of this circle of ideas). This rela-
tionship between the Hodge inequality, and combinatorics led Khovanskii and Teissier
[24] to give (independent) proofs of the classical Alexandrov—Fenchel inequality for
mixed volumes of polytopes using the Hodge inequality, and set the basis for a fruitful
interaction between algebraic geometry and combinatorics. In particular, motivated by
problems in convex geometry, Gromov [11] stated a generalization of the hard Lef-
schetz theorem, Lefschetz decomposition and Hodge—Riemann bilinear relations to the
case of mixed Kéhler forms. We give a precise statement in the case of the hard Lef-
schetz theorem and refer to [26, 27, 9, 5] for further details.

Kihler classes are real, (1, 1) cohomology classes satisfying a positivity condition
and define a cone K C HV1(M) N H?(M,R). We have the following theorem:

THEOREM 1.5.19 (Mixed hard Lefschetz theorem) Let M be a compact Kahler man-
ifold of dimension n. Let w1, ...,w, € K, 1 < k < n. Then the map

Ly, -+ Ly, : H" (M, C) — H"" (M, C)

is an isomorphism.
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As mentioned above, this result was originally formulated by Gromov who proved
it in the (1, 1) case (note that the operators involved preserve the Hodge decomposi-
tion). Later, Timorin [26, 27] proved it in the linear algebra case and in the case of
simplicial toric varieties. Dinh and Nguyén [9] proved it in the form stated above. In
[5] the author gave a proof in the context of variations of Hodge structure which unifies
those previous results as well as similar results in other contexts [14, 3].





